Oscillations and Waves
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Simple harmonic motion

If an object vibrates or oscillates back and forth
over the same path, each cycle taking the same
amount of time, the motion is called periodic

The mass and spring system is useful
model for a periodic system
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ple harmonic motion (cont’ d)

If an object vibrates or oscillates back and forth

over the same path, each cycle taking the same
amount of time, the motion is called periodic

o
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The mass and spring system is
useful model for a periodic
system
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There is a point where the spring is neither streched nor compressed

We meassure displaceme hat poin D on the previc igure

~

The force exerted by the spring depends on the displacement
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Simple”harmonic motion' (cont"d)

The minus sign on the force indicates that it is a restoring force

'

it is directed to restore the mass to its equilibrium position

k is the spring constant

The force is not constant, so the acceleration
is not constant either
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(b)

(c)

(d)

(e)

p=1

r=-A

Displacement is measured from the equilibrium point

x=0
F=0
o U= Amplitude is the maximum displacement
ldill'u'cllinn )
x =10
— A cycle is a full to-and-fro motion.
={) . .
' This figure shows half a cycle
xr=0 x=A
F=0
v=-vn  Period is the time required to complete one cycle

| ax, in negutive

direction)

Frequency is the number of cycles
completed per second



Simple harmonic motion (cont" d)

Any vibrating system where the restoring force
is proportional to the negative of the displacement
is in simple harmonic motion (SHM)
and is often called a simple harmonic oscillator

We know that the potential energy of a spring is given by
PE = 5 kx*

The total mechanical energy is then:
E=2mv: + 3 kx®

The total mechanical energy will be conserved,
as we are assuming the system is frictionless
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Energy in the simple harmonic oscillator

E= ;/\ 2
m

yr=—-A x=0 x=A
(v=0)

-

3 |
E= 2 mi max

m

x=—A x=0 x=A

E= ; kA2

m

x==A x=0 x=A
(v=0)

. | ) | )
E=smv-+ = kx<

m

x==-A x=0| x=A

If the mass is at the limits of its motion,
the energy is all potential

If the mass is at the equilibrium point,
the enrgy is all kinetic

We know what the potential
energy is at the turning points
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The period and sinusoidal nature of SHM

The figure shows how we can experimentally
(obtain x versus t for a mass on a spring
— A marking pen is attached to a mass on a
1ig> spring and the paper is pulled to the left.
-\E;;”As the paper moves with constant speed the

%/I}\\ _______ mg‘:pen traces out Tf\e dlsplfxcemenf X as a

3 t function of time.

The general equation for such curve is

= A cos ( wt + 9)

X
R
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Sinusoidal Nature of SHM

Consider an object on a spring on a frictionless surface
Equilibrium

|
|
g X >

Using Newton’s second law
mdix _
are T

The general solution is




Sinusoidal Nature of SHM (cont’ d)

The velocity and acceleration can be calculated as function of time

, Displacement x

Q = -Qmax €0S (2nt/T)
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Oscillating systems: object on a vertical spring

2 Fy= -ky + mg

Position with
spring
unstretched.

Equilibrium position
with mass m attached.
Spring stretches an
amount y, = mg/k.

mg

Object oscillates
around the equilibrium
position with a dis-
placement y'=y —y,.

The solution is

Changing variables y' = y - %
> Fyz -k(y’ + 6) + mg
But kyg= mg=>2% F, = -ky’
From Newton’'s second law

-ky’ = dz!
m dt?
2
y=y +y>dy - dy
dt? dt?
. ¥
"  k ,
==Y

d?

Y

w

= A co_}wt + 6)
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You are teaching your sister how to make paper part
decorafions using paper springs.

She makes a paper string.
The spring is stretched 8 cm and
has a single sheet of colored
paper suspended from it.

You want decorations to bounce
at approximately 1 cy/s.

 Holpinany 2ndzrs o olored papers should be used for
siieRdecorarion on that spring?

i
/
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Oscillating systems: the simple pendulum
-mg sin ® = m d®s
Where the arc length s = L® dt*
Lyepentedly differentiating on both sides of s gives

d’s _, d*o®

ot " drt
Substituting a.nd re-arranging gives

'd*—.Q= -f— sin @

= otion of the pendulum does not

Note that the
depend on ts mass

d‘¢ c-g (/] P«l

-«
\N
-

General solution for small oscillation

w? = Tg. and T = g—J = 2w (L/g)* Luis Anchordoqui
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The simple pendulum

As long as the cord can be
considered massless and te
amplitude is small, the period
does not depend on the mass
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Sin © at small angles

42 QG Uils/s&aerny @ QU YUls/&en U UL

.- @ QU uU&sases 290 U Uas/71le U 1l

- J19g- Y il/z/ens 80090 U 1/7368D U 9/

49 20000000 U sl 000 U 2988 L 1

2y 0 U S&SN)s 00 U S8l € U

sy 2200000000000 U Assoly 200000 U AHUNINN) & J

Luis Anchordoqui




Triz vzndulum In an old cloes s madz of orass and z2zos
ozefzer iz ar 177 £,

rlow mucn Timz s gainzd or logy In w yzae 17 iz cloes Is

Kzop op 297 7

A T = 40 nin

(Assumz tnz frzqguzncy Je,,)aue,nve, o) Jzsieis)
for o simolz ozndulusg aoolizs,)

Luis Anchordoqui



A stgflight tunnel is dug through Earth as shown in the figure.
Assume that the walls of the tunnel are frictionless.

(a) The gravitational force exerted by Earth on a particle of
mass m at a distance r from the center of Earth when r < Ry
isF.=(@6GmMg /R )r.

Show that the net force on a particle of mass m at a dls'rance x from
the middle of the tunnel is given by = -(6 m MG/RG) x and
that the motion of the particle is 'rher'efor'e simple harmonic motion.

Show that the period of the motion is independent of the length

1

o The tunnel and is glven by T=2« (R /g) 2

M T = 84.4 min
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Energy in a simple har'monic motion

T oA
_____ 1 kA? cos? (wt+3)

"""""""""""""""""""""

E=U+K-=% kA?[cos®*(wt+d) + sin®*(wt+d)] = + kA?
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The total energy is, there

And we ean wrire

—mvz+%kx2=%kA2
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Simple Harmonic Motion and circular M\ot'or\

If we look at the projection onto the
x axis of an object moving in a circle of
radius A at a constant speed v ., .

f_ we find that the x component of its
velocity varies as :

. V=VeaV1 - 72

This is identical to SHM
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SHM and Circular Motion (cont” d)

Therefore, we can use the period and frequency of a
particle moving in a circle to find the period and frequency

@Iifying @

r=A

L T = 2 n (m/K)2
v = (k/m) A

_ 27A e 5
: (k/m) A T b
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Damped oscillations

Left to itself a spring or pendulum eventually stops oscillations
because the mechanical energy is dissipated by frictional forces

The damped force exerted on an oscillator can be represented by the
empirical expression

Co- ¥ Such a system is said to be
Fa= -bv linearly damped

The motion of a damped system can be obtain from Newton’'s second law
@\ ~kx -bﬁ i m_dlx_
= Rearranging dt dt
s

= The solution to this equation is

X = Agp P2 Yeog (W't +3)

W’ -.-%[1_( 5 ).)§

meo

Wq= (k/m)*—> frequency with no damping

F k damping b/(2 land W' i |
or weak damping b/(2mw,) « 1 and w swrggax:‘ych% U




Damped oscillations (cont’ d)

Because the damping force is opposite to the direction of motion it does
negative work and causes the mechanical energy of the system to decrease

2%

Ao \\ This energy is proportional to the square of the amplitude

-
o=
-

=
-—
™S

If the damping constant b is gradually increased the angular
x| frequency w’ decrease until it becomes zero at the critical value

Critically damped b z
= eMw
Overdamped = 0

When b 2 b — system is overdamped
(does not oscillate)
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A bug on the surface d“m is obsemd to move up and
down a total vertical Zf? itance of 6 cm,.from the lowest to
as a wave pcsses

oo, -
g

m, b :»*tht factor does
2rgy change?

s e
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A mechanical wave is caused by a disturbance in a medium

As wind passes over the water's surface friction forces it to ripple
The strength of the wind, the distance the wind blows
and the duration determine how big the ripples will become

The crest is the highest point on a wave
the trough between two waves is the lowest point

Wavelength is the horizontal distance, either between the crests or
Crest Tr'oughs of two consecutive waves

Wavelength
\ Wave height is a vertical distance between
a wave's crest and the next trough

Wave period measures the size of the
wave in time
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If you have ever watched the ocean waves moving toward shore before they
break you may have wondered if the waves were carrying water from far out

at the sea into the beach THEY DON'T

Water moves with a recognizable velocity
but each of the molecule of water itself

o merely oscillates about an equilibrium point
This is clearly demostrated by observing a bottle on a pond as waves move by

The bottle is not carried forward by the waves, but simply oscillate about an
equilibrium point because this is the motion of water itself

Watch the water droplet move in a vertical circle as the wave passes

The droplet moves forward with the wave's crest and backward with the trough

These vertical circles are more obvious at the surface

As depth increases, their effects slowly decrease until
completely disappearing about half a wavelength below

the surface
Luis Anchordoqui



Looking a little more closely at how a wave its forme and how it comm
Pulse ® ®
A single wave bump or pulse can be formed on a rope by a quick @
~0 up-and- down motion of the hand
The figure shows a pulse on a string at time t =0

X
The sl'%pe of the string at this instant can be represented by some function y = f(x)
Y x'=x-ot Y ’ At some later time the pulse is farther down the string
X >
ot ——> x'—>+v
>0 7 Ny =)
O X O’ x’

In a new coordinate system with origin O' that moves to the right with the same speed
as the pulse =% the pulse is stationary
The string is described in this frame by f(x') for all times
The x-coordinates of the two reference frames are related by
x'=x-vt =¥ f(x') = f(x - vt)
The shape of the string in the original reference frame is y = f(x - vt)

o o wave moving in the +x direction

® N The same line of reasoning for a pulse moving to the left leads to y = f (x + vt)
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Looking a little more closely at how a wave its formed and how it comes to travel: ‘

Periodic wave ®

A continuous or periodic wave has as its source a disturbance that is ® ®

continuous and oscillating

Wave motion
-

o
"

Particle
motion

When a taut string is plucked the disturbance in this case is
the change in shape of the string from its equilibrium shape ,
HZanN N\

Its propagation arises from the interaction of each string V NS ’
segment with the adjacent segments

The segments of the string move in the direction perpendicular to the string as the

° e ° pulses propagate back and forth along the string

® Luis Anchordoqui




4
4
<
' ,
< I = — Wavelength —
<
1 Waves in which the motion of the medium

(molecules of water, particles on the string)
:is perpendicular to the direction of propagation are called transverse waves

Compression  Expansion

+— Wavclength——

<

<

|

|

1 Waves in which the motion of the medium is along (parallel to)

p the direction of propagation of the disturbance are called longitudinal
@ waves. (Sound waves are examples of longitudinal waves)
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Speed of waves
The speed of the waves relative to the medium depends on

elastic and inertial properties of the medium but is

independent of the motion of the source of the waves
For a pulse on a rope

g rerson [
v={FIJ*
T

Cinearmass density

For sound waves

T
vel%)

Volumermass density Luis Anchordoqui




Inchy runs for his life

Inchy, an inchworm, is inching along a cotton clothesline.

The 25-m-long clothesline has a mass of 1 kg and is kept taut by a hanging

object of mass 10 kg as shown in the figure.

Gaby is hanging up her swimsuit 5 m from one end when she sees Inchy 2.5
cm from the opposite end. She plucks the line sending a terrifying 3-cm-
high pulse towards Inchy. If Inchy crawls at 1 in/s, will he get to the end

of the clothesline before the pulse reaches him?

5 m .

E 25 cm




6raphic representations of a sound wave

(AYFAIR atsequilibriumysin
Ine apsence of arsound

aQ B
(B) Compressions and HH | HHHHHHHM || ‘ ||||||H|HHH||H I
A

rarefactions that
constitute a sound wave < -

I N

(C) Transverse representation of the wave,

showing amplitude (A) and wavelength ()
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Speed of sound in air

For sound waves in a gas the bulk modulus is proportional to the
pressure wich in turn is proportional to the density and to the
absolute temperature of the gas

L

The ratio B/p is independent of density and is merely
proportional to the absolute temperature
v = (y RT/M)t
The dimensionless constant y depends on the kind of gas
For diatomic molecules such as O, and N,y = 7/5

Because O, and N, comprise 98% of the atmosphere for air y = 7/5
For gases composed of monoatomic molecules such as He y = 5/3

T= 'l'c + 273
R = 8.3145 J/(mol K)

The molar mass from air is

M =29 x 10~2 kg/mol

o it
The speed of sound at 20°C is the about 343 m/s'_’.|is Anchordoqui



The explosion of a depth charge beneath the surface of a body of
water is recorded by an helicopter hovering above the water's surface

as shown in the figure.
Along which path (A, B, or, C) will the sound wave take the least time

to reach the helicopter?

e — y s ~ -
o e— 7 Z
> ~ .
) 'E-?
/

—
~
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Wave intensity
Wave transports energy from one place to another
As waves travel through a medium the energy is transferred as

vibrational energy from a particle to particle in the medium
If a point source emits waves uniformely in all directions then the
energy at a distance r from the source is distributed uniformly on a
spherical surface of radius r and area A = 4w r®

sphere area
4nr?

intensity at
surface of sphere

source strength

The energy twice as far from the 2]:' _
source is spread over four times
the area, hence one-fourth the intensity. 31'

The average power per unit area that is incident perpendicular to the
direction of propagation is called the intensity

I = Pav
A Luis Anchordoqui




Wave intensity (cont’ d)

Tthe wave have been made visible by sweeping out: the space in
front of the handset with a light source whose brightness is
controlled by a microphone

Luis Anchordoqui



Doppler Effect

You may have noticed that you hear the pitch of the whistle on a
speeding train dropped abruptly as it passes you

TRaIH STANCH

The pichof atanwhestk

Tha pich ol a yain whistks
: 15 lower to hose # hos passad

& hicher to hose wailing
kot bame

This phenomenon is known as Doppler effect
Luis Anchordoqui



Doppler effect (cont'd)

Consider the whistle of a train at rest which is emitting sound of a particular
—_frequency in all directions as shown in the figure

The sound waves are moving at the speed of sound in air which
is independent of the velocity of the source or observer

length;
pitch
for sound

If the our source is moving then whistle emits sounds
at the same frequency as it does at rest

The sound wavefronts it emits forward are closer together than when the train is

at rest
7 mm— This is because the train as it moves is “chasing"
[ 4 7=\ the previously emitted wavefronts and emits each
bk ‘ § oy crest closer to the previous one
/ooty (Ul Thus an observer in front of the train will detect
Q \\\‘// more wave crests passing per second so the

T frequency heard is higher
The wavefronts emitted behind the train are farther apart than when the
train is at rest because the train is speeding away from them
Fewer wave crest per second pass by an observer behind the moving train and
th ived pitch is |
e perceived pitch is lower s dinc Piediodt



Doppler effect (cont'd)

In the following discussion all motions are relative to the medium
Consider a source moving with speed u_ and a stationary receiver

Moving 4 _
source \\ Stationary
9 receiver

)\1V4

The source has frequency f_

The received frequency
(the number of crests passing the receiver per unit time)
is related to the wavelength A (distance between successive crests)
and the wave speed v by f A = v

Luis Anchordoqui



effect (cont'd)

D

Moving
source

A wave crest leaves the source at
UT time t; and the next wave crest
leaves the source at time 13
xb
A= (v +uy)

= —-ug) T
@

The time between these two events is T = 15 - 11
and during this time the source and crest leaving the source
at time t; travel distances usTy and vTg , respectively
At time t, the distance between the source and the crest leaving at

A
time t; equals the wavelength Luis' Anchordoqui




If ug < v

v
Behind the source

A=dp=(v+u) T,

In front of the source

A=he=(v - u) T,

We can express both A b and A ’ as

vVsu
2
fs

Substituting for our expression for A and rearranging

A=(vzuy)T, =




Doppler effect (cont'd)

When the receiver moves with respect to the medium the received
frequency is different because the receiver moves past more or fewer
wave crests in a given time
Let T denote the time between arrivals of succesive crests for a receiver
moving with speed u,

During the time between the arrivals of two succesive crests each crest will
have traveled a distance vT , and during the same time the receiver will have

traveled a distance up T

Moving . . . .
receiver If the receiver moves in the direction

opposite to the wave during a time T
the distance a wave moves + the distance
the receiver moves equals the wavelength

VT, +u,. T . =A=T. = M(v+u,)
If the receiver moves in the same direction as the wave

VT, -u. T, =A—=> T, = M(v - u,.)
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Doppler effect (cont'd)

Bcccusef,=AIT we have
o 1_ v:u,.

oA Ay
Substituting for A

vzu
o= = fs
Vi ug

In a reference frame in which the medium is moving
(for example the reference frame of the ground
if air is the medium and there is a wind blowing)

The wave speed v is replaced by V' = v = 4,
where u, is the velocity of the wind relative to the ground

Luis Anchordoqui



Batman has s ci sigml to the batcave callin§ ﬁr’his batfriends to
L his esccpe f

e signal, a bat which . nearby starts fiyil
s, the bat emits an ultrasonic sound wave "'
30 kHz towards the tall wall of the buildin **‘

hat frequency does the bat hear in the reflectec

T = 3.09 x lO_"_,
’ /(




- ~Shock_ Waves—

During oudBBkations of The Dopple_éhiﬁ exp
' zd} u of the source was' less: t

L.

e-assumed tha
Epeed v

Uree | ovésum'th speed greater Than The wave speed Ther'e
II* %pb\ovaves in fron of the source = ~ =

Jerszs ol «gn b‘e}und the source to form a shock wave

urel ‘§Ves mls hock wave. is heard as
Wz t|1' ar"‘r' /ves at the recuver'

—

3 “ 4
a8 » )

r — ‘Ll;}_‘o.:'r 0 rJU] -



Shock waves produced by a bullet traversing
a helium balloon
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Mach Number

The figure shows a source originally at point P1
moving to the right with velocity u

After some time t the wave emitted from point
P1 has traveled a distance vt

The source has traveled a distance ut and
E will be at point P,

The line from this new position of the source to the
wavefront emitted when the source was at P1 makes
an angle © with the path of the source known as the

. vt v Mach angle +
sin =—— - —

ut u
The shock wave is confined to a cone that narrows as u increases

The ratio of the source speed u to the wave speed v is called
the Mach number

Mach number = 2

y Luis Anchordoqui
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A supersonic plane flying due east at an altitude of 15 km passes directly
over point P.

The sonic boom is heard at point P when the plane is 22 km east of point P.
What is the speed of the plane?

velocity = 610 m/s

[ UAt : >
1@/%«:(_'_____, ——————————————— “' -
T\ e

UAtL 115 km
P  2km
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 Doppler Effect (summary)

Stationary Sound Source

Doppler Shift

Source moving with vgource < Vsound

Breaking the Sound Barrier — Sonic Boom

Source moving with ¥,,.c. > sound

e i Archordogi
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