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Problem

Let G y (M , g) be an isometric action. Find
G-invariant ⌃ ⇢ M .

Setup

I ⇡ : M �! M/G quotient map
I Mpr ⇢ M

I ⇡ : (Mpr , g) �!
�
Mpr/G, ǧ

�

I Orbital volume function

Vpr : Mpr/G �! R

x 7�! VolM(⇡�1(x))

, extends to
V : M/G �! R, such that V |@(M/G) ⌘ 0

I ⌦ :=
�
Mpr/G,V 2/k ǧ

�
, k := dimMpr/G � 1

M/G

M

⇡

minimal hypersurfaces 1.*
principal part (open , dense , connected)

Riem
. submersion

or

-yErYGI

↑is smooth cont. function
Mr/G

= dim Epr/G



Symmetry Reduction Theorem (Hsiang–Lawson)

G-invariant hypersurface
⌃ ⇢ (M , g) is minimal

() ⌃pr/G ⇢ ⌦ is minimal

Proof

⌃ ⇢ M is a G-invariant hypersurface: ⌃pr =
S

x2⌃pr/G
,

V (x) = VolM(⇡�1(x)), k = dim⌃pr/G

VolM(⌃) =

Z

⌃pr/G
=

Z

⌃pr/G
= Vol⌦(⌃pr/G)

d
dt

��
t=0 VolM(⌃t) = 0, 8⌃t ()

d
dt

��
t=0 ,

8

()
d
dt

��
t=0 ,

8

IT -14)

VIX)d✗ dvoljkgv
Palais ' symm.crpinknolfaty.lv V◦lm(Et) -0

Et G-invariant

{miÉg roesler/G)+1=0
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Actions of cohomogeneity 2

If dim⌦ = 2, then we’re looking for ⌃pr/G ⇢ ⌦!

⌦

⌃ ⇢ M closed ()
(
⌃pr/G ⇢ ⌦ , if @⌦ = ;
⌃pr/G ⇢ ⌦ , if @⌦ 6= ;

⌃ ⇢ M embedded () ⌃pr/G ⇢ ⌦

geodesics

8 0

closed

free boundary
embedded .



Applications

Chern 1969: “Spherical Bernstein Problem”

Let Sn be the unit round sphere. Is every embedded minimal
Sn�1 ⇢ Sn planar, i.e., congruent to an equator Sn�1 ⇢ Sn?
I Almgren 1966: Yes, if n = 3,
I Hsiang 1983: No, if n = 4,5 , 6,7, 8, 10 , 12,14, - . .
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Yau 1987:

Are there any nonplanar embedded minimal spheres in
E (a, b, c , d) :=

n
~x 2 R4 : x2

1
a2 + x2

2
b2 +

x2
3
c2 +

x2
4

d2 = 1
o

?

Planar minimal spheres: ⇧i := E (a, b, c , d) \ {xi = 0}

I Haslhofer–Ketover 2019: , if a is large enough
(using Min-Max theory and Mean Curvature Flow)

I B.–Piccione 2021: ,
if a is large enough, and either b = c or c = d

↑⇐ tot . good .

↓

At least one

Pw¥ Arbitrarily many , up to congruences



Some other applications:

I Nonplanar minimal hypersurfaces of Rn:
Alencar 1993, Q.-M. Wang 1994, . . .

I Nonplanar free boundary minimal surfaces in Bn:
Freidin–Gulian–McGrath 2017, Siffert–Wuzyk 2021

I Carlotto–Schulz 2022: Embedded minimal T 3 ⇢ S4
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“Bifurcation” (1885)
Topological change in the structure of a dynamical system

when a parameter crosses a bifurcation value

Henri Poincaré



How to find nontrivial solutions out of trivial ones?

Try deforming trivial solutions until they become unstable:

f (a, 0) = 0, 8a 2 R

e.g., f (a, s) = s3 � as

@f

@s
(a, 0) =

@2f

@a@s
(a, 0) =

0

a

s

f- (as) _- 0
↑ ← variable

parameter
5=0

E- as if s -1-0
{ = "

_ if a>◦ ' ˢ=¥ʰ •*
=

}
(35 - a) Is - a

- ra
- 1--10



Local bifurcation

Theorem (Crandall–Rabinowitz)
Suppose f (a, 0) = 0, 8a 2 R, and

I @f

@x
(a⇤, 0) = 0

I @2f

@a@x
(a⇤, 0) 6= 0

Then 9U 3 (a⇤, 0) such that

= [

where .

Proof.
Clever use of Implicit Function Thm.

0
aa⇤

N
•s

'

'

'

'

yi
'

•s

i. •

f-
'

6) NU {laden} B '

_ .

'

'

B is a bifurcating branch .



Global bifurcation

f : (0,+1)⇥ I ! R,

I is an interval, 0 2 I

Definition
A bifurcating branch B is a connected

component of f �1(0) \ {(a, 0)}.

Theorem (Rabinowitz)
If restriction of (a, s) 7! a to f �1(0)
is proper, then every branch B either
I
I

0

�!a

F¥

reconnects to trivial branch

#

mon compact
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From Part 1: E (a, b, c , d) :=
n
~x 2 R4 : x2

1
a2 + x2

2
b2 +

x2
3
c2 +

x2
4

d2 = 1
o

Planar minimal spheres ⇧i := E (a, b, c , d) \ {xi = 0}, i = 1, 2, 3, 4

Theorem (B.–Piccione, 2021)
If , the number of distinct nonplanar embedded

minimal spheres in E (a, b, c , d) ,

and they converge to ⇧1 with increasing multiplicity.

In fact, if b = c > d , then

lim inf
a%+1

1
a #{distinct nonplanar min. spheres in E (a, b, b, d)} �

b-- c or c-d

goes to too as a too

:-.



Symmetry reduction setting:

(S3, g) := E (a, b, b, d) =

⇢
~x 2 R4 :

x
2
1

a2 +
x

2
2

b2 +
x

2
3

b2 +
x

2
4

d2 = 1
�

I Iso(S3, g) ◆ . Set G =

I G(x) =
�
(x1, x2 cos ✓ � x3 sin ✓, x2 sin ✓ + x3 cos ✓, x4) : ✓ 2 R

 

I (S3)G = S
3
pr =

712×014×7-2 012)

5h {✗e- ✗3=0} 51$ )G



I (S3/G, ǧ) ⇠=
n
(x1, r , x4) 2 R3 : x2

1
a2 + r2

b2 +
x2
4

d2 = 1, r � 0
o

I @(S3/G) =

I V = 2⇡r = 2⇡b
q

1 � x2
1
a2 � x2

4
d2

I ⌦a := (S3
pr/G,V 2

ǧ)

Symmetry Reduction Theorem:

G-invariant minimal
2-sphere ⌃ ⇢ (S3, g)

()
⌃pr/G ⇢ ⌦a is a

53
LIT

(5)
↳
= { r=o} ↑

•

e-

↑ degenerate on 2R≠∅ VEO on2h

free boundary geodesic



Geodesics on ⌦a

� : [�⇡, ⇡) �! @⌦a

�(s) =

~vs =
⌦a

�(s)

~v0

~v⇡
2 ~vs

�(0)

�
�
⇡
2

�

Theorem
For each s 2 [�⇡, ⇡), there is a unique maximal geodesic

�s : (0, `s) ! ⌦a that starts transversal to @⌦a at �(s).

Moreover, it satisfies lim
t&0

�0
s(t)

|�0
s(t)|ǧ

= .

Lacoss, dsins) /1-
unit normal atpls)

is



Proof

I Let x 2 ⌦a be sufficiently close to @⌦a

I Orbit ⇡�1(x) ⇢ S
3 is

I Plateau problem: least-area disk Dx with
@Dx = ⇡�1(x) exists and is

I Dx \ (S3)G = {p}, ⇡(p) = �(s) for some s

I Symmetry Reduction:
⇡(Dx \ {p}) ⇢ ⌦a is a geodesic �

I lim
t&0

�(t) = ⇡(p) = �(s) 2 @⌦a

I =) lim
t&0

�0(t)
|�0(t)|ǧ = ~vs

I Removable Singularity Thm. & Maximum Princ.:
Only geodesic starting transversal to �(s) is �.

⌦a

S
3

⇡

IT
- 1-(x)[Hass- Norbury - Rubinstein]

Dx :⑧
extremal and real - analytic ↑

minimal

Unique, Smooth , embedded i G-invariant

geodesic

¥
Dx smooth



Reflections on ⌦a

Z2�Z2 y ⌦a

�hor := �0

�ver := �⇡
2

�hor

�ver

x1

�(0)

x4�
�
⇡
2

�

O

Trivial solutions (planar minimal spheres):
⌃hor := ⇡�1(�hor ) = ⇧4, ⌃ver := ⇡�1(�ver ) = ⇧1

I Find �s , s 2
�
�⇡

2 ,
⇡
2

�
, meeting �ver

I Reflect to get free boundary geodesic in ⌦a, then lift to M

pls)÷
.

glad .

orthogonally , or at 0



I All geodesics �s , s 2
�
�⇡

2 ,
⇡
2

�
,

I
I

I Let �s(⌧s) be the

I s 7! ⌧s , s 7! �s are
I Define the functions

f : (0,+1)⇥
�
�⇡

2 ,
⇡
2

�
! R

f
even(a, s) = [�0

s(⌧s)]x4
f

odd(a, s) = [�s(⌧s)]x4

I f (a, s) = 0  ⇡�1(�s) ⇢ S
3

minimal 2-sphere
I Trivially: f (a, 0) = 0, for all a

I Look for from 0

�hor

�ver

x1

x4

O

0

⇡
2

�⇡
2

(f odd)�1(0) (f even)�1(0)

�!a

intersect over transversely
do not self- intersect ,first intersection

Joint w/ per , i.e , s (2)3×1--0
real - analytic

bifurcations



Linearized problem

f : (0,+1)⇥
�
�⇡

2 ,
⇡
2

�
�! R

f
even(a, s) = [�0

s(⌧s)]x4 , f
odd(a, s) = [�s(⌧s)]x4

I Reparametrize so that
⌧s ⌘ 1, 8a > 0

I Jacobi field along �hor
J(t) := d

ds�s(t)
��
s=0

I va : [0, 1] �! R

va(t) = [J(t)]x4

I @f even

@s
(a, 0) =

I @2
f

even

@a@s
(a, 0) =

x1

x4

-#¥.vain

ddava' 11)



Singular Sturm–Liouville analysis
@f •

@s
(a, s) = 0 corresponds to � = 0 being an eigenvalue of:

8
><

>:

�(pav 0
a)

0 + qava = � pa va, 0 < t < 1
a

2
va(0) + d

2
v
0
a(0) = 0, (IC)

va(1) = 0 / v
0
a(1) = 0, (BC, • = odd / even)

Proposition
9aodd

n , aeven
n % +1 such that

@f •

@s
(a•n, 0) =

@2
f
•

@a@s
(a•n, 0) =

If b = c = d = r , then a
odd
1 = .

a
odd
1 a

even
1 a

odd
2 a

even
2 . . .

A a

°

,

* " " €☒¥ Nakia:< °



By Crandall–Rabinowitz (Part 2), both (f odd)�1(0) and
(f even)�1(0) have infinitely many branches:

0

�!a

⇡
2

�⇡
2

we still need to show that branches “persist” as a % +1



Last steps

I N(a, �) := #
�
� \ �hor ⇢ ⌦+

a

 

I N(a, �s) is

I Let B•
n ⇢ (f •)�1(0) \ {(a, 0)} be

the branch issuing from (a•n, 0)

I If (a, s) 2 B•
n, then N(a, �s) =

I Thus B•
n are , hence

by Rabinowitz (Part 2)

I Each {a}⇥
�
�⇡

2 ,
⇡
2

�
can intersect

only B•
n’s

I |s| % ⇡
2 along B•

n as a % +1, so
minimal spheres converge to ⌃ver

with multiplicity 2n � 1, or 2n.

I Beven
n yield

�hor
x1

x4

0

�!a

⇡
2

�⇡
2

•

pls)
•

locally constant ¥8s
{
2h • = every N(a.8)≤22n-2 •= odd

disjoint
noncompact

a> aided

finitely many
aidd

free bdg min . disks



Bonus: When do new minimal spheres bifurcate?

I Q: How to compute the bifurcation instants a•n?

I No closed formula, only an arithmetic equation involving
infinite continued fractions (Heun functions)!

I If b = c = d = 1, then we know a
odd
1 = 1. What is aeven

1 ?

I We have strong numeric evidence for:

Conjecture
If b = c = d = 1, then

a
odd
n = and a

even
n =

I Similar to bifurcation of closed geodesics on 2-ellipsoids:
instants at which Area(⇧i) =

4⇡
3 a of planar minimal

2-spheres ⇧i ⇢ E (a, 1, 1, 1), i = 2, 3, 4, is an integer
multiple of Area(⇧1) =

4⇡
3 .

É ?

In-1 2n
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Similarly to Part 3, let

(S3, g) := E (a, a, b, b) =
n
~x 2 R4 : x2

1
a2 + x2

2
a2 + x2

3
b2 +

x2
4
b2 = 1

o

I Iso(S3, g) ◆ . Set G =

I Consider the trivial minimal torus

⌃a :=
n
x 2 E (a, a, b, b) : x2

1
a2 + x2

2
a2 = x2

3
b2 +

x2
4
b2 = 1

2

o

Theorem (B.–Piccione, 2022)
For all , there is at least one G-invariant
embedded minimal torus in E (a, a, b, b) not congruent to ⌃a.

0(2) ✗ 012) 0127

0cal HE



About minimal tori in spheres

Lawson Conjecture, proved by Brendle 2013
If a = b = c = d , then every embedded minimal torus in
E (a, a, a, a) is congruent to the Clifford torus ⌃a.

Theorem (White, 1989)
Every metric on S

3 with Ric > 0 has at least 1 embedded
minimal torus.

Conjecture (White, 1989)
Every metric on S

3 admits at least embedded minimal tori.5



Symmetry reduction setting:

I (S3/G, ǧ) ⇠=
n
(x1, x2, r) 2 R3 : x2

1
a2 + x2

2
a2 + r2

b2 = 1, r � 0
o

I @(S3/G) =

I V = 2⇡r = 2⇡b
q

1 � x2
1
a2 � x2

2
a2

I ⌦a := (S3
pr/G,V 2

ǧ)

I Note ⌦a is , so
geodesic ODE has a !

Symmetry Reduction Theorem:

G-invariant minimal
torus ⌃ ⇢ (S3, g)

()
⌃pr/G ⇢ ⌦a is a

Ar

(5)
"

={r=o}

rotationally symmetric ;first integral
4

closed geodesics



Bifurcation setup

I Polar coordinates in ⌦a: (⇢, ✓)

I �(✓) := radial segment at angle
✓ with x1 axis

I �s(t) := geodesic with
�s(0) = , �̇s(0) = ,
where is so
that �0 is trivial closed geodesic

I Trivial solution: ⌃a := ⇡�1(�0)

�(0)�(⇡)

�0

x1

x2

O

I Find �s meeting �(⇡)

I and lift back to S
3

A.↑%↑%↑Ña
lplsl , 0) ¥
IF s tsp1st if c- 667

orthogonally
Reflect



I Write metric as d⇢2 + '(⇢)2d✓2

I (⇢(t), ✓(t)) is a geodesic iff

⇢̈� '(⇢)'0(⇢) ✓̇2 = 0

✓̈ + 2'0(⇢)
'(⇢) ⇢̇ ✓̇ = 0

I Conserved quantity
I ✓ is or , so

can reparametrize �s(t) as �s(✓)

I Define the function

f : (0,+1)⇥ I �! R

f (a, s) = [�0
s(⇡)] @

@⇢

I f (a, s) = 0  ⇡�1(�s) ⇢ S
3

minimal torus
I Trivially: f (a, 0) = 0, for all a

I Look for from 0

�(0)�(⇡)

�0

x1

x2

O

6947487
constant monotonic

⇔•%



Linearized problem

f : (0,+1)⇥ I �! R

f (a, s) = [�0
s(⇡)] @

@⇢

I Jacobi field along �0

Ja(✓) :=
d
ds�s(✓)

��
s=0

= (Ra(✓),Ta(✓))

I Jacobi equation:
R̈a +

4a2

a2+b2 Ra = 0

(⇡ab)2 Ṫa =
d
d"c(�")

��
"=0

I @f

@s
(a, 0) =

I @2
f

@a@s
(a, 0) =

With our boundary conditions,

Ra(✓) =

()

()

()

cos/¥÷o)
R%ñ)=o 2A

¥7
= MEI

I :# = .

Rift) a _- HE

¥aÑaH ¥aÑH /a.%>◦



Upshot

@f

@s

✓
bp
3
, 0
◆

= 0
@2
f

@a@s

✓
bp
3
, 0
◆

> 0

Thus:
I Local bifurcation at a = bp

3 , by
Crandall–Rabinowitz (Part 2)

I This is the only bifurcation
branch, hence by
Rabinowitz (Part 2)

I Branch persists for all
0 < a < bp

3 as it cannot cross
by Brendle’s proof of

Lawson conjecture

0

�!a

|
a = bp

3

|
a = b

f
�1(0)

•

\
noncompact 111

a:b ✓


