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HIERARCHY OF CONVEX SETS (IN IRN)
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!÷;÷!÷;!,?{rᵈM•}Finitely many polynomial ?= linear projections "

Semidefinite representation
" Intersection of

of spectnahedra finitely many
equalities and inequalities ↑ half- spaces

Preserved under Helton-Nie
linear projections : conjecture

Tarski - SeidenbergThin ✓ ✗ ✓

Def: A ( basic) semiagebraiset in IRN is a set of the form

Wipe .pe/---,Pr)-- { ✗ c- IRN :p, G)≥o , pzlx)≥o , . . _ , prlx) ≥o } .

Def. A spectrahedron is a set SCIRN of the form

S={✗ c- RN :
Ao + [ ✗ i Ai ≥ 0} where Anta , . . .AnESgm4Rᵈ )i =L

Note: If Ai are all diagonal , then S is a polyhedron . ( Intersection of
d half - spaces)

EI.
ay ^'s

f
"

y 1- ×) ≥ 0
→

1- × ) ≥ ◦ /→ (I" y

I + y I + × , Xz Xz . _ . ✗
n

1 - y X2 1- ×, o - - °

B
"

: 4×3 0 1-×, - -
O ) ≥ 0spectrahedron met a spectnahedrow In i

o

'

1-ix.
- . . - - - -

- - - - - -

[ Defining polynomial
- - - -- -

Projection > ✓ (as an algebraic interior)
- - - - -- - -

- - - - - - -

would vanish on the whole lines

-
/ "

football stadium
"

Another :
"

Tv screen

" x4+y4≤1?
1



Def: A s-pect-he.lk shadow is a set SCRN of the form
N M

S = { ✗ERN : 3- ye
RM

,

Ao + [✗ i Ai + [ yjBj ≥ 0 }
i =L j - A-

where Ai
, Bj C- Sym4Rᵈ ) .

Motivated by Nevnirovshi 2006 ICM plenary :
-

Conjecture (Helton - Nie , 2009) . Every convex semi algebraic set

SCRN is a spectrahedral shadow

Thm_ (Scheiderer . 2018) .

The HeeGy¥ is

• TRUE if N ≤2

• FALSE in general ( counter- examples
known for N≥ 14)

↳ Necessary and sufficient criterion for a convex semialgebruaic set to
teaspectnahedrdshodow .

B.tn/vmmer-Mendes2021-: Refinement of Scheiderer 's criterion /New examples .

§_2.N0NNEGATNErSUM0FguARES_pcx) -cR[×1 , _. _,
✗n]zd homogeneous polynomial of degree 2d .

plxl≥ 0, V-xc.MN ⇔
Phd = [ Gild? for some

i(xElR[×s, -in]d
N=3

Example_ (Motzhin , 1967) . play , 2-1=2-6+11}" -1×42--3×372 (zd=6 )
play it) ≥ 0 , VK.gl 2)€1123 but p isnotas.0.SK

Arithmetic Mean É Geometric mean ← Newton polytope : plxiyiz-fax2y-bxy2-cxgz.dz?)
Cannot have negative ✗252-2 term.



thmlltiebert , 1893) . Yes if and only if :
N =3 , 2d=42nd=L

,
TN or N≤ᵈ or

"

ternary quadrics
"

a-
quadratic polynomials univariate

( IRAs, - in]zd⇒gm4RN)
( inhomogeneous) sum of squares of

spectral thin : sgmm⇒ dig .

) polynomials rational functions
(2 squares suffice !) ((impf polynomialsin>

tliebert517-thp-nobeuy.pk≥o
,

V-xc.MN ←?→ 91×1%1×1 ! [ Gild? for some
qlx) , i(×e1R[×s, -in]

Ded: Given Pa , _ . - ipr -4121×1 , _ . - in] , let P(ps , .
. . ,pr) be the smallest

subset closed under + and - containing pa , . _ .,pr and
all 5.0 'S ,

Plpa , . . . ,pr)= { { EPE . . .pt : oeelrlxi ,_ in] S.o.s.} .
EE{on}

"

"

preordering
"

girl:P
!

The (Nichtnegativstellensata) _

The following are equivalent for ppsi.pr-RH.in]
(il p ≥ 0 on Wlps , . . . . pr) = { ✗ c- IRN :p, G)≥o , - - -

, prlx) ≥o }.iq#....g.....................In particular Wlps
,
- ,pr)=∅ ⇔ - I C-Plpa , - . - ipr) .

↑

numeric computation /
w/ semidefinite program symbolic computation

of . Hilbert 's Nullenstellensatz : # Grabner basis

{xeiRN.JP#-------Prx--3-- ∅ ⇔ 1¢ <ps, . . ,pr)cR[* ,_ in]



Ca ( Artin , 1927) : Plpi , -→ pr) = {KEIRA . _ in] S.o.s.}

Hp≥oonW(pa,..,pn)=RnsIii) ?
P = g-{ + - - - + qs2 for some f. qs , - . . ,qsERÉ- - in]. 7=10 .

Affirmative answer to Hilbert 's 17ᵗʰ problem !

%%É%%E;%÷:¥:÷Es±
i.ws:

fuel , ✗ (IR) Zariski - dense

Ex :={peR(X]2 : p=EqE , qi.cl/zCx3if-AewYsaspectnahedralshodow-!
Image of PSD cone under

N PSD 2Ai→xᵗAx c- REX)2

Px := {ye j.pk) ≥ 0 V-xexf-vab.PH not defined ,
but Ign is bk

'

firepresentah.ve

Px = [ × ? Ex f-Px is firststep to
" = " thick!" tank

show Px ismot-aspeetnahednds-kadow.IT#ersLemm1936)
. If ✗ is a quadric, then Px - Ex -

ThM_ (Blekhermen - Smith - Velasco , 2016) . P×={✗ ⇔ ✗ has minimal

degree
(deg ✗ = codim ✗ +1)

Exampte: ✗ = Gr (n) = {2- dim subspaces in R "}2 deg Grin)=n-
(n-2) kn- 1) !

has minimal degree ⇔ U ≤ 4= {
codimcrza-cn-zxu.si/zBy(BSV'16):EGrzay--PGrdn,

⇔ n ≤ 4 .

heyt to show Paran is not a spectrahedrd shadow is B-Penology :



based on Scheiderer 2018

Th_m(B. - Kummer - Mendes,2021) . Let LcR[xi, - - in] be a finite - dim vector

space
with IEL

,
and f EIRIK , _ . _ , xn] s.t. f ≥ 0 but f is not a 5.05 .

Suppose that tiger? the coeff . of fhft, ✗a-yes , - . -Xu -yn) , considered as

polynomials in t, belong to L
.
Then [ homogenization off:-cRk. . - > xD

Unique homey. poly fʰeRlt,x , , -→ xn] w/ deg f- degfh
and fʰ(1

,
×, , _ _. ,xu)=f(Xi ,_ _ , xn) .

✗ = { gel : glx) ≥o for all XER "}
is not a spectrahedrol shadow .

Cori: the following are equivalent :

* Parini isnt a spectrahedral shadow
≤
!!✗ = G%(u) and

Iii ) Perdu) 7- [Grin)
( iii) M ≥ 5

.

Note: Panay is the dud come to an orbitope-i.es dual cone

to the convex hull of a highest weight orbit of an Saul- representation:

SOMA Sym414124 , 2 ≤ k≤ n-2 .

On the other hand
, for Solin)ASym4RY , spi%RY , ATR

"

these

cones are even spectrahedna [Sanyal, Sottile, Sturmfees , 2011] .

Geom : any red line through e intersects

Bay: Let PERCY , - → Xn] , EEIR? ← apex surface f- ◦ in one, red points .

• p is hyperbolic w.at .
e if ple) -1-0 and the 112? the polynomial

Pvlt) =p letter) c- lR[
t) has only real roots .

• In this case , Help)={aeR
"
: the ⑥ i]

, yHe+ C- 7)a) to } is the
hyperbole

-city region of hw.it . e. (Always convex semidgebraic.tk)

FaEveryspe is the hyperbole-city region of a hyp . poly .

Geometriclaxonjetore : Every hyperboticity region is a spectrahadron .



APPLICATIONSOFCONVEXALGEBRAICGEOMETRYTOGE

OMETRICANALYSICMn.glRiem
. rnfld . , PEM ,

R : ÑTpM → ÑTPM symmetric endow .

(RWY ) . 2- aw > = (121×4)-2,w>

Biardiimop-i.to :Sym4NRʰ) → ÑRⁿcsym4ñRⁿ)
R ↳ BIRTH , -1,4W)=§¢Rl×iDZ,w)+@ 14,2-711,W> + <RH.XIY.ws)

MR"→ sym4ÑRn) , 4k) , p> =@ ,
✗ np>, tapeÑR?

O - ÑR"⇒ Sym4ÑRʰ) Espn:(ÑR") → 0

Émb he:b ↑ "

Algebraic curvature

SecÉ: operators "

Grz(IR
") = { o c- NIR

"

: on 0--0 ,
101--1 } Grassmanman

Secr : Grade
" ) → ☒ ¥É> = 0 twed4Rⁿ

8→ (RK) , 0) to c- GrzRⁿ

¥: Rsec ≥ ◦ (n) := {Resign} (Nnn) : sear

"""=<R%> ≥◦

Analogously for Rsx ≥* (n ) and Rsx ≤ ✗ (n) .

As an application of Tarski's Quantifier Elimination ;

Th_M(A. Weinstein, 1971) . Rae≥◦ (n) is a convex semialgebrenc set .

Letting ✗ =GrzRʰcMR? we have Rsec≥dn)=P×={peR[×]z:pH≥o,fxeX} .
14112"- sym41%2

" )⇒ sym}(i4R )n 3 Rsec≥ . (n)
" " "

Iz→ lR[xij ]2- IRCX]2 3 1¥ > [ × S.O.S.
bk : GER"-10.cn?Rn:oro--o.1ot-13

" RH]2/Iz ↑

010=-0 ⇔ @ lol,D=o V-weN4R"
"

strongly positive
curvature " I



Thy .(B .

- Kummer- Mendes
,
2021) . The set Rsec≥◦ (n) is

C) not a spectnaheelral shadow
, if m≥5

Iii ) a spectnahedrel shadow, but not a spectrahedren , if n=4
Kii) a spectrahedren , if m ≤ 3

.

Sketch: Refinement of Scheiderer 's criterion for ✗=Green :

¥14 = {Grin) ⇔ Paring is a s.pe#rdddow .

and Parag 7- 2 Green if n≥5, from
Port 1 (yesterday) .

Iii ) Finster 's Lemmon : ✗=Grd4 ) ⇒ Rsec
≥◦ (4) = Pardy = {Grzl4)

✗ is a quadric/has minimal degree
_ is a spectreheelral shadow .

fiii) Secr ≥ 0 ⇔ R ≥ ° if " ≤ 3-
IT;syi(ñR4) → Sign:(MRD

DlMENS1ONN=4- . [ orthogonal projection @erT=span*≥n4R4).

Finster -Thorpe Trick .
Rsec≥ ◦ (4) =lT(fReSym4n4R4) : R≥o})--

e-s.ec#...spectrahedral
shadow = { Resign}(ÑRᵗ) : 3- ac.IR

.

R+a*≥o}
Hodge star

CI:(MY g) has see ≥ 0 ⇔ 3- f :M→R , R+f*≥o .

Applications : Area- extremity/rigidity
'

ala Gromov
,
evolution of see ≥o under Ricci flow . . .

Thm_ (B .

- Kummer- Mendes
,
2021) . If (MY g) is oriented and has

8 ≤ see ≤ 1 or -1 ≤ see ≤ -8 and finite volume
,
then

1dm") / ≤ 118 ) . XCM ")

here I :(at] → lo , + a) is an explicit function of f.



N◦ᵗ%÷!¥;→= } [Ville , 80 's ] , 7(¥3) < 12 , 1111--0
.

4M¥?ximj¥%kc≈ -a)

Sketch: Let qq.IR/=7.XlR)-olR)sothatfm9alR)--1XlM)-dM).Chern--Gss-Bn
net signature

integrand integrand

Optimize Ya : Rs ≤ see ≤ a- (4) → IR toget D= { (SA) : Min % ≥ °}RE Rs≤ see ≤1- (4)
¥hÉw

Use cylindrical algebraic decomposition to write
R =/ (SA) : 177181} . ☐

It

Which simply - connected CM!g) have see > o?

Widely conjectured answer : ME 54, or ICP?
previously known

HopfQuestion_H93 Does 8×52 have Sec> o? for slightly stronger

µ
pinching . . .

Cori. If (M ! g) is simply - connected and ¥5 ≤ see ≤ 1
,

then M " ± s
"
or ICP ?

T.IE

homeo

2



Pd: By [Diogenes- Ribeiro , 2019] , MG has definite intersection form :

balm)=b+CMi-b÷) .

So 01M)=b+ (m) , and ✗ (M) - 2 + b.+ (M) .

Bythm ,
to /≤H¥,)X< I ✗ hence /bit < I + { b+ so b+ ≤ 1 .

Donaldson - Freedman : b+=o ⇒ ME 54
,
b+=1 ⇒ MEEP? ☐

"

Geographyof4-mamfol.at#. which ¢.# 712 are realized ?

Thm_ (BKM) . If (M!g) is oriented
,

s ≤ see ≤ 1 , then
either

MEAS
"
or ✗ 1Mt ≤ § / f- -42 and 1dm)|≤É( f- 1)?

a

✗ ^ 1¥ ≤ ✗(f) improves bounds of [Berger, 19621

✗≥ to /+2 Cos: For each f> 0 , there is

lbk bro) an explicit finite list of

y

homeom
. types for M4 with

8 ≤ see ≤ 1 .

→ lol

Gromoi78-i-VDSO.no , 3- SID, Delon) s.t. - I ≤ see ≤ -8 ⇒[ICH≥VAM) -40 diam 1M)≥D .

Quantified version :

Th_m(BkM) . If (M4 g) is oriented, →≤ see ≤ - f. and has finite volume
,
then

XIM) ≤ ¥⇒VdlM , g) and 1dm) / ≤ ¥p(1-812 Vollmig )
= ⇔ (Mg) is hyperbolic

[ "

E- signature
"

if M noncompact .

Using Bishop Volume Comparison , can replace Vol (Mg) with diam (Mg) .



D1MENSlONsn≥5_
"

No Finster-Thorpe trick, but . . .
"

- - - convex algebra-geometric point of view is stillfruitful

AL=0*PthlR,Spn1GR"))ILMCB .

- Mendes
,
2017)

I

Rsec≥◦G) = M {Respicio") : KCR
, Sgm ? 111271 ≥o}

p≥2ÉmH

(M"
,g) , see ≥ 0 , compact

÷i"ii÷÷:÷ .

prove}✓thm ; by
⇒ IN -4N at them

,
R, c- A . . . .

- p=2

likely impossibletaking limits
a

to compute !

Or switch to other curvature conditions
. . . e.g :

Def: Resign? (NIV) is 1-po if 1st - - -+7×70

k=1⇒ . _ . ⇒ k=n-1 ⇒ - - - ⇒ a- (2) Note: for all I ≤ K≤ (E) ,
④ stronger ↓ weaker ↑
R >◦ ⇒ ⇒ Ric>◦⇒7.⇒ seal> ◦ / this ¥f⇔pectrahedr→_!

Thm_ (Petersen-Wink , 2021) .CM?g) closed
,

with In - p) - positive R, then

balm)= . . - =bp(M)=0 end bn
- p
(M) = - - - =bn(m)=0 .

In particular , if ⑦-positive, then M
"

is a rational homology sphere.

ThM_ (B .

- Goodman
,

2021) . If@Yg) is closed and spin, with K- positive R

<Ñ(TM) . dnctme) , [M] >= 0 .where ≤mᵗ, and ˢ¥-Ric≥ °' the" "

E-eeip-E-assa.at#-m:$m-$oxtmCor-:If(M&g)is spin, Einstein, and has 5- positive R, then

Ms is null- cobordent : ATMs)=O and DMs)=o
.

In particular, IHPZ does not have an Einstein metric w/5-positive R . 3


