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Let a> bzc> d > 0 and

E- lab , c , d) := { ✗ c- 1124 : ¥ + ¥. + ¥. + ×¥=1} ± , g)
a
✗4

1T¢/a)
Planar minimal 2- spheres : I
Iti = Elaine , d) A {✗i=o} ×:

i = 1,2 , 3,4 .
9

i
-

Sala)
c ← TT

, (a)"
Morse theory

"

At least 4 embedded minimalEmb.IS?s3)t1Rp3-
2- spheres in

every g) ?
At least 3 closed geodesics in g)
Ela , b.c) ⇒§,g)CIR

>
realizes that minimum

.

A =/ b =/ c

Currently: At least 2 are known
to exist ftlaslhofer- Ketner

,

'

19; Deaibes ,
'

20)

d- (Yan , 1-987) .
Are all minimal 2- spheres in EG.br , d) planer?

• Almgren
'

66 : Yes
, if a =b=c =D Nonplanar sync EK.b.ci d)

Tealizes the 2- width ,Min-maxtmcrhf.ttaslhofer.tn/etover'19:N-I
,
if a⇒ b Area(11-1) < Area(Sak)< 2 Area(11-1)

↳ index(1-14) 9 + a as an + a
{
Asano

. Smiled 21T£

Thm_ (B .

- Piccione
.
21)

. If b=c or ⇐d ,
then there are arbitrarily many

geometrically distinct nonplouor embedded minimal 2- spheres in Elaib, c.d) as a 9+0 .

Henceforth : b=c N (a) = # { distinct solutions} satisfies him inf Not
a → too a- 3¥

NÉE :

Hm> 2 , Fsm (a) c Ela ,
b. b. d)

,
a > am

, monplonor embedded minimal 2- sphere
sm(a)

"

scarring
" at 11-16) , cf. Song - Zhu

'
21

• Sm (a) Alta (a) = m disjoint circles

• Sm (a)→ M . 1T¢ (a) smoothly away from (o , o , o , ± d)
←• Arealsmtal) → m.

Area(11-114)

• liminfindexlsmlamteD-zg.pe#a,y-=q,,-3y-glT-kl-- {loins.
✗a)ER? + ¥+¥z=1}

M- oo Area (Smlamte)) ECN
,
b. b.c) f-

Halal
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Embedded a

ruin .

2-sph .

in Ela ,b.b.d)

""→

tplanar
ciscos:&!!)¥s.

Sala)= Suk ?

• m is even: Shila)=Sm(a) n { ✗130} is a freebmik in

Etta , b. b. d) =E(a.b.b. d) A { ✗130} .
• Sala)= Suk ? Do

any Smla)
realize some p-width

?

• (am)m>a solve a continued - fraction (arithmetic) equation . Conjecture:
If b=c=d=1 , then am=M;

i. e.
,

with solution appears when

we> QUESTIONS ? [15min] Area a))=m .
Area/Hilal) , i -2.3

Stepsofproof: 1 . Symmetry reduction [10min]

2. Existence of Geodesics (15min ]
3. Local bifurcation }[20min]4 .

Global bifurcation

t.FI#!Eam÷÷m;÷÷÷÷¥÷ ¥
ii. "

MprCM principal port (open ,
dense

,
connected) ÷É:%c%

IT :(Mpr . g)→ ftp./G,g) Riem .

submersion

V : Mprlg→ IR Volume function is smooth ,
exends to V :M1g→R

✗ → Vdlñ
- 4×1) with Yaya)=o .

Palais Symmetric Criticality
Principle + Fubini Thin .

G- invariant hypersurface Iv Epygc ftp./g,v7kg)
"cohomogenatj

'

of ECM , ie .

coelim ofECM is minimal ⇐
is minimal principal orbits

K- dim MPYG - y#
in E.
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6=012) AM = Ela ,
b. b. d) GG) is a circle
B-

GG) - {(✗1 , Xzwsi , xssino ,
✗a) c- Ela ,b. b. d) :@ c- IRK of radius

r=bF-¥-¥T
MG = E- lab ,b, d) n{xz=xs=O} fixed points

11-1×1=1×1

.tt#x.xa)-cM/GMpr--MlMG(M/G,j)--{hair, ✗a) er? II. + ¥+¥- =L .
v30}

V =2ñr=2ñb✓1-¥_✗I%

¥:% Ra :=µÑG , V÷
degenerates

^
"

OMG)={r=o} - MG along 2ha
•

lard
G- invariant minimal free boundary
2- spheres in Elaibibid) <→ geodesics in da

2.fr/isteuaofGeodesics- (
BH)

•

pls)

4%pls) = Crass , 0 ,
dsins) Ra 2ha

-

-

jsÑs = unit normal et pls) [
pl- it)

Thm-V-sc-ET.it) , Flips :(O.es) → Ra maximal geodesic starting
transversal to 2ha at pls) .

Moreover
,

him 8s=v?
1- → o Hilty

¥.←Inspired by Hass- Norbury -Rubinstein
'

03

11--4×1 M • ✗Era close to draw> IT-4×4 Ela ,b.b. d) real - analytic, extreme

ME / a- • plateauproblem-J-Dxct-taib.to , d) least- area disk w/ 213×-71--4×1,
is unique ,

smooth
,
embedded , G-

invariant
.

¥•×ra • Dxn ME {p) , a- Ip) =p /s) for some
s

• Symm .

reduction : * (D×Yp })Cha is a geodesic ✗ 2



• him Jlt)=I(p) =p (s)
Ezra ara M Remove singularity

t.IO Khoi- Schoen]

• Dx smooth → lim ¥¥,,-=ñ
""""" min . sorry

I
1- Sro Tangent min . surf.

• Removable Singularity Thin + Max . Prine : ⇒ such geodesic is J . ☐

Reflections: Zz -107-22 Ela ,b.b. d)→ Zz -0122 Are
f- e-

Blitz) 9×4Na •

paytfny
G- inv. planar min. 2- spheres :

Tver pls)
→

IT
-'

Aver)=TI(a)Ñy •

7-1
A-

'

Ghor)=lI(a) r
"

the a =D ,
then get Stara

-
÷
.

-

I
Bow. a-

a-%)

Prod: All 8s ,
setE.E) , do not self- intersect and interactyrerrsey .

[ Reporametnze Js so that

BH) c-Tver ,
Fs

.

Strategy . f :(i. + a) ✗ C- E. E) → IR real - analytic functions

Leven this) := (1)]×
, f(as)=o → a-

→

fgs) is a minimal 2- sphere

fodd (ais) :-[8s (1) ]×q

Note : feveulaiot-fod.la , 01--0 , Ha> 0 . Lookforbifurcatiousfrom(a,o)!Mg
3.LocolBiforaet

←
clever use of Implicit Function Theorem

Th_m(Crandall - Rabinowitz) . Suppose florio)=0 for all a>0 ,

and

Sd

lil ⇒ tax, 07=0 ,

. .
- . -
U

i

'

Y
0 i

•! i →Iii J¥s(a*o) -1-0 '

-
.

.

I
a

Then 3-V7 lmao) sir . f-
'

G) nU={Cao)eU}UB ,

where B

B is a bifurcation brand
.



g-(f) = ¥8s /⇐ ☐

Jacobi field , volt) - [54-1]×4 _÷:

go
?
gnor

°§ Lao)= Volts)
, 7%-6.0) - valid .

}Determined by values of

°÷ (ai) - Java' (1) -2¥ (ao) .- La Vals) .
Jlt where Thor andHer meet.

' dads

Jacobi equation for JHI

storm - Liouville equation for Valt) satisfied
with 1=0 :

= 0

⇒p.ua singular :p.co)=o zpa< ☐
, 2- g.< ☐

(a)a ofvalo) + devito) = 0 CIC : orthog .
to 2ha) pa → oanéqa

→ - a uniformly
V'a(1) =D or Va (1) = 0 CBC : even or odd) Oscillation{ theory for singular SL egn
In ¥

Prop_F@wYmzss.t. 1--0 is an even/odd

eigenvalue of (a)a iff a- am with m even/odd .

^

3- 7m:(am- E. + a) → IR s.t.hn/a1 is an

73 (a)
eigenvalue of $4m with Incan)=O

and Xin (a) <0 .

tola) %(a) 7z(a)

By CEE-Rabimwi.lt : Local bif .
branches issuing from fam ,o) . MEIN .

Embedded ^ fjddt (o) , feral (o) c (0,1-0) ✗C-I. E)min 2-sph .

.
. ?

.
. ? ,

,?
Bm= connected component

of closure of
" """"" | "

*"""B"" thot

trivial
Thea)→-µ€÷#÷÷;ins

land .

branch

Btriv
i

4.GlobadBiforco.to#Thm-(Rabinowitz) . If the restriction of (ais)↳ a to f- 16) is proper, then

every bifurcation
branch B either isno or reattaches to trivial branch .

3



• Properness : f-
' G) A { (ans)} is finite ! (or Choi- Schoen])

¥ Branches Dm issuing from Cam ,
0) are pairwise disjoint .

PI: Zlais)= # { Js hyun Cra} is locally constant

4×4 2- /Bm=m , because 2- (as) = # Vñ4o)

÷÷ÑÑri→× ,

and Kth eigenfunction Va :[0,1] -R
-

,

8s has K Zeros by Sturm Oscillation Thin .

a- 2h1 for Kth even eigenfunction4=2×+1 for Kth Ed eigenfunction)
Bmn Bn =p if Mtn . ☐

Thus each (Bm)m>,z isn#ol , hence has points (as) for all a> am .

(as) c- Bm um> Sm(a)CE(a.b. b. d) non planar minimal 2-sphere .

a> am

# (Smca) Atala))=m ⇒ geometrically distinct . ☐

-
-

Bord : Convergence Simla) → m.IT, (a) as a 7 to

: over ra ; a

:
"

Wii. :
i. :

1
,

•

{geodesics in da} Is {geodesics in Raf
# YA phon =m geodesic y in Ra is either :

→ periodic ( #ynryhor -- +a) ✗
→ vertical segment✓Ra Doo

U U

→ ✗ → Mister as a - too → Sun (a)→ m.IT# as a -too . ☐


