
CATING AL SES INOIDS OFAUTION
--

-

JOINTW/ P. PICCIONE PROVIDENCE, 9/2023

k 17MIN-MAX THEORY LOTS OF MINIMAL SURFACES
us

DOUBLING/DESINGULARIZATION 4- M3
-

IIM (MARQUES-NEVES 2017, SONG 2013). CLOSED RIEM. MANIFOLDS (M48),
3 In =7, HAVE INFINITELY MANY EMBEDDED MINIMAL HYPERSURFACES [-*- Mr.

HOWEVER:CONTROL ON THE GY OF [IS DIFFICULT!

⑳ION (YA 1987). ARE THETE ONLY FINITELY MANY EMBEDDED MINIMAL

SURFACES S -> SY OFEACH GENUS g (UPTO CONGRUENCE)?

g
=0:ONLY EQUATORS SY -> S" [ALMGREN 1966] COPEN IF g(z)

g
=1:ONLY CLIFFORD TORI TY-> SY [BRENDLE 2013) "LAWSON CONJECTURE"

AS gt, THE NUMBER OF SUCH MIN. SURFACES DIVERGES [WETOVER 2022]

CONJECTURE. EVERY (S,g) HAS AT LEAST4 EMBEDE MINIMAL 2-SPHEZES, AND
-

5 EMBEDED MINIMAL TORI. COPEN UNLESS IS ALMOST ROUND)

MARCATIONTHEORY:FIND NEW MINIMAL SURFACES WITH WTOPOLOGY,
BY DEFORMING EXISTING ONES

I NPUT: MIN --- BIFURCATION
SUREACES- 1)S BRANCH

R

Ea mr. (M, ga), aco I-[a
-

-
---

--

JUMP OF (LOCAL)
ax a

1)
MORSE INDEX

us OUTPUT; <->M,ga) ISOTOPIC BUT
BIFURCATION MIN.

NONCONGBUENT TO Ea, a NEAR ax

COMPACTNESS DISCRETE-VALUED GLOBAL OUTPUT: ...

2) E.G. MP, Risso + INVARIANT FOR nex BIFURCATION
a FAR FROM Gx

C [CHO1-SCHOEN] S BRANCHES

1



E t
2LETM(a, b, c, d) =

=xeRY: +2 +1 =1] =s
"TRIVIAL"MINIMAL SURFACES ([a)

Sa:=M(a, 1,1,1) 12x4 =03 Cor M(a,b,h,c) 19xx =05)
=A

2
2

T:=xe M(a, a,1,1): a+ =x3 +xi =I (or M(a, a, b, b)..7E - -- 3
NOTE:IF a =1, THEN SE IS AN EQUATOR, TY IS CLIFFORD TORUS.

IHM. THEREIS A SEQUENCE an to AT WHICH A BIFURCATION BRANCH OF

SE-INVARIANT EMBEDDED MINIMAL Z-SPHERES IN M(a.1,A,A) STEMS FROM SY.

BRANCHES THAT BIFURCATEATan, UY2, CONSIST OFNONPLANAR SPHERES, AND

PERSIST FOR ALL asan. DIFFERENT BRANCHES CONSIST OF PAIRWISE
NONCONGRUENT SPHARES.

EQUATORS
~58INVARIANT 1. -------------------------------- -

IN M(a, 1,2,1)

W

-MIN. 2-SPHRES

C
-

C-2 A & ① *C->
a
1=1 az a3 &4 a--

---

--..........................---

&R:THERE ARE ARBITRARILY MANY PAIRWISE NONCONGRUENT NONPLANAR
-

EMBEDDE MINIMAL 2-SPHERES IN M(a, 1, 1, 1) FOR a SUFFICIENTLY LARGE

&(YAU, 1987). ARE ALL EMBEDDED MINIMAL 2-SPHERES IN M(a,b, c,d) PLANAR?

HASLHOFEZ-KETOVE2019]:IF aCL b, c, d THEN THEREIS ATLEASTA NONPLANAR

MINIMAL 2-SPHEREIN M(a,b, c,d)

- an=U, UneN. (STRONG NUMERICAL ENDENCE,CAN EASILY SHOW hin =2)CON5

THM FOR a =[q/Fq: q -RM(0,2)], WHICH ISCENSE IN (0,t), A BIFURCATION BRANCH
-

OF St-INVARIANT IMMERSED MINIMAL FOR IN M(a,9,1,1) STAMS FROM TYBRANCHES

PERSIST FOR ALL a UP TO O OR+N, DIFFERENTBRANCHES CONSIST OFPAIRWISE NONCONERUENT TORI

THEBRANCH THAT BIFURCATES AT a =1 CONTAINS ONLY EMBEDED FOR AND PERSISTS FOR ALL a. Es
⑮

COR:THERE AREINFINITELY MANY PAIRWISE NONCONGRUENT IMMERSE MINIMAL FORIN

M(a,a, 1,1) FOR ALL a = (0,0) EXCEPT POSSIBLY 1 VALUEIN (,). IFa+(0.E). THEN

ATLEAST ONEOFTHESEMINIMAL FOR IS EMBEDED, AND NOTCONGRUENTTO TR
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De-

METHOD

REDUCTON0) -MERRY [HSIANG-LAWSON' 1971)

GAM ISOM.
ViM/a -> R, V(x)=Volm(n-2(x))

ver(s) =(
2xV droly

Li1ms, Janehe S1 vol2/-

E/G
↓=dim E/G =vola(*/), =(Ma, v()

PALAIS'

THUS: SYMMETRK

G- INVARIANTECM CRITICALIY SIG IS
E

IS MINIMAL MINIMAL

M(a. 1.2(52 =2 +r+x =1,w0] Ma,a. 1.1/gz =2 +
r
=1, r,e

-

1 v =2πr Tast-
ISOMETRIES

sa/st

&

I
a
=za8 **--,

REFLECTIONS ROTATIONS AND REFLECTIONS

LEFT: ReDz ACROSS X1, X4 0(2)

WANT: FREE BOUNDARY CLOSED GEODESICS

St fx(a,s) =0

,1)

GEODESICS

SE REFLECT!

8 S=0 I
t

Va,o

3

Lfeven (a,s) =0 . keN. Vais

- odel .food (9.5)= 0 -
s=1 ·- s=1& REFLECT!Va,o

*
0 =xπ

5-1
even



BOTH PROBLEMS REDUCETO STUDYING ELO SETOF fla,s) = 0,WHERE

S=0 IS THE"PRIVIAL SOLUTION."

1)ABIAURCATION

IHM (CRANDALL-RABINOWITE, 1971). If Ata=

ax, Sa

(i) 2(ax,0) =0 (DEGENEACY) -a
(ii) slax,0) fo STRANSVERSALIT

THEN a =a*IS ABIEURCATION INSTANT:FUC-1ex,0) OPEN NEIGHBORHOOD S.T.

f
-

(0)1u =[(a,0) =v3U[(a(t).sit):+-1-2,2)], a(0) =ax, s(0) =0, s0)< 0.

AWALYZING JACOBI EQUATION OF Yao As a VARIES, WE FIND (ALL)
NO KILLING

THE BIFURCATION INSTANTS. AS STATEDIN THE THEOREMS. FIELDS LEFT

I TO USE!
2

AE:CASE OFSPHERES IS HARDER NEEDS SINGULAR STURM-LIOUVILLE THEORY
-I

TORI IS ER, CAN FIND SOLUTIONS EXPLICITY BICO
...??????? MSIANG'S WORK

DO LOCAL BRANCHES FROM 1980's
ALSO HAS "LEFT OVER

"

???"? ..??? PERSISt? WILLINGFIELD.

CHO1-SCHOEN2) EBIFURCATION (OR AD HOC...)

~HM (RABINOWITZ' 1971) IE a =a+IS AS ABOVE, al) NOT CONSTANT, AND RESTRICTON

OF(a.s)-a TO f-20) IS PROPER THEN CAN EXTEND (-0,0C-11 (a(), SH),
--

) BRANCH REATTACHES TO TRIVIAL BRANCH:Mn(alt), sH) =(axx, 0):·⑳-
ax

·

a**

(II) BRANCH IS NONCOMPACT: him all) =0 OR +N. -
t-+ * aA

TO AVOID (I), USE DISCRETE-VALUED INVARIANT TO PROVE BRANCHES AREIDINT,
-

SO THERE'S NO REATTACHMENTBECAUSE WE

FOUND ALL BRANCHES
⑧

W .
#[Vais & Vaio 3 #EVais & UaIoY AND BO WINDING NUMBER
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