
Lecture 20 4/12/2024 ⑮
j" +RJ = 0 Es r =

o (S=v)From last time : E

Im.

Let R,Rzi-SymE be smooth curves with Rilt) >Ralt)
.

Ot

Let Si : [to , ti) - SynE be the maximal solutions
to Si + S + Ri =0

If Selto) Sulto)
,

then tyte and Sett [Szlt) for all to [to .t).

Next
, we apply the above to get a comparison of lengths of Jacobi fields :

Ihm. Let S, Sz : (to
,
+) -> SynE be smooth curves with Selt) < Szlt).

Let Ji : (tot) -> E be nonzero sol · to J = Si Ji .

Then the
is mon increasing

.

Moreover
, if bin=A ,

thenIl

for all telto. t). Equality holds for some to elto, t) if and only if
Ji = j . vi on [to , t] for some vicE with Si =Xvi , j = Xj,
and S, EX Id &Sz .

1: Since I/Jilt)1) is smooth
,

we can differentiate :

IIJill'

= Flat25).
E [Amin/Si) , 4mex(Si)]

min , and max -
eigenvalves of S

:CSynE,

Thus (log 11Jall)"= Xmex() = Xmin(2) = Log115)
A

I
S

. Sz

: . e . Dog to so is non-increasing



This flog 11Jall)"= Xmex(r) = Xmin(z) = log()
AEAz

By monotonicity , if 15. 1-1/Jall at -to ,

and tota ,

then
from - in the inequalities .

-L
115 . 11 : /Jell

,
teltota) and hence J= S : Ji-X Ji ,

from which

conclusions follow. Lthe stated 7
↑

- The following corollaries are originally
> due to Berger and Rauch :

#m (Ranch 1)
. Suppose J: are sel to Ji" +RiJ : = 0 with

R1YRz and Jild) =0
,
115(d)1 = /IJs(011 .

Then 115. 11E11 Jall

up
to the first zero of Ja

#m (Ranch#) . Suppose J: are sel to Ji" +RiJ : = 0 with

(sR1YRz and Jild) =0
,
115210)1 = 1152 (011 .

Then 115. 11E11 Jall

up
to the first zero of Ja

Both Rach I and I follow from comparison
theorems above; namely

RiH) > Rzlt) and Sc(0) = Suld give St)S2H for all to (0 , t)· Then :

Rauch I : use singular initial condition "Si(d) = a", in
,
Silt ~I to as two

m

J = S
.
Ji = JinJi estro = 5,

() = 0

115(1) = 152(0)1 = him = M
. Apply thm.

E

Rauch I : use initial condition Si(d = O

me
J! = Si . Ji => Jild = 0

.

115 , 10) 1l = /Jz(d/l => him = 1
· Apply m.
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Picture to have in mind from Rach I :

Poster &(II)
.
ill &growth

.

i
& & &

Sect o - sec = o ->
Seco

less curvature less curvature

(We knew this for two from 1 Series expension of 115C//2 at + = 0,Taylor
now this is known for Octet= where to is the first conjugate time)

ApplicationofMarch I :

Lar : Let (MYg) be a complete Riem - Mold with see o
,
and rso

5.6 . expp : Br(o) - M is a differm ,

on to its image .

Fix a linear

isometry I : TpM->R .

Given U : (0 . 13 - exp (Br(o) ,
we have

length(f) > length (To expo (v).IRh

0EBn TreI
L-*
[(f) = Toexpp)

&

Tr-&I[i] p· seem EO.-L
I: Let Y = expp+y ,

and consider

the "rectangle" Uls ,+) = exp silt=
3



For fixed t , siryls , b) is a geodesic ,

and Jels)= Usit)

is a Jacobi field along Srey(sit) ; with J(0) = 0 and J(1) = (A).

Since seem
EO

, by Rauch I,

151(s)/ks/15i(0)1l so length H) = ) ?Vet = C. 115x(Dlldt
--② length of comparison

S= 1

> 1.15t(0)/ldt = lengh,pu (to exppy)Jacobi field in AM

Indeed
,
Jed =PJ)/s0 epps

=PexPH) = E'(t)
id

and so length to exp:)lldt=C. 115(let . I

J
*
In IRY

,

the Jacobi equation J"= 0 has solutions J(s) = 510) + 55')
;

so Jacobi fields with 510) =0 are given by 5( =>5).

& Reasoning as above
,

Ranch I gives a more refined estimate

115(t)11t15'()/kO

for Jacobi fields with 510) = 0 on manifolds with seco , compared to

our earlier observation (a crucial step in the proof of Corton-Hademard Thm)
that JH) 0

,
+ > 0

; Cf. Remax
in p. 2 of Lectures3 . pot.

Lef .
A geodesic triangle

is a triple of minimizing geodesics
with endpoints

that are match pairwise (as in a triangle) 4



Lor: A geodesic triangle on a complete manfold with see -O satisfie

1 (i) e(c)
* > ((a)+ 1(b)2 - 21(a) &(b) cosy (l-leugten)I

C b

-B
a

US (ii) x + B + y zπ If see so ,
then get strict inequalities.-

ToMLet bt in t be so a

a = exppa, b : exppt , c = exppc

Note that a and 5 are straight line segments (expp is vodie isometry);

with1(a) = (e) and (15) = 1(b) · Let c be the straight line segment
with same endpoints as I

,
so ((c)(, ((( +) . By the Application of Rauch I,

l(c), (2) > (((*) .

Thus
, altogether :

Lew of cosines inTPMERh

e(c)>, e(c) - ela) + e15)2-21(2) elb) cosy

Garss Lemme &(a) + ((b)2- 21(a) elb) cost

To compare angles ,
since eal

,
elb)

,
1() satisfy the triangle inequalities

geodesic is minimizing in sec 10
,

ie, ela) ,
elb) ,
(1) achieve distances

(bla every
build a comparison triangle in R

,
with some

side angle,
we can

but possibly different angles , say 1
,B , 5 .

Then
, from the above :

ela?+ e(b)?- 2e(a) elb) cosy < (c)

e
i

&

/

= ((a)+ 1(b)
2

2e(2) e(b) cosj
#

= e(b)
Y

is
, i => losy, cost = Y = j

e(a)

in M in M2 Some for 2
, B and get C +B++B +J=1.

-

5



#W: If (Mg) is a complete Riem
. Mile with TIM = 52] and seco,

then by Corton-Hademard
expp : TpM-M is a offer ,

so given any
which is hence

geM there is a unique geoderic joining p and
f,

minimizing (b/1 there exists some minimizing geoderic by Hopf-Rinow).

- any other geodesic
-

L from P to f
differ -------

-

would lift to- exicf -t- -> po z a straight lineW: exte
M

through OETpM,
so

cannot end at q
TM

This
, if M is complete ,

M = S13
,
and see 20,

then the

above facts about geoderic triangles hold forany triangle
with codesic sides (b/ the sides are automo

I dically
minimizing.)

Lecture 21 4/17/2024
-

Def: (M ,g) closed Riem
· infed , (Mig) universel covering.

A deck transformation f :MeM is a translation along the
-

geodesic [
in M if f() = 5. . Note : If fid ,

then figt) = Elt + a).

From basic topology : [(M) E Art (M) = Ef : F- M : deck transformation]

= git (x)+ (M , 4) 1- (fa , p
: M - ) =Art(M)

8⑤
M

&
O

V ① t↑ a7-
:.. fap(E) = endpoint of lift ofT b ↓

I
% 7

jaw to M
, starting at6

rS -
M P

O

& Recelli curves in M are homotopic # lifts to M have same endpoint
-

So the above is well-defined. 6



Drop.
Given a deck transformation 8 :M-M

,
there exists a geodesic in F

st . f is a translation along 5 free homotopy
-

# f = fc for some -MM , p)
.

Let yux be a closed geodes. Then
·P
wat · 8 h = fr+Art(M) is s .

t. h(Yl = Y ,
by construction

.

McG · % Laim : f = h
.4

Since hif are deck transformations,↓ minimize closed suffice to show hig = fli).
-

-x
M7 P
O legte
OU geodevic As X

, I are freely homotopic, it follows
ge - Iy (3 = [x]

& X O is homotopic to 8 wel
.

9.
& G

(as elements of Te M.g) So the

endpoints of their lifts are the some
,

i
.

e
, h = f(q) so h=f have flut-f

[

Lemme . If M ,g) is a closed wild with See <o ,

then a deck transformation

fine, f fiel is a
translationdlong a unique geodesic 5 in

M

.

If. Suppose J andJo are geodesic in M St. f is a translation

along J. Then if Peree ,
we have

&

~

EAthis contradicts injectivity of expe
. (
↑ ~

The En = % . by Certan-Modaward, exppiTiM - M is a differ

flp
& X f(us) B

f() Let Pier and to be a minimizing% & -11

-↑ &

n
- 2

-B
&

geodesic from i to E.
to fis

- I ( an isometry of M
,
the angles a

, B

Pl
E

,
X

/

Un the diegram are the some.

&B, subdividing this quadrangle into two*

E Es triangle Ai ,
Be it follows that

7



ED ,
+ [A2 2π

into angles int-angles
So & Did it for i = 1 or 2

,
controducting Con from last

-

S

int ↳

fire that 99 < if seco.Lengas into
angles

Lemme If (M , g) is a closedmfled with seco
,
them commuting

-

deck transformations are translations along the some geoderic.

1. If +1 , 82 :M-Mare esabove
,

with fitl -J ,
then

Waf(f()) = fildel) = f .
(5) so for preserve fi -

hence

7 , (5) =52 . By uniqueness proved
above

.
F = E. El

Thm (Preismenu ,
1943) .
If (MYg) is a closed Riem

-
mod with see

and HCNTIM is Abelian
,
HFS13 ,

the HEX .

11.

Let HLTIM be Abelian
,
and I be the geodesic in Melong

which every
helt is a

translation .

Recall bee Remark at end of

last lecture) that given
two points in I there is a unique

geodesic (hence minimizing) joining them .

Fix FeY and define

Y :HeR
,
4(h) =

- dist(p , h(p1) , according to hip) being before/after

↑ along J .
Then Y is a group homomorphism and injective ,

so

q(n)
the subgroup Y(H) <R is either dense or

- isomorphic to1
.

It cannot be dense becauseii) T
#M acts properly discontinuously on

M

. L
g



& If Ma
,

Mr are closed manifolds ,
then MixM2 does not

admit
any

medic with see <O.

18· Suppor (M , xMu , g) has see zo
,

in pordicator, by Corten-Hedemand,

-

M . xM2=x =R so Mi F51] for i = A
,
2. Indeed,

it , say M = 317
,

then MixzEMixAn R because Ma is

closed. Let hittMi be
nontrivial elements

and >his the

corresponding cyclic subgroups .

Then H = Cha) #Chu) is on Abelia

subgroup ofM that is not isomorphic to I. I

But theyhere
metrics

E
. g.,
Th does not have any

metric with see 10 3 sec o !

& St does not have
any
medic with see do

l. g., M
closed

Run Byers showed that if a closed manifold (M,g) with
surface -
of genus

2

see <O has HJIM a nontrivia solvable subgroup,

then HEX
.
Moreove

,

#
,
M does not admit finite-index cyclue subgroups .

Amw ·
It is unknown if any

MaxMa where Mi are closed
,

Mi = &13
,

can admit

metrics with See0
.
The cose Mr = Mz = St is known as the Hope Question.

En .

The andlogors question for secyo was proposed by chern in 1965 :

If (M ,g) is a closed Riem . Ifld n/ Seco ,
and HCTIM is Abelian

,
ther

is H cyclic? By Synge ,
the answer is affirmative in even dimensions.

Revi Shawker (1998) found infinitely many
counter-examples in dimension 7,

- with seaso and a free action by
as there are homogeneous space M

E2D12 which is isometric .

This
, MGLADe is a

closed monfold

with sea >o and fundamental group
2012.

9



Lecture 22 4/19/2024
-

Comparison theorems force: Rauch I ,
I we Preissmann , Certan-Hadamard

, Myers,~ ~

Synge& -

~

~
-

↑ also with

Toponoga us Gromor's bounds on
second variation of

a generators of is
,

total Betti #, ... length/energy .

maybetater ? Alexandrov geometry

Comparison theorem for Ric : Bishop Volume Comparison ~ Minor /is has polynomia growth
- (today)

Rigiality in Myers, Hodey

Gromov's compactness theorem, ..

Recall Riccati equation :

S + S2 + Ru = 0 tr trs' + trs) + RicI)0 (in R)
~

(in SymE) this is not a
like the

actual shopefunction of fr S---
operator--

Since SIV) = 0
,
V = 0

,

can restrict S to vt
,

S : v vid
to S

and Sesymut . Let a = - ,
andmote that

n-1

S = a Id + So, where ↓So"Twee-free part"

~ recoll <A ,B) =
tr AB

so (So ,
I) = 0 .

Then tr(s) = 1S/2 = a llId/12+ 11S .
I = (n-1) a2 + Isol so ④

al + a+ r = 0
,

where v = (SoP + Ric(v) <,RI)gives n -1

-

:

S
-

[Rmk Geometrically , alt) =

where H =S is themeancurvature of -

Mum . Suppose S : [to ,ta) - SymUt is the maximal solution to S'+ S2+R = 0,

where R : R - SymV
+

is given . Suppose JKERR s .

t.

(i) to R > (n- 1)

(ii) to S(to) =(n-1) a (to)

where : [to ,t) -R is the maximal solution toa
+ + X = 0 .

Let a :I

Then to th and alt)falt) for all
to Sto

, ta).

10



P2: Apply ODE comparison from Lectures 19-20 :

Im.

Let R,Rzi-SymE be smooth curves with Rilt)Mult)
.

At

Let Si : [to , ti) - SynE be the maximal solutions
to Si + S + Ri =0

If Selto) Sulto)
,

then tyte and Sett [Szlt) for all to [to .t).

setting E=R , Re = +
,
Rz = h

,

so (i) => vy => R1 R2

S + Si + Ri = 0 Eal + a + r = 0

T
St + S2 +M2 = 0 E) + 2+ X = 0 . L

&: Above result remains true if a has a pole at to ; namely

S(t) ~ EtoId ,

a = S where

E
Sny + Sny = 0

Suy(to) = 0

Let Js, ...,
In-

be Jacobi fields along ystorunthat form a
bans of solutions to J2I

- ut

A

7
.

J' = 55 (S : v
+ -Vi- u

and set jodet (3 ,
Ju, - .

-

, Ju-). Taidentified vie

paralle transport

j = det (31 ,
52

, -. .,
Jn -1) + det (5 ,, 52 , J ,

---

-
Ju-) +.. - +

det (5, - .., Jux)

= det (S51 , 52 , -
- ,
Jn-1) + det (5

,
S52 , 53 , --

,
5n+) + - - -+ dett5, --

,
S5n-)

= tr S . det (5 , , . - ,
Juv) = trS · J

or: $(det)= X = to X ; more generally , if

A is invertible
,
d(det)aX = (de+ A) tr (A-

=

X)

so we have j = M - 1) a j
Let j(t = betAlt)

,
where Alt= (5, (t) ,

. -
-

, Ju-(t)) ·

j'() = b(det)
+)
A'(t) = (e+ A(+) +r (A(t) - A'(t))

= j(t) · tr(A+

(4) . S(t) . Alt)) = Hr St . 5 11



Mm.
Let S : [to ,ti) - Sym2V

+
and a =
- tr S be st

. a
,

n- 1

and j'=n-1)aj . Choose j st . j'=n-1aj . Then j/ is non increasing.

P: Once again , apply ODE comparison from before!
-j/j(- 1) a = x -1) => (logy) 0 = non increasingF

Th (Bishop Volume Comparison) .

Let (MYg) be a Riem. mold with Ricktn-14

and it be the simply- connected Riem - mold with Secret
. Then FpeM,

Vol(Br(p) =Vol(Br) ,

where Brlp) <M and Feat are balls of radius r.

Moreover, equality holds if and only if Br(p)m.

P. We will show that v

lin
is noticingtheconde to

follows since
ro

Let cut(v)= maxity> 0 : expotv is min. good on (0.+33

TBr(o)
and C = Stv : +cut(V) ,

Ivll= 13 < TpM .

Then#
expp : Cp -> M is a differm. Onto its image,

so :

↓ expe For
Br(p)Vol(Br(p)) = Seripy 1 dvoe = Sexpp(Br(de

& duol

↳·

P

Change of/ det (d(expp)n) du
M

Veriebles

formula Brion Cp
expp[p = cut(p) is the

cut locus of p

Recall:Polod(frdet)dexpt) Br(p)= expp(Br(o)) = expp(Br(d)1(p)

where v(v)= minEr ,
cut (v)3 for VetoM , IIvI1 ,

ie.

veS" " (2)<ToM.

12



Since depp)ynei = & (d(expp) +vtei) = &Jilt) is the Jacobi field

along t- expptr with Jild=0 and Jild-ei
,

it follows that

det (e(expp)
+v) = In bet (J . (t) . --

> Ju-H) and hence :

if needed,
extend jult)

Vol(Br(p)) =(( det(J(..., Jn() ata as jul) = o for

- t > cut(v).

jult) ↓

By previous
result

, Jult/JH) is non increasing
on [0 ,w], where

JH) = det (5, ---

- Jn) , for corresponding
Jacobi fields 5: on M

Y dr ,
which is also non-increasingSet g() = vetsi) /grayJ

(because it is an average of monincreasing quantities). As before,

(spacewse
Vol(r) = Sgm So JI)dtdv * Vol(s) So JHdt

This
, Fubini

Br
=
Sojete HeVol(5r) Voe(s-() .So JH et

is non increasing ,
because RHS is the -weighted) average

of the mon increasing function q(t) over growing intervals.

13



D⑦ More explicitly : if $ , 230 ,
and the is now increasing , the

P(t)
F

as PlAdt=~ is non increasing ,

where Er
= S(r) .

Stdt So as

Rigidity statement follows from rigidity statements in ODE comparison :

if FreSt(1) ,
Foster , juH =JH) ,

then aft =alt)
, for all Oster,

5 RIt)=I =K Id .

This Brip) has constant currature sec and

7L
is hence isometric to Br.

Remark Similarly ,
one can prove wiB is non increasing a

-

Geometrically :

F ·
if ... Vol(Br(p) Vol(B)

B
Ricy,(n-1)4 Sect

(2 Ric = ( - 1)()
With stronger control on curvature sec we know that :

langer/shorter so "integrating"

BUT

Fi I =>>
get the above.

14

RickX(n-D is

enough for
this

"integral" control.



Ridityin Myers Theorem (Originally by Shir-Yven Cheng ,
with different proof)

↳ student of S
.
S.Cherr

Thm.
Let (Mig) be a complete Riem . meld with Rick, W . (n-1) > 0 and

diam (MYg) = diam(S(/ )) = E Then (Mig S(**) ·

Pf: Let PfcM be points at maximal distance
, is. dist(p , q)=

then
, for all >O ,

the balls Br(p) and B-1(7) are disjoint :

if d(p , x) < + and d(x ,q) <F-r ,
then

- # d(p , q) [d(p, x) + d(x ,q)
--I so no such X can exist

.

Thus,*
P

M = Br(p) ( Br(q) (disjoint Union)

henc Vol (M)* Vol (Br(p) +Vol(B-r(q) ·

From Bishop Vol
. Comp,

-1->
(Br(x) is non increasing ,

in particular,

M blSB(x) = M

it. Val (Br(x) > Vol (M)-Vol(r) .
This

, applying this in @ :

Vor(S"(/)

Voe(mic,I(v)+vol(r)
= Voe(M)

,
so all

Vol(s"(Y) 15



the inequalities using Bishop Va . Comp.

above are exqualities .

This,

from rigidity in the equality case of Bishop Vol
. Comp, we have

Brph and Barr ,

This MrS(Y)
P

⑧ Indeed
,
there is no room for

↑

-
-

&
-MES(Y

any M1 (Brlp) VB-r(q) because-Brip:
Br · q

that would increase the diameter

&en problem : If (M2 , g) has Rick (n-1)* > 0 and

Voe (M ,g) > I vot (S"(1/) ,
then MESM

↑

homeo ?
differ?

Exercise : a) Find counter-exemple with Vol(M , g) = Evol (SV(**) .

↑
Hws b) Prove that (Mig) as above is simply-connected.

Hint : if M is not simply connected ,
take its universal covering.

-

Lecture 23 5/1/2024
-

A quick taste of Geometric Group Theory : #
· IfT is finitely generated, fix a finite generating set G, Cayley groph of
with eCG and G*-G

.

Then define Growthfunction for T : F = <a,b)

-N = #get : g
= gz---gx , with g . EG3) In terms of the Coyley

groph with the Word
--

metric,
this is the

*
of group

elements that can

cordinality of the closed ball

be writtenes product of a generators of radius & around eet
in the fixed generating set G

.

⑳ If G' is another choice of generating set for I as above
,
then

N N and N ND for some constants C ,
D > 0,

so can ignore
choice of gen

.
set G for questions below.

16



· Q: How does No
grow with ? Polynomially ? Exponentially ?

Thm (Milnor' 68)
.
If (Mig) is complete and has Rico

,
then

any finitely generated subgroup NCM has C.

↑
it

,"polynomial growth
"

# Choose Oct, and let VIrl = Vol(Br(d) . By Bishop Volume Comp

v(r) _ Vol(BRY0l) = r Let G = Eg -... gpbea

fixed generating set for <IM and = mex dist(5 , g :0).
12ip

Then B has at least N &
distinct points

u
.

x(0) K

of the form go ,
with get Choose ETO S.

t.

g. Ba(0)l By(o) = ifgte .

Then Buxialo) has ot least

N disjoint subsets of : ·go"
the form g .

Bala gNV(z) = Vol (H g . By(d) = V (Mk + 2) O Ba (g . 0)=

g . Ba(o)
·

g= g....g ↑ -

&

gieG Bishop : Bald :
"

· ↑
8 ↑

& W ↑

T ..... -

ThisNY El

- -

&

V(z)
(recoll : M compact => TIM is finitely generated)
-

Thm(Milnor' 60. If (Mig) is a closed Riew. unfld with see <o
,
and

TM = <GX
,
1610

,
then a"for some ac 1.

↑ i.e
., "exponential growth"

Ex-undamented group of hyperbolic monifold [" has
-i T

exponential growth; thus ,
cannot be its of myld w/ Ric 0.

So
,
cannot "improve" the above Thm to scal o

,
as [

*
x $42/s) has seek

for 134 and so suff small, if [2 is a hyperbolic surface.

17



-Conjecture(Milno968) . If (MYg) is complete and has Rico,

then NzM is finitely generated.

· For n =3
, it was proven by [Lin ,2013] and indep . [Pan

, 2017].
& Inventiones poper,

↑ Crelle paper,

uses minimal surfaces
Uses Chager-Colding
theory and Ricci->O

limit spaces
· In November 2023

,
a counter-example (MTg1 with Ricxo and

TIME = Q/I was announced by Brue-Naber-Semata
, using a sophisticated

gloing method to produce a "smooth fractal structure".

One of the founding achievements of Geometric Group Theory is :

Thm (Gromov'81) A finitely generated group I has polynomial growth if and
only ifM is virtually milpotent (INXT vilpotent with [N : N] Jo

.)

So , if TJNIM is fin gen ,

and M hos Rick
,

O
, then ↑ is virtually milpotent.

Conversely ,
ifM is fin gen .

and Virtually milpotent, then N =&M for some

M with Ric, o (Wilking' 2000) aThis paper
also shows that if a counter-example

M to Mienor's conjecture exists, then it has e

a

covering space M- M With TIM abelian and
&

not fin gen . (e.

g ., TIM D/1)F

Stronger results about HsM can be proven with stronger curvature assruptions :

Here and throughout: if o,

then

T
8EponogovTriangle Comparison #assume all lengths are

· TriegleVersie e
Sec, w

,

0
, 00 M ,

W Original triangle I Compriangle,
Po

&
Il ⑳ -

To
~

E oBo d 1. z - 1.Y- Bo Il d
EViMgod frompot, · I -Xi

I
- (

O

- - ~

Pl -
N

d= dist(o , UHt) <  = disto , (t)
o Pi

& S Pi

g see, W
See EKthe e all to 10 , 1) anddi

Ig



Comp. triangle w/ same

HingeVersion
a

Sec ,

o
, popEM,

original triangle hinge : l(Bil = e(), a=

Bo
Do

BiMi
in good , from o to Pi, Ir leThen e(p) = e(); where jij

(x
I -- 1 & g

close the hinge : (10) = dist(po, Pe)

· I ⑭are the min. good that O Vi T ~

- Bl Bi

e() = distr , pil .

See ↳ Sec

Corollary

Agroderic
triangle on a manifold with seco satisfies

-

-

(i) (( [lap + elb?- zela)elb)cosy C-length
C

L b

iP
A

U
(ii) X +B + JXπ If seco

,

thenget strict inequalities.-

P: (i) is immediate : Gauss Lemmo

elaR + e(b)
?

- zeca)e(b) cosy flep+ el5)
?

-zecle(5) cosy

TLew of cosines- 1(c) ↳15 ToMim R2 O

-Toponogov (Hinge) -e(c)? b ↓ exp
--where a = exppa ,

b = exppts,
c = exppt. p

· (2
A

C M

(12) Follows from (i) as in the seco case: build comparison

triangle inM with side lengths Ma)
,
e(b)

,
el)

,
and engles

5
, 15 .

Then elal + elbl - 21(a) elb) 2008 e(c?
=((a)+e(b)2-2t(z)e(b)co

1(c)e so cos y & los hence

U G .

Similarly for a
and get

- Ia+p + jxz +B +5 = 1

Combining
/earlier wabore seco ~

As before
...

V

Lar : (Mg) has see o (0) if XpeM , exp: TIM
EM

Y

is distance non-increasing (non-decreasing)-
19



teaIm (Gromor 1978)
.
If /MY g) has see, O ,

then NIM can be
genera

n
elements. If (MYg) has secx- ** and diam (M) = D

,

then
by Ent . 2

TIM can be generated by it (2 + 2 cosh (2D)*Note:If the -

If: (Case = 0). Fix ocM and consider the isometric action of

T =M , by deck transformations . Define displacement ofget: (g) = dist 10 , g
. 0).

Clearly, a min , good . From o to
go

in M projects

to geodesis loop based at ploleM, which has

-

or

any
o

go
minimal length in its homotopy class. ↑

go ~

Ryo ,

there are our finitely& M

given Y many

& /r get with IgIER ,
because otherwise an

plo). infinite seg giet with IgilER
would produce

II M which
plgo gi.o of points

in Br(o)
/

pigo an infinite seend contradicts the covering property.

This
,

we can define get s.
t

. Igal= min Igl , and gz
EN with

7)

gen -"short basis
L

Izz)= min Igl ; inductively , define a sequence gr , gu -..

er of generators
get / (gi)

with 1911-1921 ...

and Igirsl =min 191
. (keep adding elements go until a

ger((gz, ...,gi) set of generators is achieved .)

Set lij-dist (gi0, gjo) for all i < j . Then lij /gi,

for otherwise g = gig, would have

Ig = lij < /gj) and (82,--gi , - -.9j) = (g1 ,
. .

.,gi -- -ig)

hence contradict the min.
choice of gj above.

Note that all sides of the triangles 0
, g: 0

, gjo are

min geodesics. 20



By Toponogov, applied to the triangle gi
. 0

, gj0 ,
o,

we have that Xij ij s lij
Law of cosines in R2 :

gil
Il

1
gjo

lij = (gil+ 19j12-Elgillgj) cos Tij
O

see,o

=> cosij)=Hi
⑭

L

Igil =Igj) = lij if izj JesI T Igj)" go
Sec = O

=> jij

Let victor be the unit vector tergent to the min . good from
M

o to giv. By the above, the distance (on the unit sphere inToY
between Vi and Vj is Xij),

it
,

so the balls of radius
5

Vj -
centered at vi and vj

must be disjoint. (This already proves

- There can be only finitely many vis ,
hence finitely many gis---

-
M

6 - i= #/6
- L
-

a so T=M is finitely generated). Moreover, as Igit = (gil,Tij
6

B
-

---
we must also have that distance from -Vi to Vj is· If idj , therefore the number of Vis is :

ToM
i < ]

# veS""CToM
.

#Egi3 =#[v: RVmofe Sete
s

volume of each disjoint

21



Volume of spherical ball of radius v is

Standard computations give : volume of Erclidean
ball of radius sin r

. (o*)
n- 1
-

· Vol (B (v) Vol (BR(o)) =- (N = Gamma function)
= Yz log-concavity of M:

2
· Vol(RP"" (1) = Evel (S

""

(11) =

FTE) r
I

So #Egi3=#vi]r(z)

For case Sec, -42 ,
see Eschenburg's notes . T

Bishop Volume Comparison TUsing I oponogov Triangle Comparison Critical point
--

theory for distance functions and topological constructions ,
Gromor proved the following:

-

Thm (Gromor ' 1981).
:

) If (M" · g) is a complete unfed with See o
,
then bx(m) < ((n).

k= 0

&+ D

i) If (MYg) is a closed infld with sec, -2 and diam ED
, then (MC)

Cannot replace the hypothesis see,o to Ric >O because :

I/

Docking station"

&-

ep
-EO

C

l
Thm (Sha-Yong'90s) .

FRE
,
#2xS2 and #

*CPH have Ric > 0
.

-

!M
-

> also #1S*x Sm for any Mim2
,

11
.

Mm. (Perelman '97) .

VEN
, #KPI has a metric with Rico

,
diam =1 and Vol V > 0.

Thrs
,
since by (1) = 21 and ba*P ) = X+ 1

,

out : seals o is
Y I preserved by #;

finitely many of these manifolds can have see o Currently, indeed by surgeries
- of codimension3

.

- only $" and KP2 are known to have seco and elated en question : is

I there a simply-connected closed

mold that admits

= only $2x2 and KP# F KP2 are known to have see 0. Scal > o but does not admit
↑

Conjecturally ,
the above is the complete list of simply

Tonnected tmildstio?
(double disk: ///1)#/-/

with seco and See, 0. #te : As 19+N , Perelman's #PCP converge to B*UB4 flat
22


