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CONVEX ALGEBRAIC GEOMETRY§#

§÷¥"É⇒*÷***⇒
"

{ semi- algebraic sets }3{sP"↳hedrd}3{ spectrahedre} >{polyhedra}shadows

Finitely many polynomial ?= Linear projections "

semidefinite representation
" Intersection of

finitely many
equalities and inequalities µ

of spectated"
half- spaces

Preserved under Helton-Nie
linear projections : ✓ Conjecture ✓ ✗ ✓

Tarski - SeidenbergThm

Def. A spectrahedron is a set SCIRN of the form
N

S={✗ c- IRN :
Ao + [ ✗ i Ai 70} where Ao , As ,→AnESgn4Rd )i =L

Note: If Ai are all diagonal , then S is a polyhedron ( Intersection of
- - - -

- d half - spaces)
spectnahedron mid a spectnahedrow

- . . - - - -
- - - - -

Defining polynomial
- - - - - - - -

Projection > (as an algebraic interior)
- - - - -- - -

- - - -

would vanish on the whole lines

-1 "

football stadium
"

Def: A spectnahedral shadow is a set SCIRN of the form
- -

N M

S = { ✗ERN : 3- YER? Aot [✗ i Ai + [ yjBj > 0 }
i=1 j - d

where Ai
, Bj c- Sym4Rd ) .
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This (Scheiderer , 2018) .

The HNiGy¥ is

• TRUE if N C-2

• FALSE in general ( counter- examples known for
N> 14)

§NEGAtEM0rAREs ReplacingXwi1hRNthis problem dates

✗cop
"
real

,
irreducible

, baektoHiebt#
✗ real projective variety← free . ✗ AR) Zariski - dense

Ex :={p€lR(X]a : p= Eqt , qi.cl/2Cx3if- Always
a

spectnahedralshodow-l.pl/:--{ye j.pk) 30 ✗ c- ✗ }← In principle, just aconvex semialgebraic set .

P×=[ × ? 2×4-13 is firststep to

show Px isnot-aspeetnahednds-kadow.IT#ersLemm1936)
. If ✗ is a quadric, then Px - Ex .

Thm_ (Blekhermen - Smith - Velasco , 2016) . P×=E× ⇒ ✗ has minimal

degree
(deg ✗ = codim ✗ +1)

ÉETÉÉREBNIS to c- GER
"

Rsec > o (n) := {R c- Sym} (Api) : see,

"'RH - <Rao> so

Th_m(A. Weinstein, 1971) . Rsa>☐
(n) is a convex semialgebraic set .
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Letting ✗ =GrzÑcÑR? we have Rseczo G)=P× .

AIR"- sym4MRYIssymt.CN/RY3Rseczoln)
11 11 11

Iz- R[xij ],- TRIX]2 3 > [ ✗
GrdR"={a- AIR" : ono -_o

. 101--13
oreo ⇐ Cutolo> =o V-wc.HR"

"

IRIX]2/Iz
ThM_.(B .

- Kummer- Mendes
,
2021) . The set Rseoxolu) is

4) not a spectnaheelrel shadow
, if MI5

Iii ) a spectnahedrel shadow, but not a spectrahedron . if n=4
tiii) a spectrahedren , if ME 3 .

Sketch: Ciii) Secr > o ←→ RIO

Cii ) Finster 's Lemmon : ✗=GEIR
"
⇒ Rsec

>☐ (4) =P×=E×
✗ is a quadric/has minimal degree
- is a spectreheelral shadow .

4) Refinement of Scheiderer 's criterion for ✗=Grz1R" :
✓

Px = Ex ⇐ Px is a spectrehedrd shadow .

[Zoltek ' 1979] : 3-RE P×\[✗ if M>5
.

or from [BSV ' 2016] : ✗ has minimal degree⇐ net . ☐

§ 3. GEOMETRIC APPLICATIONS V2 TIME
IT ;Syn2(of → Syn}(Ñ1R4)
orthogonal projection (KerI=span*en4R§.§3'£DMENsn-

→⇒gF-insler-ohrpetri.ch/-.RyI)--lT(fR-cSym4n4R4):RzoD
spectrohedral
shadow ={ Resign}(MR

"
) : 3- ac.IR

.

R+ax→o}
9

Hodge star

3

Renato G. Bettiol



CI:(MY g) has see > 0 ⇐ If :M→R , R+f*>_ 0 .

Thm_ (B .

- Kummer- Mendes
,
2021) . If (M ! g) is oriented and has

8s secs 1 or -1 C- secs -8 and finite volume
,
then

lolMt) 1<-118) . XCM ")

where I :(0,1] → to , + a) is an explicit function off .

N•tob¥µ%Y;,¥ÉE 13 [Ville
,

80 's ] , 7(¥3) < 12 , 7111--0
.

01M¥qq.no#I1lsec=-a-)
Sketch: Let qq.IR/=7.XCR) - HR )

Chern-a÷Bonet signals
" that £971B = 724M)- dm) .

integrand integrand
min 91>-0}Optimize pg : Rgssec⇐ (4) → IR toget R={ Hit) : re Reseda)

sp÷éÉ
Use cylindrical algebraic decomposition to write R={ (ft)

: 13¥} . ☐

-y--

Which CM!g) have see > o ?/HopfQueskou_H93 Does 575 have see> o?

Corf : If (M ! g) is simply - connected and -1¥ ⇐ see c- 1
,

then M " Is
"
or ¢p ?

IF

homeo

PI: By [Diogenes- Ribeiro , 2019] , Mt has definite intersection form :

balm)=b+CMi-b_=¥ .

so 01M)=b+ (m) , and ✗ (M) - 2 + b.+ (m) .

By Thur, \o/ < IX hence |b+|< 1 + { be so b+ ⇐ 1 .

Donaldson - Freedman : b+=o ⇒ ME S
"
,
b+=1 ⇒ ME ICP? ☐
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§3.1DlMENSlONSM
"

No Finster-Thorpe trick, but - - -
"

- - - convex algebra-geometric point of view is stfruitful

T_hm(B .

- Mendes
,
2017)

M {Respicio") : KCR
, Sym ! 4124170}Rsec70(Ñ =

pzz.me#especimneeH

(MYg) , see > 0 , compact
NF :

:p
. µ:)

: Ñ¥Éi÷÷
⇒ znaws.t.V-xc.mil?En----⑧ .
- p=2

.
.

.
. : . .

: Prove thm 's b)
likely impossibletaxing limits

as
to compute!

Or switch to other curvature conditions
. . . e.g :

Def: Resign? IÑIR
") is =kpo if 1st - - -+7×70

k=1⇒ . . . ⇒ K=n-1 ⇒ - - - ⇒ e- (E) Note: For all 1£ K ← (1) ,
⑦ stronger it wetter II
R >0 ⇒ - - - ⇒ Ric>o⇒ . . . ⇒ seal> o / this ¥fiEpectrahedr_!

Thm_ (Petersen-Wink . 2021) .CM?g) closed
,

with (n- p) - positive R, then

balm)= . . - =bp(M)=0 end bn
- p
(m) = - - - =bn(m)=0 .

In particular , if %-)-positive, then M
"

is a rational homology sphere.

Thm_ (B .

- Goodman
,

2021) . If (M7g) is closed and spin, with K- positive R

where HEmIIg, and ¥-Ric>0, then : (ATTN) . drama) .CM] >= 0 .

EF-k-cgenu-F.at#-m:E$oxTMCor-:If(M&g) is spin, Einstein, and has 5- positive R, then

Ms is null- cobordent : ATMs)=0 and ANY)=o
.

In particular, HIPZ does not have an Einstein metric w/5-positive R .
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