
LECTURE NOTES FOR MATH 82,000

COMPARISON GAUMETRY

HereA RiemannianGeometry 1/2612023

ToM Def: A Riemannian metric g-

↑ M on a smooth manifold M" is⑱The a (smoothly verying) inner product
on the tangent spaces of M:

R ApeM, gp: TpM x TpM ->R

fl*
3(v) gp/vw) = gp (r. v) Fr.weTPM

9(iv) c,0 Fr,waTpM

gp (v.v) = 0 z
v = 0

and if X. Y are smooth vector fields, p-gp(Xp.4p) is smooth,-

(x.x zSt (M) sections of TM -M.) -Gimme
nice

forms)
C

is a
section of the bundle TMMi.e.,g

whose image is contained in the open
subset

Synth SymitM of positive - definite symmetric

bilinear forms, We call (Mig) akanmenifold

Crop: Every smooth manifold admits (many) Riemannian metrics.
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A: Choose an atls [xc: UxxcNc)3 and a
subordinate

partition of unity (s:Un -> [0. 1]. On each xcUc),

use either the Endideon inner product gl or, more generally,

any
inner modict gR(eies): Siftfij, where fig are

M

sufficiently small and fig 8ji. Then set fijixalUa)eRT
( 1 1ij:N (

glviw) = 2 page (dxs(), dxalw). I

Def: Let 8:Crb] - (Mig) be a piecewise
smooth curve.

The length of 2 (w.rt.g) is defined as

Wit
Ub)

↳(2) =S"Eri (W't),wt)
*
dt

· -·Wit
= 15'lt)1)

O

51a) Given points pig eM,
the dience

( w.r.t.g) between pond g is defined as

disty (p.9) = inf Ehyt): UCab-M precurse
mostin

&p. If (Mig) is a Riemannian manifold, then (MY dista) is

a metric space,
and the metric topology agrees

with the

manifold topology.
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A: Clearly disty is monnegative and symmetric.
For the triangle inequality, if V and Uz

are curves with endpoints pig
and gir,

Rowet then define ViU by concatenating.
o

81 Clearly, Lg(552) = (g(s) +(g(2).

Suppose how y, and ye are rich that

↳g (v) < disto (p.9) +5

Ig (vst < dlist (ziv) 0S
Then

distg (p.v) ->Lg (2.AUz) = ((p) +hg(r) <dist(p.7)+ disy (q.r)+23.

Letting 2-0 gives the triangle inequality.

Suppose pig
M have dist(pg) zo but offthem

choose a short X: 0-x(W)CR

8* around PCM. There exist

60 and 230 s.t.

clists (pig)=0 xU)CRE Bs(x1pD< x(U) and

Enclidean (open
8 (vv) c,c=1dx(v) IF.ball of radius $0.

for all VCTuM, vex" (Bgkx/p(). Thus, for eld
such r, disto (pir),(1x10) - x (r)1.
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So
of ¢ ✗

"

( Bgfxlpl) ) and hence
any

curve from

p
to of

must cross i' (21381×411) and thus

have length ≥ C- 8
, contradicting distgfpq) --0 .

Similarly ,

the topologies agree :
because distg

restricted to small charts is comparable to the

Euclidean distance
, open (metric) balls

Bglp) - { rem : distglprks }

form a base for the fmarifold) topology of M
.

☐

NaturalqnestI.si How does the Riemannian structure of CM
"

. g)

Capture completeness of the metric space (Midistg ) ?
When is the inf in ↳g) attained by a curve?

A-: Hopf-Rinow Theorem , coming soon .

levi-civitaconnectiou-Defg.ltconnection (or covariant derivative) on the tangent
bundle TM of a smooth manifold M is a mop

F. HIM) ✗ HIM) →* (M) satisfying
( co - bilinear ink .) )

1) ☐y✗+yyZ = 40×2-+49,7

2) 7×44+72-7=11184+9%4 + ✗A) 2-+4.0×2
✗(g) =d9( bilinear in ☐ c.) & Leibniz rule)
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theorem ( Levi-Civita) .

Given a Riemannian manifold ④g) ,

there exists a unique
connection on TM such that

(3) 0×4 - Pyx = [ ✗ it ] ( torsion - free)
←

lie bracket : f- ✗④KD -41×191)

(4) ✗ g(YiZ--g(0×4 , E) + g(4,0×2-1 Compatible
with g.)

or Tg = 0

Proof: First , using partitions of unity , show that there

exist connections on TM for any
smooth manifold M

.

Suppose 0 is a connection on TM satisfying (3)
,
(4) .

Then
✗ g(YZ) = g(P×Y,Z)tg(YR
Y got ,X) = gl0yZX)+g( -2,0×11)
2- glxil) =tg(k0

So

✗ gait)+Yg(ZX) - 2- gcxiD-gkx.tt#.+gKY2-3.X)+g(HiB.Z)+2glYXit)
Thus "

hloszul

g( 0×11,2-7--12 (✗ gly ,-2)+Yg(ZX) - 2- gait) Formula
"

- g([✗ it] ,Y) - go.KZ] , X) - g( 1443.7)) .
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The above uniquely defines 8. I

We'll try to avoid using
WelSymbols them, but good to know cM Rwhat they are...

On a short X: U- x (U),

We have coordinate functions&rzt x= (x1, . . . xn) :0 -> x (2)
CRY
&

x d
and coordinate vector fields Ex= &Xi

Recall:

↳de, R TPM = spanEEiD, i =1, . . . , n 3.
-BYU -1R are called

PeEj =E NYEn Christoffel symbols of 8.

Setting Y=E, and X = Ej in hostre formule and solving

for each z = Er, we find:

Note 8ix Ex8n-x8i) gY
where

8ij = g (EzEj), and

(gam) is the inverse matrix to (8.j)

#to [Ex, Ej]=O. Krij so last 3 terms vanish.
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Clearly, I determines Ny and also vice-versa

x = EanEi, Y: EbjEj on a Chart Uzp.

*
x
4 = [ a: 0(bjE)=[aEpE; +abjUzEj

ij ↳j
->
b [Wit Ex

only need
values at

= [a; 1bj the point8xT
#
= <"tensored" in thisij *need to know h entry

nearby values to compute derivative!

Note:The above depends on values

bedofgettobinhood of
poWeldsalong a curve

g*TM
U: [ab] -> M -iv: [e,b] -> TM

*b
arch that

VieTruM, fteCab]; i.e., O is a section of 8*TM.

No need
to extend

vs = Pr, V is defined locally extending VWabboed
↑

often We formally, I induces a
writed e.g.

in coordinates
connection on 8*TM.

v = [VgItEj, [I-SUiCHE,
V := 2ov; E;+2 wlt) V, (t) r.. (21) Ex

S ij, h 7



Dad: The vector field V along 814 is parallel if V' A) = 0 .

① A geodesic is a curve ylt) such that JH) is parallel;

equivalently , if I = [Vi HIEI ,
i

D¢¥- = [ 8%1-1 Ei + [ 81148,! It)rij"lrHD Ex = 0
.

i jik

i. e.
, Fi, + [Y

'

Y' r
"
= 0 .

"

Geodesic ODE
"

j K jk
jin (system of n coupled

)2ⁿᵈ order nonlinear ODES

Immediate consequence of
basic ODE theory :

Thm_ On a Riemannian manifold (M?g) , given peM and

VETPM , there exists a unique maximal geodesic y:(I ,T+) -
M

with glo) =p and 810)=v . Moreover
,

such 8 depends

smoothly on its initial conditions (Pir) ETM .

Props: If 8 : I- M is a geodesic , then 11811 = const .

PI: 1*11814112 = % ( JH) , 84-13=24%8,87--0 .

I ☐

Exanphsofgeodeni.sk"

straight line
gift)=@st)p+sintg

Kitt =p + tr
¥É/ $

"

great circles



2/2/2023

¥i÷.si?i::#:EFi.i.ii.ea8v:(T-iT+) → M be the unique max . geodesic on M with

Julio) =p and filo)=v. ⇒÷÷¥-¥÷>Note: By uniqueness , for HI , 1st small,↳Jsvlt)=8r(st) 881--8*1+-1

Def: The Riem . ) exponential map at p c- M is

expp : Op CTPM → M

V - NII)

where Op is the open neighborhood of OETPM S.t. Jolt) is

defined up to -1=1 whenever VE Op .

Prof: dlexpp)◦V=v for all VETPM = To (TpM)
,
or
,

in short , dleipp); id .

By the (
In particular, there are open

subsets OCTPM
Inverse
Function and UCM ,

with OED and pe
U
,
s .t .

Theorem
.

expp / y :D → U is a diffeomorphism .

fETmSo (expplo )
-1

: U - R
"

☒ frexpp
defines a local chart,

call these
"

geodesic normal
coordinates"¥⊕R"=TpM
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PI: dlexpo.LV/-dd-tKPpXtv)/t=o--dTt8tvlHlt.-o
Chain rule :

dfpV=¥tfHvHD1⇔ = ¥+8M / +⇒=Ññ=r .

☐

Gansslemmai-expp.is a radial isometry; more precisely
(dfexpp)vV , dfexpp)rw) = ( v , w)

,

tv,weTpM=TvTpM

Pdi wt - ✗ V.

wait:e;=w
""

_

where {⇔.>→
dlexpp)vV=ᵈ☒(expp)(C- + 1) V) / +⇒

expp f TpM=TvTpM =¥(exPpXtv) / + = ,
=¥ñHYt= ,

--ññ=Pñ"%t
-

¥, parallel transport
of vETpM along

This yr to NID .

( dtexpphv.deapphw-cdeepphy.dexpph.tv)) %
""!TpM→TaµM

+ < delapp)w , dlexpp)vWD

= ✗ < Ppk"v , Pp
""'

v)
+ < delapp)w , dlexpp)vWD

= ( v , ✗ v > + < delapp)vV , dlexpp)vW±>
¥

= < v.w> + < delapp)vV , dlexpp)vWD 10



So we must show < delapp)w , dlexpp)vW±> = 0
.

v10)=v

↳+ "0=4%+1sins)w, so / view,NISHI _- const.

and f( tis)= exppltvls)) = 8*11-1
TpM=TvTpM ttsfltis) are

geodesics just

+É¥tH%ñt)original good .

dtexpphv-I-texppctvlsDI.ge
,

= 2¥40)
5=0

dtʰPP)vWt=2zgexpp(trap / += ,
= 2¥11 ,,} ⇒ < ᵈ&PP)vY dlexpp)vw⇒

s -0
= 4%2-1%-711.0) .

Compute :

3-+4%-1%7=5%+7-+1 :S> +4%+1%+7=7--1^537 .☐%¥>/
Metric %ct↳f(t.s-yu.it) [¥ 'É]=°
compatibility are geodesics . endof 0

✓ His)HH -118%11011--11%111
= court .

= { 2543¥ . 9-+7--0

Therefore t(¥ , :&> It ,o) is constant , end , computing at t=◦ :

Y_sCti0_Fgg@xPpKtvlsD1s.o_-

dfexppktv-DCtvyg-D-dexpptutwio.fi?.Is(ti0--fiI.death)µtw+=0; so 49-2-1%-74.4=0 .

☐
11



Eixample: 5.41) unit round sphere , expp :Tp$
"
→ Sin

expp (Brb)) - B. G) , V-rc-lo.it)
infectivity radius of
$74 is IT

.

• expp /pyo,
:B#G) → £13 - p}
is a diffeomorphism

.
÷:-.:*
.⇔m⇔m
have area distortion

2Btlp) is a sphere of radius sint .g=dt2+siñtdÑ _

213+10) is a sphere of radius t .

i. e. ( { Ett) • {E- Bo} .
_

RIK: In general , largest r > 0 s -

t
. expp / Brag

:B -G) → M

is a diffeom .

onto its image is called injec.tn#raeiusatp;
denoted injlm) . Infectivity radius of ⑨g) is injlm) -_ intinjfm) .

p

If r < injpcm) , then Brlp)=expp(Brio)) ; and

for all ✓ c-Bolo)cTpM , the geodesic [◦ ih-ttseepp.lv/EBrCp)
is the

m¥ geodesic from p
to

q -
-

exppv .

Pf . follows from • v ie . ↳ (g) = distglp.gl .

"

art loans
"

◦
• * More generally , Cutlpkmisthe image

+M
via expp of the set of VETPM sit

.

""" ""

µ"q exp,⇔ is minimizing for tea "] but

not for t=1tE , for any E> 0 .

So injr.CM/--distg(p,Aet(p)).-disHp.d--int&istfp.x):xc-C3as usual. 12



Also using Gauss Lemma
, among other things, one proves:
published in Comm. Math . Helvetii !

The (Hopf - Rinow '193Éet (M , g) be a connected Riem
. wfld .

TFAE:

Ii) Fpf M s.to . expp
.

is defined on all ftp.M

⇔ UP EM ,
expp is defined on all of TpM{M is

"

geodeoicallywmplete
"

,

ie .
all geodesics can

be extended to C-a. to)

iii ) HCM closed and bounded ⇒ compact [ Heine- Bord property
")

Civ) (M , distg) is a complete metric space lie . Cauchy seq . converge
.)

If any ,
have all

, of the above holds
,
then

given any PIFEM,

there exists a minimizing geodesic 8 from ptoq.ie , ↳ (g) = distglpq))
Why isn't this/

VoriafÉ&Jwbifdd also equivalent
to " -⇔?

A-i E.g.,
M=Br6)cRn

Consider a variation of geodesics is not complete , but

ftp.q-EM.3-geod.PT.

C- E. E) ✗ (Iit) 3- (sit ↳ 81st) - Nlt ) c-M
, µ

H)

t ↳ go.lt) is a geodesic , tsetse E) . t

D-e.fi The variational field JHI = ¥8s It /
⇐ ◦

along 8.lt ) is

called a

Jawbifield.pro#A vector field J along a geodesic y is a Jacobi field

2nd if and only if it satisfies the Jacobiequefmjy-e.in
%↑ÉJ

"
+ R (Ij )j=O ,

where R is the curvature tensor
this⇔ !

""

R(×, y)Z=KiyZZ-Éy3Z.
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PI: ⇔ If JHL-dd-gjsltys.no where jslt) is a variation

by geodesics, then

At ?¥=¥¥:M=¥¥¥%;
=¥sd¥ÑdH- + R(j,J)j

= ◦
bk Jit) is good .

findeed
: Rb:o) -8=8%8-4%8 - %j;÷⇒

= # Est - ¥ ¥8

so 5-
"
+ Rts ,8)8=0 bk R(kY)Z= - RCYX)Z .

⇔ If J satisfies J"tRlIj)j=O ,
then let

✗G) =expgµsJ6) and bet ✗ (s) be a
vector field

✗G)
along ✗ (s) with ✗ 107=810) , ✗401--514 .

Jls)

Set gslt-exb.es, 1-
✗G)

.¥:#
+** • go.i.no . "

⇔ .

"

Hot

vector field JTt-dd-jslty.no satisfies F " +121-5,818--0 .

Moreover
, J%)= ¥8,10) /g. ◦= ✗

' (01--510) and

14



5401 = D-dt-dsrsltys.co = ¥8T. " "-11¥;
= ¥ ✗G) Is⇒

1- = ◦

= ✗
'6) = JCO) .

So JH) = Flt)=dᵈ;YsH /⇐ ◦ for all t by uniqueness

of Sol . to ODE w/ same
initial conditions;

hence J
is the

variational field of the family of geodesics Nlt
)

. ☐

Rnc: The Jacobi field along 8ft) with 5101--0 and 540)=w

is given by Jlt = dlexppjt.tw , of. end of pf
. of Gauss Lemmon .

Nextclassi Comparison geometry via Jacobi fields ( Rauch)

Before that
,
let's explore further the curvatoreteuoar

No standardized
sign convention . . .

R (✗ it)Z = ☐
✗ Py Z - Oy ☐

✗ 2- - ☐[x.DZ will use this one ,
opposite of d- Carmo ,
same as Eschenbwg , Petersen

Pep: R : )t(M)x7(M) ✗ HIM) → ACM) is a tensor
,

ie ,

☒ (✗ it)Z)p only depends on Xp , Xp , Zp ,
and we

may thus consider R as a section of TM*☒TM*☒TM*☒TM .

"

(3.1) - tensor
"

Pf : Follows from the claims :

(KY)↳ R(XiY)Z is CHM) -bilinear (and skew-symmetric)

2-→ RAY)Z is CTM) - linear. ☐

15



In (dreaded) coordinates
[Ji

. 2,7--0
R(¥ .io?Tj)Z-xi-BriBrjH-OajBri2k--9i&erjk2e-0j(eEriioe)

= { Y¥!→e+iÉÉirEÑiI lp
- { %¥-,ae -

"
Eri ! rjiap

'

1. p - - - - -

!

=§(%¥÷-%÷ +riirii-r.ir#eRijnc-these areTEs
so that RAY) 2- = [ Rigid aibjcn de
if ✗ = [ai Ea. / Y -_ { bjÉj , 2- = {cx¥i

2/9/2023
Lecturers .

Recall : Curvature tensor R :#(m) ✗HIM) ✗ 7cm) →HAD .

"

Lowering indices
"

,
we get a (4/0) - tensor

R : ¥1M) × HIM ) ✗ HIM) ✗ HIM) → CHM)

R IX.Y ,Z , W) = {RIX , 4) Z ,
W) = 40×92--40×2 -%.DZ/W)ie.R(3Eia?j?xniZ-xe)--Rijxe--ERijxPgpe

p 16



which has the following symmetries :

R(✗!%w) R(✗ it .EU/--RlZiW.X.y)

aw
RIX.Y.2-iwli-RIY.KZ ,W)

skew skew
= R( Y ,

X
,
W

,

Z )
1ˢᵗ Bianchi identity :R(XiY)ZtR(4,2-1×+1217×74=0
Detlcurvatoreopenator) :

By the above, we can also consider R as asymmetric

bilinear map R : NZTM → nztm_
Recall

• AV=V☒%
(11^4) → Rlxny) v☒w~-w☒v

Vaw ⇐ [v☒w]2RlÉÑw> = - GRIXYIZW> = GRAY)WiZ)
stew stew ←

¥ji◦faEenti.ws. - -

Recall : < ✗ ^Y
,
2- aw > = ( X ,

-2> <Y ,W > - < Xiv> CYZ>

= det (
<✗it > <YZ

] .

<× .W) (Y ,W)

In particular , 1111^4112=11×11414112-41,472

Deflsectiondcnrveture-i.ca.H=¥f¥¥¥ = = said

\
Prof: seclxil) only depends on a- span / kY}CTpM .

17



Pd: Any other basis is obtained by performing finitely many
of the following operations :

a) {Xiy} → { 4.x }

b) { XH } → { IX. Y} HER

c) {4143 → {✗+1%4 } her
.

All the above clearly preserve
see (XX); e.g. . ⇔ :

( RATAY , 4)4×+747=(121×14)%11> bk RCYY) --0

(Rf
, -7%47--0 .

11×+1411414112-4×+14,47=(11×112+21544) +1414119114112-(4.47+1114112)
≥

= 11×11414112- (KY)?

(or, more elegantly ,
note : 11*+147^4112=11114+7414112--1111^411?)

Rm Given ocTpM ,
let E- = expp (o) . Then secco)= Kg .

☐

Gaussian
curvature

Propi Rp is determined by Sec : Grztpm → IR
.

Pf :
"

Polarization
"

; using
the symmetries of curvature tenor

.

Suppose R
'
is sit . <YY¥=sR¥¥¥=sed×m)

for all KY; want to show R'=R
.

By hypothesis , <R'(+1-2,1)*+1-7=4211+-7411,1-12-7
18



so (R')Y,X+2< RICKY)Y,Z > + <R'(ZZ)
= )+2(RCXIDYIZ> + <RlZiDYZ7m

so < R' II.I)¥⇒=(R(¥171,21 .

✗Hit

this
, <R' IX. Ytw) +WIZ )=☒(kY+w)H+W),Z )

so < R' (X, 4) 4,2 > + < R' IX. 4)Wit> + < R' lxiwyit> + <RÑ=
-

=Z)+<RAY)W,Z > + SRCXIW)Yit)+CRlkW>

so < R'Nitwit> + < RYX.wly.ES = <RIX ,y)W ,
2-31-4264WHIZ)

i. e. < R' 11,411,7) - <Rly ,-11,2-3=42%1%2-7- < RYKWIY.ES
=(R' (WIL)1,27 - <R(w¥Z)

tkYiZW

Therefore R' (x ,y)W - RIXIDW is invariant under cyclic perm .

of Cxihw) and hence
, by the 1ˢᵗ Bianchi identity ,

3 ( R' (KY) W - RCXIDW) = 0
,

V-X.HN

☐
so 12--12' .

CI: If R : ÑTM → ÑTM is s .t . secco)=K for de 9

then R=K - Id
,
ie .

4214474W> = - GRIMY) , 2- nw> = - ✗ < ✗ ay , 2- aw>

= - x(< ✗ it><YW> -2kW> Hit>)
sq



Pf : Check that RHS hos see ≤ K
,

then use uniqueness .

☐

Examples of ( complete) Riem . mflds w/ see -=k :
-

simply - connected their quotients :
•k>o:É(%×)RP?Lenssp
• k=0 : ☒ T? Klein bottle

. . .

•
K <0 : ☒" (4G)

/
Hyperbolic surfaces. _ _

"

PdÉ"¥d: ←
Slr) _- { ✗ c-M : distlpx)=r}

Geometrically , in terms of dight" p⑧
Metric on
n - dim mfed → g=dF+ˢnk(Ñd# metric of 5-

'

(1)
unit round sphereof constant

curvature Sec _=K

where sina.fr )=

" ( ^
is the solution to

sinhfkr) %"" ✗ <°

*⇒

the ODE [
x

"
+ Ksk =o .

Shxt) -0 µ¥:snnico) -1

(see course webpage ! )"

Quadric models!

.si#--eRn+':x?+---+xi+xn?-i-- ¥ } a >o)
w/ metric induced from Euclidean metric dxit - - + dxn%

• HI"(4Fx)={ ✗ c- Rn" :X? + - - - + ✗F- ✗ii. = ¥ } Kao)
w/ metric induced from Lorenzini metric dxit . -tdxu2_d×n+

,
" hyperboloid model " 20



Upper half - space model: IKE - 1)

IH
"

(1) = {Hitler" ✗ Cato) } with metric induced from d×F+-¥dxdt2
Carta Curvature is the only local invariant of a Riem . mfld .

I

M#⇒Trñ
isometryexp ≤ µ expp

Ñ Tg⇔Ñ

✗ = ekpp ◦ I
◦ expp
-1

is a diffeom . (on good .

normal word.)

Let 8--408 , Iga, :Tg⇔M→TjµÑ ¥: Inti are)linear isometries !
IgM :=PᵗÉPÑt ) preserving curvature is the

parallel transport
"

Integrability condition "

to become a local isometry :

Thm_(Cartan) . If for all geodesics JH) starting
at PEM ,

Iya, (RLX. 4) 7) = (Intl , Ira ,Y) In# V14 small

then Y is a local isometry , and dlfyit, = Iott) '

PI Given q near p , and
✗ c- Tqm, let y :[oil]

→ M be

minimizing geodesic w/ JH =p , OIL)=q and let J:[a☐→TM

be the Jacobi field along 8 with ¥÷÷¥!¥tz,



Let J-ltl-t-o.it) (Jlt) . By hypothesis , JH) is a Jacobi

I "=I(J ") bk definedfield along Ji w/ parallel transport . . _

5-
"

14+12-(511-7,844)-844¥
,#

"
It / + RCJHI , 84+11841-1--0 .

Clearly , 11511-111=11511-111 bk Iga, are linear isometries .

Moreover, JH ) - dlexpp)tg%,tJ%)
see {FH1= dleepp-lty.catlemma 1
later

tJH-dlexpplt-j.io, JH )
so Flt) = dte-pp-tg.io, 1-%) Inverse Fct

= dlexpp)fg% , 1- I#D)
"

%ᵈK%pp*%,jH)
Tin

= dcexpp) ◦ I ◦ d(expp%µ_a)1-1--8%1

=dµ%IPp-%µ, JH)

=d%*, JH)

computing at 1- =L
,
we here JTL)=dpyµJk)=dYqX

and 11dg ✗ 11--1151411=1^1151411--11×11 so diff is an

isometry . (Ig is linear ) ☐
isometry 22



Lemmata .

The Jacobi field along 814 with

Jlo) - O and J't) - w is JH) - dlexpwtgy.tw .

P1: JH) = dlexpwtgy.tw is the variational field of

a variation off by geodesic, ,
so
it is a Jacobi field .

Indeed : if v. rid
,

then 81st)

pls ,H=e✗Pm¢(vtsw)) at)

8101

81st) /
⇐ ◦

= dlexpgio,)(tv)(tw)=dlexpg⇔)µtw=JH) .

Moreover
,
J(07=0 and

5%7 - ¥3581s .tl/t=o--?sZ-tNsitYt::--F-sCVtsw)ls..j-w
Seo

so by uniqueness of Sol . to ODE with some initial

condition
,
JH) is the claimed Jacobi field . ☐

Rink: There is a similar expression losing exp ) for the

unique Jacobi field along ylt ) with arbitrary initial conditions

Jlo) and 5407
, namely :

✗
'6)=J(0)

J(t)= ¥ expats,
this / 1g
,

where [
G) is a arrest .

do)=g6)

Wls) is a vector field along as)
with WH- 8401 and W'G) -%) .

23



Lemmond let y :[at] → M be a geodesic, VETgigM.wc-T.com .

If ↳ 0 is soft . small, there
exists a unique Jacobi field

J along 8 with 310)=v ,
56)=w .

Pd: Let 1- { J is a Jacobi field along j , 561=0},
↑

Lemme 1? { ftp.dlexpxn/ty.,,t-%) } ← this is a
vector space

and evt i J→ Tnt , M dim I = dimtpm

Jts JH)

If t > 0 is small
,
then evt

is injective : otherwise

51,52 c- J , J , It)=JzH) but I#Jz .

Then Ji - Ja EJ

satisfies 0=(7-52)*1 = dlexpgio,)+p%, 1-(7-52140)
and for t small dlexp)tg%, is invertible, so (-4-52)%1--0 ,

hence (-51-5216)=0 and (51-52)%1--0 so I _=J%←

Since evt : J→TgµM is linear and dimf-dimtga.IM,

evt is bijective . So -551 ET with Flt) -w .

By the same argument sterling from JIM .

3- Jz a

Jacobi field along 8 with Ido)=v
and Jzltl =D .

Thus F- Is -152 satisfies 56) - v and 5- It)=w .

☐

24



Rmd: In Lemma 2 , can replace
"

↳ ◦ soft. _ small
" with

"

there is no ◦ < t*≤ L s -

t
. 81¥) is conjugate to No) along grit) !

Def_: A point g- =Ht* ) is conjugate to p=jl◦) along 811-1 if

there exists a Jacobi field) along glt) s- t .

J(07--0 and J(t* ) =D .

Ed : Antipodal prints on $?

Prof: q=expp(tµ) is conjugate to p along 811-1 _- expptviff t*V is a

critical point of expp : Tpm → M .

Global version of Cartan 's Thin :

Thy (Cartan - Ambrose- Hicks) . If M and Ñ are complete and

M is simply - connected , can extend the above argument along
piecewise geodesics to get p :M→Ñ

which is a local isometry
hence a covering map .

P1 . Essentially the same, using uniform continuity of homotopy between

two paths (piecewise geodesics) in M with same endpoints .

Thm_ (killing-Hopf) . If M
"

is simply - connected and hes se⇐K
,

then
if K > o

mu i {
$
"

" constant curvature
112" if k=° model spaces

"

MYKE) if ✗ < ◦

PI: Combine the above with simple topological arguments .

→ Space form problem : which it act freely and isometrically
on the above

,
so that MK is a

smooth manifold with Sec Ek and its-4T?
25



retanresults for Jacobifields 2/16/2023

top:If U:[0.2] -M is a geodesic with y(0) =p, y10)=v,

We TrTpM has IWIl=1 and JI) is the Jacobifield along (1)

With 510) =0 and5'0) =W, IwIl
=1, (i.e., 51)=d(expp)tv tw),

them 115(t)112 =+2- 5[R(v, w)w,v) t4 +0 (t5)

If: (5,5)(0) =0

(5,5")'(0) =25,5)(0) =0

"

(5,5) "(0) =21(0) +25",i)(0)
=2

IWI=1

Also, 5 "(0) =- R(x,0) J (0) =0 so

(5,5) (0) =6(5,5")(0) +2(5,5)(0) =0
" "

Moreover, for any vector field W along 2,

( RIJN,UH) OH),W) =F,w)-(R15,5)0,wi
=[R(W,i0,5)

=(R1w,i)i,5) + ,5'
So att =0; - (R15,5)0, wis "R(5%)5,w)
R1J,j)i =R(5', ili Call otherterms are zeit

26



Thus :

(J
,
J>

""

6) = 84J ! J " ' > (o) + 65J
"

,
J
"

> 6) +25J" :S >G)
: :

g-
-84J '

, Rts! 8)8) 6) = -8421W,v)v,w)
J

"
= -Rts ,j)j = -842kW)w,v > .

soJ
"

= - Rts : 8) 8
☐

Eta for our first comparison results (Radi) is to

promote the geometric information

" curvature controls length of Jacobi fields
"

from the above " infinitesimal at 1=-0
"
version to the

more global version
"

until the first conjugate point !

1st)
let Sam be a submanifold

,
and

I :S ✗ 1- E. E) → M
a family of geodesics :
Uses

,

1-↳ 81st) is a good .

Let V= It 81st)=ᵈ8⇔(¥) be the tangent field to the geodesics
J=dj (w ) for any given wets ,⇔

which is a Jacobi field along t↳ 81st) .

27



Let A :# (M) → * (M) be the tensor A- TV, ie . AH)=P×V.

and Rv :#(d) → HIM) be the tensor Rvlx)=R(kV)V.

Note:[ J, V] =D hence ☐vJ=0sV=A#

Reduce Jawbieqa from 2ⁿᵈ order ODE to system)f 1ˢᵗorder ODES
J"tRJ=0 ⇔ J

/
= A. Ja

=RvlJ)
'

+A2+Rv=O

④ A) ✗ = QIAN - ARX

=Q☒ - AÑ+T3 )
=ÑÉÑ -%×v+⇔V
To

= - Rvlx ) - AIAIXD

so : A
'
= - Rv - A2 ie.la/+A2+Rv=#

"

Ricaati

↑
equation

"

pv :# (m) → 711M) this is the case % if
Note: This equation can be solved

i. the tensor PVH)=0xV . / ""ÉÉjiÉiÉÉÉÉÉ / independently of the first F-A-I
1 I

• Suppose TV is self-adjoint; ie. V44 , < 0×44 > = <Xiyv >

Then V=0f locally .

because setting 31×1=411,V) , we have

d}(kY)=X}(Y ) - Y } /X) - }([KY])
=¥i> + <Yixv> - 40*7

- <Xiyv > -4k¥)

= <☐
✗V. Y) - < Xiyv > = 0 so d} is closed .

zg



Locally , every closed 1- form } is locally exact : }=df, ie . V=Pf .

• Thus 11 V11? <v.v > is constant
,

bk

PV self-adjoint
✓= ⇒ ✗(sit)

✗<V.V 7--2<0×4 V7 ! 2411,0W > =F is velocity field
of geodesics .To

Assume WLOG HUH _- 1
,
so , up to

an additive constant
, f-G) = s-distlx.SI .

"

signed distance function "

bk0f=V≠o, these
← are smooth submflds!

Levelsets are equidistant

hgpersorfaas.SI
µ

s+=f -44 -- {✗ em : disks)=t }
with normal vector Ñ=Pf=V; T.SE Kerdflp)=Yᵗ

"

equidistant
"

and pls . f) = exp tvls) , ftp.tD-t .

Actual distance function to f- So , locally, is :

s:{!_ˢᵗ distl.is)= / ft ) / ( by Gauss lemma)
"

distance
"her"

"

Def: A = TV is called the Hector of St
NonpleinRˢ

its eigenvalues are called principalcnrvatores, and its5=43×112
y=s× trace H=trA is called omeanourratore
{✗(ks) : ✗ER}
For each Seth the curve Remain, 1) 11TH)H

¥11
measures the lenpth-dist-o-r.ae

• try /sit)= (tits) is

◦ a geodesic in R?
with tangent vector between £ and St .

0

• k-drlk.t-Y-i-G.sk?-x-s?-y-- ¥ -1¥ } 2) The equation A' + A +Rv = 0 is

•

and
' =D

,
but HUH? 1+5 is not constant . . . nonlinear and may develop

TV is not self-adjoint: = ¥ , §y=(f-¥ + f-¥) singularities ,
called

=L: ?¥)ⁿᵗˢM ' / g. ×; - ¥¥=t ; - ; # focdto.tn/-s-ofS- .

Not a Hessian 29



Example.
1. On any

(Mg) , let É=2Bt(p)={x.cm : distkap)=t} . Then

A ~ f- Id as
tO bk M is infinitesimally Euclidean etp .

Notes. If My)=R? then A=¥Id; by next example .

2 . If (Mg) has constant curvature seek, then Rj KID and

we can solve the Ricetti equation explicitly when store

so - called
"

umbilical
"

surfaces , ie ,
A- a Id .

A=aId
with K-1 : §.

A't AZ + Rv =D → a' + a
>

+ K = 0

alt-rcotlrx.tl concentric circles

≈ ¥
at t=%focal point→ ¥ ;g¥É% .at 1- =#

alt)= 1¥ concentric spheres
→ V

to
,

to -40

or a*⇒•m••←¥EH

"""""⇒ ÷..÷÷⇒±÷÷⇐¥¥¥÷☒ "

⑦ alt)=Fkcoth(Fkt) concentric spheres
l④ ≈¥ast0

I

≈ tastto ↓

or alt _=±Fk hypersurfaces parallel to IH
" "

30



To facilitate comparison , identify Tpa)M ⇒ TMM via parallel transport
P•%"wÉwSo fixed vector

gµ)
space E-Tram

on ˢᵗI*Mg with this , Alt) c- Sgm☒¥M) tt
AH

,
AH)e- Alt)

Also
,
recall <A.B> = to AB in Sym2E
and A ≤B if B-A ≥ o ie . CB -A)xx) ≥o, V-✗EE .

This. Let R , ,Rz :B → Spit be smooth curves with Ritt ≥RH).tt

Let Ai :[tati) → Spit be the maximal solutions
to Ai't A?tRi=0

If Aalto) ≤ Aalto)
,

then tis ≤tz and Ask)≤ Azlt) for all tefto.tn) .

PI. Let D= Az- As
,

so Ulto) ≥o
.

O'= Ai - Ai = Ai - A?+RigRz_
Define 5--12-122 and ✗ = - { (A. + Az) , so that

✗UTUX = - { ( A. +Az) (Az -A) - { (Az-A.) (A. +Az) - A? -AE

so U' = ✗Ut U✗ +S
,
an inhomogeneous linear ODE we can solve by

" variation of constants ! Namely , let g :(to .tl/-sSym2E be the solution

to the homogeneous linear ODE g
's Xg ,

where t '=min{t.to} . Then

U=gVgT is the desired solution
,

where V satisfies V !- g-ʰS(g-
'

IT
.

31



Indeed : U' = g'Vgttgv 'gT + gvcgt )
'

- Xgvgt + ☒ S(g¥gt + gvgtxt
= XU + St UX .

Since 5=12 .-Rz ≥ 0 , we have
V' = g-

'

S§
"

)T ≥ 0 .

Since UHL-gltdvltdgHDT-AZAD-A.lt) ≥o , we here Vlto)≥o .

Thus Vltt ≥o for all tc-lto.tt and hence also

AHH -Alt) _- UH)=glt)VH)gHT≥o for all teltaty.ie
.

Alt) ≤Adt)

for t-H.tl) .

Since Ai is bounded from above (Ai ≤ -AE -Ri ≤ -Ri)
the only singularity possible is -0, so A

,
≤ Az implies t!- t , ≤tz .

☐

Rnc: The above still holds if A. Az are simpler
at to

,

but U=Az - A ,
has a continuous extension.

t

to to
.

with UHD ≥ °.

,
↑

first singularity
will be E- ta .

Ge-ometricinterp-retatin.li Principal curvatures of equidistant hype-surfaces

dÉ on the space oflagercnrratne-lthm.ltA
, ,
Az :( to .tl/-sSgmE be smooth curves with A. A) ≤Azlt)

.

Let Ji :(toil
') → E be nonzero sol . to Ji

'
-_Ai Ji . Then 1-↳ ↑¥¥⇒

is marinereasing
.

Moreover
, if f

. Hµ¥¥=A ,

then HIH)H≤ 1151411

for all teltat
') . Equality holds for some ticket) if and only if

Ji = j . Vi on [to.tl ) for some vice with Avi -1 vi. j '=7j ,
and A ,

≤ A Id ≤ Az .

32



PI: Since 111-1411 is smooth
,

we can differentiate :

I
= ¥11 2 < Ji! Ji > = =

c- [1min(Ai) , Amex (A)]
min . and Max )
eigenvalues of Aiesyuit .

Th" 11%11)"=1¥g ≤ Am.dAs)≤ 1min (A) ≤ ↑¥g=&g HID
'

↑^

A≤A
i. e. flog "¥)

"

≤ 0 so 11,7¥, is non - increasing .

By monotonicity , if 11J, 11--11311 at
t-to.ondt-H.tl#

✓
from = in the inequalities .

115,11=11%4
,
V-t-clto.hr ) and hence Ji'=A , Ji =D Ji , from

which

the stated conclusions follow . ☐
a

ᵗ

# " The following corollaries are originally
"Jd! due to Berger and Rauch :

ThM_ (Rauch I) . Suppose Ji are sol. to Ji"+RiJi=0 with

Rs ≥Rz and Jilo) =D , 115*0711=1152%311 .

Then 115,11 ≤HIM

up
to the first zero of Js .

33



Lecture5 2/23/2023

Recall: ~Rr(x) =RIX,v) v
L

J"+Rv(J) =0 => EPer =o "Ricatti equation"(Jacobi equation)

Strsulst,
I1 IAis self-adjointin

locally V =E=Ulst) =4f and so

· St =f (t) are equitanthyperfaces
· A is the shapeoperator

Family ofJacobifields
·Eigenvelies ofAer rateene

corresponding to variations

by geodesics starting from S ·H.A themancarvedthe

Comparesults: Recall:R. -R2=0=> [(R. -R2) v,v) >0, Fv

I
Md. If R,RziR- SynE satisfy R, I R2 andAi:[tati]eSymE

satisfy A! +A + Ri =0, thenAct) for all tostats.

Tm2. If A, 1) =AzH) andJi:[to,t'] ->E satisfy J! =A: Ji,
then tie it is now-increasing. (So if it isy=A, then
15,11E11521 for all telto,t)). Equalityholds for some taelto,t)
if and only if Si =j.vion [to,t) for some vicewith Avi=XVI,

j'
=Dj, andA, 4x Id < Az.

34



Ihm (Rauch 1). Suppose J: are sol to J.
"
+ Ri J:=0 with

R1YR2 andJi10) =0, 15(0)1= 113: (01). Then 15:11 = 115all

up
to the firstzero ofJI.

R

Ank:We knew an infinitesimal version:

--- Il ~ 115((0)1=1

IlJell 11511 =+ - [(R(5),5 +2 +0(2)

I so R1IRz => 115ill- 15211 for t= 0.

IllElW I
ill

&·

secTo- Sec =0 ->
Sec O

less curvature less curvature

Ihm (Rauch II). Suppose J: are sol to J.
"
+ Ri J:=0 with

R1YR2 andJi10) =0, 15110)1= 1152(0)11. Then 15,11 = 115all

up
to the firstzero ofJI.

BothRauch I andIt follow from comparison
theorems above:

Rauch I:Ailt)-I tel as two, is use initial condition"A: (0) =a"
n

J! =A;Ji =tJ!J:es two -> 5i(0) =0

15,(0)1l =15ca)ll ->t=
Rauch I: use initial condition Ai(0) =0
me 5! =Ai.5: =J10) =0.

15,10)11 =15e(a)1l -> twoe=1 35



Rationof Rauch I:

for:Let (Mig) be a complete Riem. rflol
with secko, andso

S.t. expp:Brld) -> M is a differm, onto its image.
Fix a linear

isometry I: TpM -> IR". Given V:[0.1] -expp(Brid), we
have

length(r) length (Io expo (v)).An

↳ i
ICP) =toexplo

20.i seem to

11: Let t =expp", andconsider the "rectangle"
2(0,0)

V(s,t) =exppsyIt) ↑
For fixed t, six Us,t) is a geodesia,
and Jils) =5 Ulsit) is a Jacobi field along sicg(s,t);with

J(0) =0 and 5111) =UI). Since seem to, by
Rauch I,

t

1) 51(s)IK, s 115(0)1l so length, ()=).lutllet=( 115-11) Ildt

dentcomparison
the

36
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Indeed, Jt0) = 5+1) Is
=

sE exppst/s
=o

and so lengthofexportedatthereina
I

⑧In RY, the Secobi equation J"=0 has solutions 5/s) = 510) + 5'0);

So Jacobifields with 510)=0 are given by 5(s)=s5'(0) . 45,

Thm (Cartan- Madamera). Let (Mig) be a complete Riem. mfld with sec 0-

Then for any peM, expp:TpM
->M is a covering map,so iM

= 32)

M=RY.
for all 12. In particular, if TeM=313, then diff

48. By Rauch I, given any geodesic 8:M - M and a Jacobi

field J:IR +M along with 510) =0, we have 15(1)11> t13'(0)1K>0

so there are no conjugate points along 2. Thus, expp:M -M

has non singular differential everywhere, i. d'expp):TrtpM-Teor
t J'(0), Ftto.is invertible for all vetpM (because Of5(t) =dexPr)tjco C
-

V

Since expp:TPM - M is a local differm, it is a covering map.

If 1M =213, then expo
is a homeomorphism (by Topology), and

sinceit is smooth and monsingular, it is a differmaphism. I
37



for:Ageodesic triangle on a complete manifold withsea to satisfies

C

a i) e() 2(a)+e(b)2 - 2e(a)e(b) cosy (l =length)it i a +b +

j π If see so, then get
strictinequalities.

If:

inificelet
abit in toll be such thatthe

a =exppa, b =expp5, c: expp5

Note that a and 5 are straightline segments (expp is radial isometry);

withela):ee) ande(b)=e(b). Let co be the straightline segment
with same endpoints as I, so eli), e(CA). By the Application of Rauch I,

e(c), (2) >e(Cx). Thus, altogether:
Lew of cosines inTPMER"

e(c), l(ca)I eat+e15)- 2ele) e15) cost

Garss Lemmet2(a)+((b)2- 2f(a) e(b) cost.

To compare angles, since ela), elb), ek) satisfy the triangle inequalities

CbK every geodesic is minimizing in
sec 10, ie, ela), elb),

es achieve distance)

we can
build a comparison triangle in R, with same

side angle,

butpossibly differentangles, say i,.5.
Then from el

& elal+e(b)- 2e(a) e(b) cos) =1 (c)

feelan e(b)
=((a)+((b)22e(2)e(b) cos/

/

is
/ Us

l(a) =los] > cos => y =J
in M 2

in is same for a. andget c+++ +J=x.

A:By Ra'sTheorem, if M is closed, F&FIM is Abelian, and seem 10,
&
Nice topic for a StudentTalk! then F=I. 38



Rationof Rauch I:

Corollary Let MM,g) be a complete Riem. mfa) with sec0.

-

U: [0,13M min. geodesic, V:[0.1] --M a parallel vector field dangt;

with gli, V) =0. Consider the rectangle y(s,t) =exPa) SVIt). Then

If sec>O, then get
distg((s,0), Uls, 11) Edis (U10,0,10, 17) strictinequality.

with equalityifand only if weareneeU(90,1 x(0.1)CM is a totally
geodesic flat rectangle.

1.Since both its 10, 1) and trests,t) are peremetrizedwith teloit,

itsuffices to show that ICEUs,A1) =1EU10,41). The Jacobi
field J11s) = I Ulsit) along the geodesic she ((s,t) satisfies

Jt(0) =W10.4) =j(t) and 51 (0) =s xviesVItls
=
o* , exprinsUIs

= o

U parallel

=Vit=V=0.

soIlsaliR
filitystatement:Exercise (using rigidityin comparison than). 39



Lecture6 (Recale Rauch I, II and Appl. of Rauch #) 3/2/2023

for. Let (Mig) be a complete Riem. rifle with 0<= sec=

Then the distance of between consecutive conjugate points along geodesics
in (M45) is =d=

19:Let J: [0.L]-M be a geodesic, J: (0.2) -Ma
Jacobifield

with JI0) =0. Let 5be a Jacobifield or S") with 510)-0

and 115'(0)1 =15'10)11. Then, by Rarch II, 115(1)> 15CKK 0

for all te (0,x), bK It) =5'0). t), so di=

Similarly, if as then by Rauch it, the word sphere 5" ()

world only have conjugate pointsperaftertestoric
contradiction.

A

Thm (Myers, 1948). If (M, 8) is a complete Diem. mflel with so, then
diam (M,g)-I. In particular, M is compact and IM is finite.

If. Let P,qEM and 2:(0,2] -M be a minimizing geodesic with

810) =p and 21) =9.
Itsuffices to show length(s) = 2 =E Suppose

↳ I andletJIt)
be a Jacobifield along 2(6) with 5(0) =0.

then by March I, 1151)1) =15'(0)1*for all the 10,), and

the firstconjugate pointalong I happens before distance . Therefore
* from 5(0)

=

pto 51) =q,
which

the geodesic I
is not minimizing-

is the desired contradiction. Thus eliam (M,g) =sup dist(pf)= I;
0.7 -

and M is compact. Applying the same argument on (Mig), we
final thatIT is also compact, so IM is finite a1M+M-M. I

48



*I is not minimizing from 210) to 81L), i.e., 2 dist(810),011),
-

if andonly if 5txt(0.2) s.t. JHx) = Crt(80): so either

- ylo) is conjugate to jita);or run
- IxF8 geodesic with c(0) =(10) and<(tal=(ta).

~
is., M is compactand GM =0.

L

Th (Synge, 1936). Let (Mig) be a doseol Riem. mfld with sec>0.

If i is even, then M orientable -> isM=(13

M non-orientable ->iME)2

If i is odd, then M is orientable.

1. LetW:[0.2] -M be a closedgeodesic, ie. ((0)=f() =4
j(0) =j(L).

Parallel transportalong I gives a linear isometry P of TPM,

withPj(0) =31) =j10). Moreover, Prestricts to a linear

isometry P:E -c E, where E
=

span (j(0))c ToM.

If it is even andMP is orientable, then dim E is odd and

parallel transport along any loop preserves orientation,
so det P/E>0.

Thus, PIE musthave anever
witheigenvale 1, say weE,

Null=1. Then let wil be the porellel vector field along [H

with w(0) =wKL) =w,andset
*
In the appropriate
beisof presenttheethogige is;

(1s,t) =exPgIt) SwIt)

By Application of Rauch I, we know that

length (81s,t) length(10.5)
e- feralinthe8 I blocks-

bK Sec> 0.



Thus, if Miis not simply-connected, letI be a chortest

curve in a
nontrivial free homotopy closs. Then I is a closed

geodesic of least length among
curves in that homotopy dos[US.

However Us =21s,0) has smaller length andUse [2], contradiction.

If i is even and M" is non-orientable, apply the
above

argument
to its orientable double-cover (M25) and find that

M is simply-connected, so In-M-M
is the universal

-

cover of M, ie., TM=12.

If i is odd and
non-orientable, then dim E is even

andthere exists a closed genelexic (minimizing length among

non contractible loops) such that P:E-E
has det PIE <0.

This PI must have an enwitheigenvalve +1say WeE,

Nwll=1. Reasoning as before, get a
contradiction with 5 being of

shortestlength among
such loops, since y(sit)

=express
Wit world

be even shorter for sto small. ↳

Remark Closed manifolels Mig) with node andsecs O may
have

-
Lens space SYIp;

a large tyM;e.g., consider Ip I SP and

which has sec =1 andiM= Yp.

Problem65): If (Mig) is a closed Riem. mfld with secs
and

N< aM is au Abelian subgroup, is it from that is cyclic?

A: (W. Shanker 1997) No,there existexamples with n=7 and R =2 *Hz.

Hte:Sofar, we have shown TV does not admitsee so (Preismann)
42Mor Sec>0 (Myers/Synge).



arecomparisonms

Bef. The Riccitensor of (MY,g) is the bilinear symmetric tensor
W

Ric:Sf(M) =H(M) -> CN(M) given by RicX,Y)p = [ (R(ei, X)Y, ei)
i =1

where sei) is an orthonormal basis of TPM. -
tr R1, X)Y

In particular, RicIV) =Ric(V, U)= tr Rr, since Rv:Ct(M)
eCt(M)

Rr(X) =RIX,V)V

Geometrically, Ric(V)=secIV, ei) is e,A 7 W

1 i =1

an average"of sectional curvatures -
of planes that contain V

dee

⑪J. (Mig) is Einstein if Ring = 48. "ConstantRiccicurvature"

Tram the Ricatti equ. for self-adjoint
A:

"Einstein constant"(cosmological const..)

A+A+Rr =0
tr to A+tr (A) +RiclV*o
e
-

(in SymE) this is (in RS
nota

function of
to A ---

Since AlV)=PrV=0, can restrictAto VI, A: Vt-V

andACSymIt. Let a =A, andnote that
n- 1 "tree-free part"

A =a Id + As, where trA0.

So <Ao,I =0.4
recall (A,B):tr AB

Then tr(A2) =DAI:aHIdI+ 1Aol =(n-1) a2 +1Aoll so e

gives atatr =0, where w=is(Ao+Rick)),
43



Geometrically, alt) =y where H:trAis the macurvature of St. (E
St. St

Thm Suppose A: [to,ta) -> Sym? Vtis the maximal solution toA+A+R =0,
-

where R: 1- Sym?Vis given. Suppose
INeIR s.t.

(i) to R >(n-A)k

(ii) to Alto) =(n-1)a(to)

where : [toit) TRis
the maximal solution to

a'ta2 +x =0. Leta:A

Then ts =tn andalt) tal) for all
to[to,ta).

18:Apply ODE comparison from previous class!

And Ae
Ito Al e for Ae

Il

I (n- 1) a (n-1a

Ax: Above result remains true if a has a pole at to, namely

Alt)-t Id, a =S where

E
Sn! +hsux =0

S4x(to) =0

Six(to) =1.

Let J1, ..., Jn_ be Jacobifields along y
that form a basis of solutions

to

51 =A 5 (A:r+ ar+XTtu
↑all*

and set j=det (3, Jn, ..., Jn-D. identified vie
parallel transport

Since (Jar....Jan)'= Jin--n-... Jan
x=1

-43, 1 . . .
.A51 ... Ja-

k=1

we have j'=M-1) a j,because j=[5,1...n5r-, f0l). 44



i. Let A: [to,4) -> Sym? V and a=1 trA best. a <a,
M- 1

and j'=(-1) aj. Choose;s.t. j'= (n-laj.
Then itis nonincreasing.

&1:Once again, apply ODEcomparison from before!

M-1a =( - 1)= =(log )==5nonincreasingi
Lecture 7 3/9/2023

Thm (Bishop Volume Comparison). Let (Mig) be a tiem. mifle with Rick, (n-1*

and it be the simply-connected Riem. mfld withseem.
Then FpeM,

Vor(Br(p)) =Vel(B), where Brlp) <M
and Beat are balls of radius r.

Moreover, equality holds if and only if Br(p) mBr.

II.We will show that ~-> er(p) is non increasing,the conclusion

Vol(r)

follows since
him=A because bothapproach Euclidean balls

as to

rNO

Let cut(v)=max?tx>0:expptis min. good. on [0.tx}}
and cp=Etv:t = cutIV), 1v1=13 cTPM. Then ⑰BroCp
expp:Cp -> M is a differm, onto its image, so: ↓exp FM
vol(Br(p)) =(BrIps & drot =(expp(Br(o)+G)

& dual

BelaChangethei det(d(expp)m) du M

formula Brlon p exppCp
=cut(p) is the

Polar cut locus of p
coorel. It ga-SY det(d(exPr)tr) trdtdr Recall:S Br(p)=expp(Br(0)) =exPp(Br(0)1(p)

where r(v)-minEr, cut/V)3 for vetoM, lvll=1,ie. ve S""(1)<TM. 45



Since d(expp)(nei =I (d(expp) (tei) =4 Jilt) is the Jacobifield

along theexpptwithJild) =0 and JI(0) =ei, it follows that

det (e)(expo)(v) =I=det (J,(t)..., Janit) and hence:

if needed,
extend jult)

vol(B-(p)-(snc) ( det(5, (1), ---, Jn-it)) at dr as jult) =0 for

- t > ct1V).

jult) L

By previous result, jvlt/jH) is now increasing
on (0.2), where

j(t) =det (5, --, Jrn), for corresponding
Jacobifields 5:an

M.

ult) or, which is also non-increasingSetqHt=atst) (gargis 5H
(because it is an average of nonincreasing quantities). As before,

[PEsistr*)

Vos(i)=SgrS5H) dtdrVal(Sn-1)fJHdt
Thus, Fubini

B-pl)
-Siestator.He

i

Vol(Br) SoJHdt
⑳

is non increasing, because RHS is the fighted)average

of the nonincreasing function qlt) over growing intervals.
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⑦More explicitly:if 4,40, and+ is now increasing, then

unfeas is mon increasing,
where [dS=NHAd0

=S(r).

SN(tdt Ids

Rigidity statement follows from rigidity statements in ODEcomparison:

if Freghs), Foster, jult)=JH),
then alt-alt), for all Octer,

so RA =RH =
Id. This Brip) has constantcurvature sec x and

[
is hence isometric to Br.

Remark:Similarly, one can prove witVBtoll is nonincreasing

Geometrically:

-sil .

.. .. Vol(Br(p)) [Ve(B)

#
BrIp),EmBr

Ric>,(n-1)k Seck

( Ric =( -1)k)
With Stronger control on curvature sea,we know that:
-

↳langer/shorter So "integrating"
Li

getthe
above.

Br BUT

- Rick(n-1) is

enough for
this

"Integral"control. 47



Another situation in which "integral"/"average"control is enough:
Did this before w/ Sec,

L
Thm (Myers, 1941). If (Mig) is a complete Riem. mfld w/(x(r),

with so, then diam (M2,3) =I. In particular, Mig) is compact
and IM is finite.

To prove this,
need more aboutmealstructure of geodesics:

Fix piqEM and X=EUC],M):210) =p. W(e) =73
* This is a Hilbert

manifold locally modeled
on Hiebertspace wi([0,B,R")↳Mis Given yeX, can identify

TX =2V =W([0,),TM):vector field alongwith3V(0) = 0, V(e) =0

Define the energy functional E:X-IR

E(r =IS! glic dtI
E Alternetitere
functional
LIV) = S? "21dt

Then WeXis a critical point, i.e. SEIU) =0,
- on curves -WH,

if I is a geodesic. Indeed: SEI):TuX ->R (more on this later!)

=

Variation: SEN(V) =E(sIs==Ss g(Vs,s) Is=odt

itsee =J.'s(UsIs:) dt=S.S, j) dt
2

⑧

V(0)=0 variational field
+=g(V,c)? -SgIV,) dt
-bla

(e.g. WsIt) =ex4.(1-V(t).) boundaryconditions are

V(0) =0, VIe)=0 48



so SENN:*Elvsll,-.t for all veriations is anlyif
Fundamental Lemm

=0 ie. I
is a geodesic. of the Calculus of Variations:

(and hence lig))=const) /OY =0, f4p =0

i.e. <4,4) =0,44,p=0

Variation:Suppose Iis a geodesisbeingsloppyaboutregreti
Then the "Messian"of E at 5 is

SE(v)(V, V) =a ENIs=S glsils-odt
-

SEI):TuXxTuX-R
symmetric bilinear form =Ss 8(ss,Us) Is =dtcalled the "Index Form",

or STEN:TuX-TuX
=S. 8)UsI!) +8)s,)symmetric endomorphism

V =EUsS
es =S. SESV,j) +g(Viv)ot

= -ts Us - IsUs -Ess

=S. 8(tV +R(V,j) V, i) +glV! v'let

=S. 8(tsV,j) -g(RIV,c),v)+)It
intby

en

pl ·VI. So lit
+Weve"v) +g(RIV, j)8,v) atg
e

49



=- (g(V",v) +g(RIV, j) 8, v) et

=-f? g(Ny, v) dt
*This vanishes if V is a field:

V" +R(V,0) i =0.

A:If seems 0, then g(RIV, IJ,V) >0, so using a

parallel vector field V along a geoderic v, get

SENIV,v) =-98 g("v) +g(R(v,oli,v) so-
i.e. I is unable;small variations you decrease

its energy (and
its length). Recall/cf. application of Rauch It.

shorter

secco A4(44.
-

about Energy v. Lengthof curves: e

· Critical points ofE come peedwe constantspeed S
inSE =

0

implies 151 =const., while the length functional is invenientunder

reperemetrizations of 5, in particular critical points merethathave

constant speed.

· Apply Carchy- Schwartzinequality (14.4)2(82. S2 withb=A toget

LV= (SYUlldt) =e.. Ndt =ae E(r) and"-"If III 1.

0

So if I is a unit speed min. good from p
to
9,
andB is a curve

from p to 9,
then EN) =eh(s2 = eL(p)2 =E(p),with

Etr=E) if andonly if is
unit speed andhence (Ip)=415)

maybe not

so is a unit speed min, goodfrom pto q.
min...

hot.I is a critical point of
ES J is a unitspeed geodesic

is a minimizer of EE) U
is a unit speed min. geodesic

U
*

realizes distance
-

W/ boundary conditions:E.Xe1R, X
=EWCW (20,e3,M), U10)=p.Use =13. 50



Usefulfor later if Vee]M isunitspend there given

SLIvI(v) == sEl(r)=(gIV,c)? -SgCV,)o
If SLI =0 (equivalently SE1 =0), then

SL()(V,v) =2 SE(r) (V, v)

=(g(XrV,0)!? +).g(V!,vi) -glvule,) aff

Myersihm:Suppose M has Ric] *(n-1) >0, and

let U:Co.) -M be a unit speed geodesic, in. SEI
=0.

If I is min.,
ie. dist(o), Ue)-1, then 8E((V,V)

>0

for all V along 2 with VI0) = 0 andV(e) =0. Let SEls be a parallel

0.1.b. of vector fields along J, ie, g(Ei,j) =0, g(Ei,Ej): Sij;and set

Ezl
Velt VilH=sin) E:(), so Vi(0) =0 andVile)=0

↑~***.q SEWCV:,Vi)=-f.g", vi)+g(RIVi,li,vi) aft⑧

⑧

EI VII)=sin (**) Eq ES? sin2(-g(RE:,ili, Ei)) It
Vilt) =cosEilt+sint)t
(= -sin)Ei+)
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Thus, adding from i =1 to i =n- 1:

n - 1

0 =[8E((V:, vi) =Sint(-g(RE:,li. Ei)) at
i =1

=?? sin(*2 (n-1- SBCE:,c, Ei)) It
↳ii)k(n-1)

=?? sin((-1)(- ) et
-

<0 if es ...
So such minimizing unit speed good. J:(0,M musthave length

e= for otherwise we get
a contradiction above.

R

Riin Myers theorem (Originally by Shiv-Yven Cheng, withdifferent proof)
↳student of S.S.Chern

Thm. Let (Mig) be a complete Riem. mfa with Rick, W. (n-1) >
0 and

diam (Mig) =diam/S"(Y))=. Then (Migm. SYr).

:Let PifeM be points at maximal distance, in dist/p,q)=
Then, for all rco,

the balls Brip) and B-r(I) are disjoint:

if d(p. x) < r and d(x,q)<-, then

- I =d(p,q) =d(p,x)
+d(x,q)<Ex

·
so no such Ican exist. Thus,

P
M =Br(p) B-r(q) (disjoint union)
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henr Vel(M)<*Vel (Br(p)) +Vel (BE-rIf)). From Bishop Vol. Comp

r1-> (x) is now increasing;in particular,

vol(r)

-)B) -are b =
SY

B(x) =M

in. Vol(Br(x) =() Voe(Br). Thus, applying this in 4:

vol(S"Yr))

reco, we(Vel)) =VotIM),so are

Vot(S"(Y))
the inequalities using Bishop Val. Comp. above

are equities. Thus,

from rigidity in the equality case of Bishop Vol. Camp, we have

Br()mBr and Bralism, thus MFmS(Y).
Indeed, there is no room for

Br(p)
MsS"(Y)

any MIUBE-r(y) becauseDo
-rq

that would increase the diametery
aproblem:If (Mig) has Ric (n-1)x> 0 and

Voe (M,g) > vot (S" (8/)), then M =S".
home?
differ?

Exercise a) Findcounter-example with Vol(M, 8) ==Val(S"(*()).-

b) Prove that (Mig) as above is simply-connected.
Hint:if M is not simplyconnected, take its universal cover.
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ere8 3)16/2023

sol toexercise

aTRY)=S)/12 where 12 AS) has a metric
n

11.X =IX RPY

with sec =4, hence Ric=(n-174, and I resum
Voe(IRP"(Y)) =E Vel(S" (Y)). Clearly, TsIRP"=T2.

b) If (M",3) has Ric (n-17x, and (rtiTM,
let r= <[W3C <aM

be the subgroup generated by [V], set d = 1H. Then

letMr-M" be the covering space corresponding to M,

recall it is a degree a covering.
In particular, with

the pullback metric, by Fubini, and our assumption,

--
vol (5,5) = d. Vol (M,g) > a volls" (Yr)).

2

Since (5) also has Rick, M-1x, by Bishop Volume Comparison,

Vol(M5) = VolISY)), so d <2, ie. IH
=d =1 so

I

[U] is trivial, hence TgM =313.

Here and throughout:if x>0,
then

↑TriangleComparison assumealllengthmeringthegeVersion
If (MY, g) has sec,W, 5, Po, PstM,

rU:[0.1] - M god from po
to Pa,

pi ingood from a topi,
~

thend=distgloVI)ddst,I
re

I I
Sec =k

Sec, I
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LineVersion comp, triangle w/ same

If (Mig) has sec -, 0,p,p,M,
original trienge hinge:l(i) =e(i), a=

14imigeod, from a to bi, - I Box
Then elf) = e18);where sit

Bo.-
are the min, good that

ala -
- Pl Bu

close the hinge:1(r)=distg(po,P1) Sel Sec =k
e(5) =distp, i).

Corollary
-

A geodesic triangle on a manifold withsec,o satisfies

&

- (i) eC la+elb)- 2e(a)e(b) cos2 C-length
C
L b

! (ii) x + + >π If secxo, thenget strict inequalities.

#:(i) is immediate: Gauss Lemme

ea+e(b) - ze(a)e(b) cosy & exe)+e15)2-2e(e)e(5) cos
Lew of cosines-> 1(C) TMim R2

-Toponogor (Hinge) > e(c) b ↓ exPp
where a =exppa, b= expp5, c =exppc. /M
(ii) Follows from it as in the sea to case:build comparison

triangle in IR2 with side lengths ea), elb), ek), and angles
2, 15. Then elal+ elb - 2010) e(b) cos8 <e(c)2

-l(a)+e(b)2-zele)e(b)cost

eb so cos8 =cos5 hence

1 x5. Similarly for aendget

Combiningaboveseeit a
+ +yx,2 +B +5 =

π.

As before ...
I

for: (MYg) has sec>0 (20) if YpeM, expp: CpCTM =M
is distance non-increasing (non-decreasing). 55



intversion
In R2 build comparison triangles

pleaseof for each of the 3 triangles
containing po;then sum of

angles at 5 is:

po SecE 0 =2π
sec,

Thin On a Riem. mfle;each of the above characterizes sec,I:
- -

see s Triangle Version ) Hinge Version - Four pointversion.

Metric space where distances

Iare realized by lengths of curves

Note The four pointversion makes sense on any length space (M, ol),
and is

- -

sometimes written curv- ,ifMis
not a manifold. If M is a

locally compactcomplete length space
with curve,then it is called an

orspace.Verystation
18: W:G02]M is fable if it has finite length*

d(Ult), Vltx-1))
f(tz)eIV)

==to... anin
apolygonal lengt

Def.(M,0) is a length space of x,yEM,

d(x,y) =inq S11):5 rectifiable curve joining xendy].
Itis complete if Xx,yEM there exists a minimizing rectifieble

curve realizing d(x,y) i.e. achieving the above inf x
Example:Any Riem. mfld./example:SAIR" w/ chordal metric.56



-ipomogorTriangle Comparison (Triangle Version):Proof by Karcher,notthe original
Toponogor proof.
Other proofs possible
using Rauch.

eliminaries: f(x) =distg(x, 0) is aon MY(0U (at(ol)

↳ up is the unitradial vector field, p(expo(v))=bull.

⑧ S=p(r) =2Brld) are equidistanthypercorface.

If sex,X, then Ricatti comparison gives
A <A=S, Id, where

A =V(p) =Hasp and San +su =0, s0 =0, snld=1.

So Alp+ Id and Als =0 blcp grows linearly
P

along integral curves of Ip. Moreover, Elipt-Id and

Altp = 0. Very commonethicalis

Consider for, where wide
chosen later. Then, by Chain Rule,

X(f0p) =f'(p)Yp =He(fop) (X,Y) =(0x
0 (f), Y)

=(X(f(p)8p +f(p)*xYp,4)

=f"(p)dp(X)dp(y) +f(p) Hap(X,Y)

So, on Apt, since firstterm variches, Hers (fop)=f'p)Ha
=fe)*Id

andon span[]p3, Hees (top) (0p,Vp)=1 "(p114 +f4)H=8",
=
1

=D



Choose of so that tn,SM=0-s f +4f' =0 ingrate
This choice

makes both bounds,

8" +ky =c,so f(p) = - kf(p) +C. This, on spankYp}*4pt become the same,
so
geta

bound on thewholespace.

Har (top) =I**InId=-mf)
+C on V

I

on comparison
spece with↓ Sec EK.EHas(hop)== - xfp1+ C on spae

hot:Hese(fop) <- (op) Id+C; audogously, Has(fop) = -x(o) Id+

LetSIt: f(cist(aU))-fst(t) ite isite
If not, Itxe[0.27 with81)CO,

and m=min SHI S0.
+- f02]

18430:Let>be solf. close and 250 sit.

so thatthe comp, triangle
↳- 3w/ length Lt 1 still

exists in sec=k'. If k =0, ignore.

Letas be sol, to as"+hao =0 s.t.ap-3) =0, 9002] -m;

suff, large constantmo
Then 7x >0 st.

a =Dao satisfies
ie. 9o(t)=- M Note:We

do notneed

a <S asitolfor some toslot).
to e(0.1) to

Since m =81tx) <O, Fiesieren =8Ho).Unrelated
-

S(to) <0,otherwise ia0 < 8 for
arbitrarily small x> 0 ie. 6,0....."i-etcs.c

Eschenburg, wh near to, have

concavity ↓
a, as of one--a)e comparison

a

f(distlo,v(H)) =Hex (for ov) (t)(2)hotabovethesions
58



Similarly, on M withsea, we have
"Upchot"above
~

E f(distlo,Hll):Hes/frpo)(E) =" - x180o5(H) +C

Thus, 8" =E(fopor-80pos) = - x(80por-fopor] =- k8.

on theotherhanda4aasitolawhileite
=f(0) <O

which contradicts the fact that to is a minimum forfalt).

-2:y(t)-Cut(0). Let B
be a min. geod, from a to j(o)

Choose (n =P(s), replace -
dist),0) with

astole Cuttal pardist), oz) + distan,a). By
the triangle

at(a) inequality, elytol),and pattil)
=p(tol).

O
s

i.e:Pa is "upper supportfunction"forat flo

Since is min from on to y(t), we have Ultol *Cut(82). Reasoning

as before with tops, andsending
940, get

(fopsor)"= - k(80508) +C
+error

Then fopa is upper support function for for atglto),
and hence

6 =fosor-fo of is sit, 6 - a is opper support function for
8 atto.

Thus, it also attains a minimum
etto, contradicting (8 -a)"(o) <0.
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Finally, in order toprove that Xi, Y., we again argue by
contradiction. Suppose Co-angle between6

andV'(0)
e

x---6 and I'(0)

seticfy a.<. Assume pokCut (0), so expo is invertible near po

Let Pt
be the shortest curve Poli !(1)

joining a
to fit), andsimilar, they restaAssume +:[0.1] - M for each ti I · Sec =k

them. Taylor series expansions give: Sec, I

distlo,y(t) =((pt) =dist(0,po) +taf(t)(t =0 +0(+2)

distl, () = ((i):dist(a,po) +t(t)(t =0 0ltY
nor o

While, by firstvariation of length, Montpet fixedthere:VII =0.
~ YI) =0L

where V is a variational fieldspo)(v) =L(t))1
=0

=

-2,!() along t w/ V(D ='(0)
I - Xo

62t)():Lp)le.." -Pol) where I is a variational field
along o w/ VII =Y'(0).

I- *.

Since CoCo, for smallt, we getfrom the above Taylor expansion

<(P1)<LIfe), contradicting the previous
conclusion that

Lip 21) i.e. SHI, 0. If Poelat(a), use
Os=Bola) instead...
-

similar to theI
above perturbation argument. 60


