
Lecture 20 4/12/2024 ⑮
j" +RJ = 0 Es r =

o (S=v)From last time : E

Im.

Let R,Rzi-SymE be smooth curves with Rilt) >Ralt)
.

Ot

Let Si : [to , ti) - SynE be the maximal solutions
to Si + S + Ri =0

If Selto) Sulto)
,

then tyte and Sett [Szlt) for all to [to .t).

Next
, we apply the above to get a comparison of lengths of Jacobi fields :

Ihm. Let S, Sz : (to
,
+) -> SynE be smooth curves with Selt) < Szlt).

Let Ji : (tot) -> E be nonzero sol · to J = Si Ji .

Then the
is mon increasing

.

Moreover
, if bin=A ,

thenIl

for all telto. t). Equality holds for some to elto, t) if and only if
Ji = j . vi on [to , t] for some vicE with Si =Xvi , j = Xj,
and S, EX Id &Sz .

1: Since I/Jilt)1) is smooth
,

we can differentiate :

IIJill'

= Flat25).
E [Amin/Si) , 4mex(Si)]

min , and max -
eigenvalves of S

:CSynE,

Thus (log 11Jall)"= Xmex() = Xmin(2) = Log115)
A

I
S

. Sz

: . e . Dog to so is non-increasing



This flog 11Jall)"= Xmex(r) = Xmin(z) = log()
AEAz

By monotonicity , if 15. 1-1/Jall at -to ,

and tota ,

then
from - in the inequalities .

-L
115 . 11 : /Jell

,
teltota) and hence J= S : Ji-X Ji ,

from which

conclusions follow. Lthe stated 7
↑

- The following corollaries are originally
> due to Berger and Rauch :

#m (Ranch 1)
. Suppose J: are sel to Ji" +RiJ : = 0 with

R1YRz and Jild) =0
,
115(d)1 = /IJs(011 .

Then 115. 11E11 Jall

up
to the first zero of Ja

#m (Ranch#) . Suppose J: are sel to Ji" +RiJ : = 0 with

(sR1YRz and Jild) =0
,
115210)1 = 1152 (011 .

Then 115. 11E11 Jall

up
to the first zero of Ja

Both Rach I and I follow from comparison
theorems above; namely

RiH) > Rzlt) and Sc(0) = Suld give St)S2H for all to (0 , t)· Then :

Rauch I : use singular initial condition "Si(d) = a", in
,
Silt ~I to as two

m

J = S
.
Ji = JinJi estro = 5,

() = 0

115(1) = 152(0)1 = him = M
. Apply thm.

E

Rauch I : use initial condition Si(d = O

me
J! = Si . Ji => Jild = 0

.

115 , 10) 1l = /Jz(d/l => him = 1
· Apply m.
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Picture to have in mind from Rach I :

Poster &(II)
.
ill &growth

.

i
& & &

Sect o - sec = o ->
Seco

less curvature less curvature

(We knew this for two from 1 Series expension of 115C//2 at + = 0,Taylor
now this is known for Octet= where to is the first conjugate time)

ApplicationofMarch I :

Lar : Let (MYg) be a complete Riem - Mold with see o
,
and rso

5.6 . expp : Br(o) - M is a differm ,

on to its image .

Fix a linear

isometry I : TpM->R .

Given U : (0 . 13 - exp (Br(o) ,
we have

length(f) > length (To expo (v).IRh

0EBn TreI
L-*
[(f) = Toexpp)

&

Tr-&I[i] p· seem EO.-L
I: Let Y = expp+y ,

and consider

the "rectangle" Uls ,+) = exp silt=
3



For fixed t , siryls , b) is a geodesic ,

and Jels)= Usit)

is a Jacobi field along Srey(sit) ; with J(0) = 0 and J(1) = (A).

Since seem
EO

, by Rauch I,

151(s)/ks/15i(0)1l so length H) = ) ?Vet = C. 115x(Dlldt
--② length of comparison

S= 1

> 1.15t(0)/ldt = lengh,pu (to exppy)Jacobi field in AM

Indeed
,
Jed =PJ)/s0 epps

=PexPH) = E'(t)
id

and so length to exp:)lldt=C. 115(let . I

J
*
In IRY

,

the Jacobi equation J"= 0 has solutions J(s) = 510) + 55')
;

so Jacobi fields with 510) =0 are given by 5( =>5).

& Reasoning as above
,

Ranch I gives a more refined estimate

115(t)11t15'()/kO

for Jacobi fields with 510) = 0 on manifolds with seco , compared to

our earlier observation (a crucial step in the proof of Corton-Hademard Thm)
that JH) 0

,
+ > 0

; Cf. Remax
in p. 2 of Lectures3 . pot.

Lef .
A geodesic triangle

is a triple of minimizing geodesics
with endpoints

that are match pairwise (as in a triangle) 4



Lor: A geodesic triangle on a complete manfold with see -O satisfie

1 (i) e(c)
* > ((a)+ 1(b)2 - 21(a) &(b) cosy (l-leugten)I

C b

-B
a

US (ii) x + B + y zπ If see so ,
then get strict inequalities.-

ToMLet bt in t be so a

a = exppa, b : exppt , c = exppc

Note that a and 5 are straight line segments (expp is vodie isometry);

with1(a) = (e) and (15) = 1(b) · Let c be the straight line segment
with same endpoints as I

,
so ((c)(, ((( +) . By the Application of Rauch I,

l(c), (2) > (((*) .

Thus
, altogether :

Lew of cosines inTPMERh

e(c)>, e(c) - ela) + e15)2-21(2) elb) cosy

Garss Lemme &(a) + ((b)2- 21(a) elb) cost

To compare angles ,
since eal

,
elb)

,
1() satisfy the triangle inequalities

geodesic is minimizing in sec 10
,

ie, ela) ,
elb) ,
(1) achieve distances

(bla every
build a comparison triangle in R

,
with some

side angle,
we can

but possibly different angles , say 1
,B , 5 .

Then
, from the above :

ela?+ e(b)?- 2e(a) elb) cosy < (c)

e
i

&

/

= ((a)+ 1(b)
2

2e(2) e(b) cosj
#

= e(b)
Y

is
, i => losy, cost = Y = j

e(a)

in M in M2 Some for 2
, B and get C +B++B +J=1.

-

5



#W: If (Mg) is a complete Riem
. Mile with TIM = 52] and seco,

then by Corton-Hademard
expp : TpM-M is a offer ,

so given any
which is hence

geM there is a unique geoderic joining p and
f,

minimizing (b/1 there exists some minimizing geoderic by Hopf-Rinow).

- any other geodesic
-

L from P to f
differ -------

-

would lift to- exicf -t- -> po z a straight lineW: exte
M

through OETpM,
so

cannot end at q
TM

This
, if M is complete ,

M = S13
,
and see 20,

then the

above facts about geoderic triangles hold forany triangle
with codesic sides (b/ the sides are automo

I dically
minimizing.)

Lecture 21 4/17/2024
-

Def: (M ,g) closed Riem
· infed , (Mig) universel covering.

A deck transformation f :MeM is a translation along the
-

geodesic [
in M if f() = 5. . Note : If fid ,

then figt) = Elt + a).

From basic topology : [(M) E Art (M) = Ef : F- M : deck transformation]

= git (x)+ (M , 4) 1- (fa , p
: M - ) =Art(M)

8⑤
M

&
O

V ① t↑ a7-
:.. fap(E) = endpoint of lift ofT b ↓

I
% 7

jaw to M
, starting at6

rS -
M P

O

& Recelli curves in M are homotopic # lifts to M have same endpoint
-

So the above is well-defined. 6



Drop.
Given a deck transformation 8 :M-M

,
there exists a geodesic in F

st . f is a translation along 5 free homotopy
-

# f = fc for some -MM , p)
.

Let yux be a closed geodes. Then
·P
wat · 8 h = fr+Art(M) is s .

t. h(Yl = Y ,
by construction

.

McG · % Laim : f = h
.4

Since hif are deck transformations,↓ minimize closed suffice to show hig = fli).
-

-x
M7 P
O legte
OU geodevic As X

, I are freely homotopic, it follows
ge - Iy (3 = [x]

& X O is homotopic to 8 wel
.

9.
& G

(as elements of Te M.g) So the

endpoints of their lifts are the some
,

i
.

e
, h = f(q) so h=f have flut-f

[

Lemme . If M ,g) is a closed wild with See <o ,

then a deck transformation

fine, f fiel is a
translationdlong a unique geodesic 5 in

M

.

If. Suppose J andJo are geodesic in M St. f is a translation

along J. Then if Peree ,
we have

&

~

EAthis contradicts injectivity of expe
. (
↑ ~

The En = % . by Certan-Modaward, exppiTiM - M is a differ

flp
& X f(us) B

&
f() Let Pier and to be a minimizing% & -11

-↑
n

- 2
-B

&
geodesic from i to E.

to fis

- I ( an isometry of M
,
the angles a

, B

Pl
E

,
X

/

Un the diegram are the some.

&B, subdividing this quadrangle into two*

E Es triangle Ai ,
Be it follows that

7



ED ,
+ [A2 2π

into angles int-angles
So & Did it for i = 1 or 2

,
controducting Con from last

-

S

int ↳

fire that 99 < if seco.Lengas into
angles

Lemme If (M , g) is a closedmfled with seco
,
them commuting

-

deck transformations are translations along the some geoderic.

1. If +1 , 82 :M-Mare esabove
,

with fitl -J ,
then

Waf(f()) = fildel) = f .
(5) so for preserve fi -

hence

7 , (5) =52 . By uniqueness proved
above

.
F = E. El

Thm (Preismenu ,
1943) .
If (MYg) is a closed Riem

-
mod with see

and HCNTIM is Abelian
,
HFS13 ,

the HEX .

11.

Let HLTIM be Abelian
,
and I be the geodesic in Melong

which every
helt is a

translation .

Recall bee Remark at end of

last lecture) that given
two points in I there is a unique

geodesic (hence minimizing) joining them .

Fix FeY and define

Y :HeR
,
4(h) =

- dist(p , h(p1) , according to hip) being before/after

↑ along J .
Then Y is a group homomorphism and injective ,

so

q(n)
the subgroup Y(H) <R is either dense or

- isomorphic to1
.

It cannot be dense becauseii) T
#M acts properly discontinuously on

M

. L
g



& If Ma
,

Mr are closed manifolds ,
then MixM2 does not

admit
any

medic with see <O.

18· Suppor (M , xMu , g) has see zo
,

in pordicator, by Corten-Hedemand,

-

M . xM2=x =R so Mi F51] for i = A
,
2. Indeed,

it , say M = 317
,

then MixzEMixAn R because Ma is

closed. Let hittMi be
nontrivial elements

and >his the

corresponding cyclic subgroups .

Then H = Cha) #Chu) is on Abelia

subgroup ofM that is not isomorphic to I. I

But theyhere
metrics

E
. g.,
Th does not have any

metric with see 10 3 sec o !

& St does not have
any
medic with see do

l. g., M
closed

Run Byers showed that if a closed manifold (M,g) with
surface -
of genus

2

see <O has HJIM a nontrivia solvable subgroup,

then HEX
.
Moreove

,

#
,
M does not admit finite-index cyclue subgroups .

Amw ·
It is unknown if any

MaxMa where Mi are closed
,

Mi = &13
,

can admit

metrics with See0
.
The cose Mr = Mz = St is known as the Hope Question.

En .

The andlogors question for secyo was proposed by chern in 1965 :

If (M ,g) is a closed Riem . Ifld n/ Seco ,
and HCTIM is Abelian

,
ther

is H cyclic? By Synge ,
the answer is affirmative in even dimensions.

Revi Shawker (1998) found infinitely many
counter-examples in dimension 7,

- with seaso and a free action by
as there are homogeneous space M

E2D12 which is isometric .

This
, MGLADe is a

closed monfold

with sea >o and fundamental group
2012.

9



Lecture 22 4/19/2024
-

Comparison theorems force: Rauch I ,
I we Preissmann , Certan-Hadamard

, Myers,~ ~

Synge& -

~

~
-

↑ also with

Toponoga us Gromor's bounds on
second variation of

a generators of is
,

total Betti #, ... length/energy .

maybetater ? Alexandrov geometry

Comparison theorem for Ric : Bishop Volume Comparison ~ Minor /is has polynomia growth
- (today)

Rigiality in Myers, Hodey

Gromov's compactness theorem, ..

Recall Riccati equation :

S + S2 + Ru = 0 tr trs' + trs) + RicI)0 (in R)
~

(in SymE) this is not a
like the

actual shopefunction of fr S---
operator--

Since SIV) = 0
,
V = 0

,

can restrict S to vt
,

S : v vid
to S

and Sesymut . Let a = - ,
andmote that

n-1

S = a Id + So, where ↓So"Twee-free part"

~ recoll <A ,B) =
tr AB

so (So ,
I) = 0 .

Then tr(s) = 1S/2 = a llId/12+ 11S .
I = (n-1) a2 + Isol so ④

al + a+ r = 0
,

where v = (SoP + Ric(v) <,RI)gives n -1

-

:

S
-

[Rmk Geometrically , alt) =

where H =S is themeancurvature of -

Mum . Suppose S : [to ,ta) - SymUt is the maximal solution to S'+ S2+R = 0,

where R : R - SymV
+

is given . Suppose JKERR s .

t.

(i) to R > (n- 1)

(ii) to S(to) =(n-1) a (to)

where : [to ,t) -R is the maximal solution toa
+ + X = 0 .

Let a :I

Then to th and alt)falt) for all
to Sto

, ta).

10



P2: Apply ODE comparison from Lectures 19-20 :

Im.

Let R,Rzi-SymE be smooth curves with Rilt)Mult)
.

At

Let Si : [to , ti) - SynE be the maximal solutions
to Si + S + Ri =0

If Selto) Sulto)
,

then tyte and Sett [Szlt) for all to [to .t).

setting E=R , Re = +
,
Rz = h

,

so (i) => vy => R1 R2

S + Si + Ri = 0 Eal + a + r = 0

T
St + S2 +M2 = 0 E) + 2+ X = 0 . L

&: Above result remains true if a has a pole at to ; namely

S(t) ~ EtoId ,

a = S where

E
Sny + Sny = 0

Suy(to) = 0

Let Js, ...,
In-

be Jacobi fields along ystorunthat form a
bans of solutions to J2I

- ut

A

7
.

J' = 55 (S : v
+ -Vi- u

and set jodet (3 ,
Ju, - .

-

, Ju-). Taidentified vie

paralle transport

j = det (31 ,
52

, -. .,
Jn -1) + det (5 ,, 52 , J ,

---

-
Ju-) +.. - +

det (5, - .., Jux)

= det (S51 , 52 , -
- ,
Jn-1) + det (5

,
S52 , 53 , --

,
5n+) + - - -+ dett5, --

,
S5n-)

= tr S . det (5 , , . - ,
Juv) = trS · J

or: $(det)= X = to X ; more generally , if

A is invertible
,
d(det)aX = (de+ A) tr (A-

=

X)

so we have j = M - 1) a j
Let j(t = betAlt)

,
where Alt= (5, (t) ,

. -
-

, Ju-(t)) ·

j'() = b(det)
+)
A'(t) = (e+ A(+) +r (A(t) - A'(t))

= j(t) · tr(A+

(4) . S(t) . Alt)) = Hr St . 5 11



Mm.
Let S : [to ,ti) - Sym2V

+
and a= - tr S be st

. a
,

n- 1

and j'=n-1)aj . Choose j st . j'=n-1aj . Then j/ is non increasing.

P: Once again , apply ODE comparison from before!
-j/j(- 1) a = x -1) => (logy) 0 = non increasingF

Th (Bishop Volume Comparison) . Let (MYg) be a Riem. mold with Ricktn-14

and it be the simply- connected Riem - mold with Secret
. Then FpeM,

Vol(Br(p) =Vol(Br) ,

where Brlp) <M and Feat are balls of radius r.

Moreover, equality holds if and only if Br(p)m.

P. We will show that v

lin
is noticingtheconde to

follows since
ro

Let cut(v)= maxity>0 : expotv is min. good on (0.+33

TBr(o)
and C = Stv : +cut(V) , Ivll= 13 < TpM .

Then#
expp : Cp -> M is a differm. Onto its image, so : ↓ expe For

Br(p)Vol(Br(p)) = Seripy 1 dvoe = Sexpp(Br(de
& duol

↳·

P

Change of/ det (d(expp)n) du
M

Veriebles

formula Brion Cp
expp[p = cut(p) is the
cut locus of p

Recall:Polod(frdet)dexpt) Br(p)= expp(Br(o)) = expp(Br(d)1(p)

where v(v)= minEr , cut (v)3 for VetoM , IIvI1 , ie.
veS" " (2)<ToM.

12



Since depp)ynei = & (d(expp) +vtei) = &Jilt) is the Jacobi field

along t- expptr with Jild=0 and Jild-ei
,

it follows that

det (e(expp)
+v) = In bet (J . (t) . -- > Ju-H) and hence :

if needed,
extend jult)

Vol(Br(p)) =(( det(J(..., Jn() ata as jul) = o for

- t > cut(v).

jult) ↓

By previous
result

, Jult/JH) is non increasing
on [0 ,w], where

JH) = det (5, ---- Jn) , for corresponding
Jacobi fields 5: on

M

Y dr ,
which is also non-increasingSet g() = vetsi) /grayJ

(because it is an average of monincreasing quantities). As before,

(spacewse
Vol(r) = Sgm So JI)dtdv * Vol(s) So JHdt

This
, Fubini

Br
=
Sojete HeVol(5r) Voe(s-() .So JH et

is non increasing ,
because RHS is the -weighted) average

of the mon increasing function q(t) over growing intervals.

13



D⑦ More explicitly : if $ , 230 , and the is now increasing , the
P(t)

F

as PlAdt=~ is non increasing ,
where Er

= S(r) .

Stdt So as

Rigidity statement follows from rigidity statements in ODE comparison :

if FreSt(1) , Foster
, juH =JH) ,

then aft =alt) , for all Oster,

5 RIt)=I =K Id .

This Brip) has constant currature sec and

7L
is hence isometric to Br.

Remark Similarly , one can prove wiB is non increasing a
-

Geometrically :

F ·
if ... Vol(Br(p) Vol(B)

B
Ricy,(n-1)4 Sect

(2 Ric = ( - 1)()
With stronger control on curvature sec we know that :

langer/shorter so "integrating"

BUT

Fi I =>>
get the above.

14

RickX(n-D is

enough for
this

"integral" control.



Ridityin Myers Theorem (Originally by Shir-Yven Cheng , with different proof)
↳ student of S.S.Cherr

Thm.
Let (Mig) be a complete Riem . meld with Rick, W . (n-1) > 0 and

diam (MYg) = diam(S(/ )) = E Then (Mig S(**) ·

Pf: Let PfcM be points at maximal distance
, is. dist(p , q)=

then
, for all >O ,

the balls Br(p) and B-1(7) are disjoint :

if d(p , x) < + and d(x ,q) <F-r , then

- # d(p , q) [d(p, x) + d(x ,q)
--I so no such X can exist

.

Thus,*
P

M = Br(p) ( Br(q) (disjoint Union)

henc Vol (M)* Vol (Br(p) +Vol(B-r(q) ·

From Bishop Vol
. Comp,

-1->
(Br(x) is non increasing ,

in particular,

M blSB(x) = M
it. Val (Br(x) > Vol (M)-Vol(r) .

This
, applying this in @ :

Vor(S"(/)

Voe(mic,I(v)+vol(r)
= Voe(M)

,
so all

Vol(s"(Y) 15



the inequalities using Bishop Va . Comp. above
are exqualities . This,

from rigidity in the equality case of Bishop Vol
. Comp, we have

Brph and Barr , This MrS(Y)
P

⑧ Indeed
,
there is no room for

↑

-
-

&
-MES(Y

any M1 (Brlp) VB-r(q) because-Brip:
Br · q

that would increase the diameter

&en problem : If (M2 , g) has Rick (n-1)* > 0 and

Voe (M ,g) > I vot (S"(1/) , then MESM ↑

homeo ?
differ?

Exercise : a) Find counter-exemple with Vol(M , g) = Evol (SV(**) .

↑
Hws b) Prove that (Mig) as above is simply-connected.

Hint : if M is not simply connected , take its
universal covering.

-

Lecture 23 5/1/2024
-

A quick taste of Geometric Group Theory : #
· IfT is finitely generated, fix a finite generating set G, Cayley groph of
with eCG and G*-G

.

Then define Growthfunction for T : F = <a,b)

-N = #get : g
= gz---gx , with g . EG3) In terms of

the Coyley
groph with

the Word
--

metric, this is the*
of group

elements that can
cordinality of the closed

ball

be writtenes product of a generators of radius & around eet
in the fixed generating set G

.

⑳ If G' is another choice of generating set for I as above
,
then

N N and N ND for some constants C , D > 0,

so can ignore
choice of gen

.
set G for questions below.

16



· Q: How does No
grow with ? Polynomially ? Exponentially ?

Thm (Milnor' 68)
.
If (Mig) is complete and has Rico

,
then

any finitely generated subgroup NCM has C.

↑
it
,"polynomial growth

"

# Choose Oct, and let VIrl = Vol(Br(d) . By Bishop Volume Comp

v(r) _ Vol(BRY0l) = r Let G = Eg -... gpbea

fixed generating set for <IM and = mex dist(5 , g :0).
12ip

Then B has at least N & distinct points
u

.

x(0) K

of the form go ,
with get Choose ETO S. t.

g. Ba(0)l By(o) = ifgte .

Then Buxialo) has ot least

N disjoint subsets of : ·go"
the form g .

Bala gNV(z) = Vol (H g . By(d) = V (Mk + 2) O Ba (g . 0)= g . Ba(o)
·

g= g....g ↑ -

&

gieG Bishop : Bald :
"

· ↑
8 ↑

& W ↑

T ..... -

ThisNY El

- -

&

V(z)
(recoll : M compact => TIM is finitely generated)
-

Thm(Milnor' 60. If (Mig) is a closed Riew. unfld with see <o
,
and

TM = <GX
,
1610

,
then a"for some ac 1.

↑ i.e
., "exponential growth"

Ex-undamented group of hyperbolic monifold [" has
-i T

exponential growth; thus , cannot be its of myld w/ Ric 0.
So
,
cannot "improve" the above Thm to scal o

,
as [

*
x $42/s) has seek

for 134 and so suff small, if [2 is a hyperbolic surface.

17



-Conjecture(Milno968) . If (MYg) is complete and has Rico,

then NzM is finitely generated.

· For n =3 , it was proven by [Lin ,2013] and indep . [Pan
, 2017].

& Inventiones poper,
↑ Crelle paper,

uses minimal surfaces
Uses Chager-Colding
theory and Ricci->O
limit spaces

· In November 2023
,
a counter-example (MTg1 with Ricxo and

TIME = Q/I was announced by Brue-Naber-Semata
, using a sophisticated

gloing method to produce a "smooth fractal structure".

One of the founding achievements of Geometric Group Theory is :

Thm (Gromov'81) A finitely generated group I has polynomial growth if and
only ifM is virtually milpotent (INXT vilpotent with [N : N] Jo .)

So , if TJNIM is fin gen ,

and M hos Rick
,
O
, then ↑ is virtually milpotent.

Conversely ,
ifM is fin gen .

and Virtually milpotent, then N =&M for some

M with Ric, o (Wilking' 2000)
aThis paper

also shows that if a counter-example
M to Mienor's conjecture exists, then

it has e
a

covering space M- M With TIM abelian and
&

not fin gen . (e. g ., TIM D/1)F

Stronger results about HsM can be proven with stronger curvature assruptions :

Here and throughout: if o,

then

T
8EponogovTriangle Comparison #assume all lengths are

· TriegleVersie e
Sec, w

,

0
,00 M ,

W Original triangle I Compriangle,
Po

&
Il ⑳ -

To
~

E oBo d 1. z - 1.Y- Bo Il d
EViMgod frompot, · I -Xi

I
- (

O

- - ~

Pl -
N

d= dist(o , UHt) <  = disto , (t)
o Pi

& S Pi

g see, W
See EKthe e all to 10 , 1) anddi

Ig



Comp. triangle w/ sameHingeVersion
a

Sec ,

o
, popEM,

original triangle hinge : l(Bil = e(), a=

Bo
Do

BiMi
in good , from o to Pi, Ir leThen e(p) = e(); where jij

(x
I -- 1 & g

close the hinge : (10) = dist(po, Pe)

· I ⑭are the min. good that O Vi T ~

- Bl Bi

e() = distr , pil . See ↳ Sec

Corollary

Agroderic
triangle on a manifold with seco satisfies

-

-

(i) (( [lap + elb?- zela)elb)cosy C-length
C
L b

iP
A

U
(ii) X +B + JXπ If seco, thenget strict inequalities.-

P: (i) is immediate : Gauss Lemmo

elaR + e(b)
?

- zeca)e(b) cosy flep+ el5)
?

-zecle(5) cosy

TLew of cosines- 1(c) ↳15 ToMim R2 O

-Toponogov (Hinge) -e(c)? b ↓ exp
--where a = exppa , b = exppts, c = exppt. p
· (2

A

C M

(12) Follows from (i) as in the seco case: build comparison

triangle inM with side lengths Ma)
,
e(b)

,
el)
,
and engles

5
, 15 .

Then elal + elbl - 21(a) elb) 2008 e(c?
=((a)+e(b)2-2t(z)e(b)co

1(c)e so cos y & los hence

U G .

Similarly for a
and get

- Ia+p + jxz +B +5 = 1

Combining
/earlier wabore seco ~

As before
...

V

Lar : (Mg) has see o (0) if XpeM , exp: TIM
EM

Y

is distance non-increasing (non-decreasing)-
19



teaIm (Gromor 1978)
.
If /MY g) has see, O ,

then NIM can be
genera

n
elements. If (MYg) has secx- ** and diam (M) = D

,

then
by Ent . 2

TIM can be generated by it (2 + 2 cosh (2D)*Note:If the -

If: (Case = 0). Fix ocM and consider the isometric action of

T =M , by deck transformations . Define displacement ofget: (g) = dist 10 , g
. 0).

Clearly, a min , good . From o to
go

in M projects

to geodesis loop based at ploleM, which has

-

or

any
o

go
minimal length in its homotopy class. ↑

go ~

Ryo ,

there are our finitely& M

given Y many

& /r get with IgIER , because otherwise an

plo). infinite seg giet with IgilER
would produce

II M which
plgo gi.o of points

in Br(o)
/

pigo an infinite seend contradicts the covering property.

This
,
we can define get s. t . Igal= min Igl , and gz

EN with
7)

gen -"short basis
L

Izz)= min Igl ; inductively , define a sequence gr , gu -..
er of generators

get / (gi)

with 1911-1921 ...

and Igirsl =min 191
. (keep adding elements go until a

ger((gz, ...,gi) set of generators is achieved .)

Set lij-dist (gi0, gjo) for all i < j . Then lij /gi,

for otherwise g = gig, would have

Ig = lij < /gj) and (82,--gi , - -.9j) = (g1 , . . .,gi -- -ig)

hence contradict the min.
choice of gj above.

Note that all sides of the triangles 0
, g: 0, gjo are

min geodesics. 20



By Toponogov, applied to the triangle gi
. 0
, gj0 ,

o,

we have that Xij ij s lij
Law of cosines in R2 :

gil
Il

1
gjo

lij = (gil+ 19j12-Elgillgj) cos Tij
O

see,o

=> cosij)=Hi
⑭

L

Igil =Igj) = lij if izj JesI T Igj)" go
Sec = O

=> jij

Let victor be the unit vector tergent to the min . good from
M

o to giv. By
the above, the distance (on the unit sphere inToY
between Vi and Vj is Xij),

it
,

so the balls of radius
5

Vj -
centered at vi and vj

must be disjoint. (This already proves

- There can be only finitely many vis ,
hence finitely many gis---

-
M
6 - i= #/6
- L
-

a so T=M is finitely generated). Moreover, as Igit = (gil,Tij
6

B
-

---
we must also have that distance from -Vi to Vj is· If idj , therefore the number of Vis is :

ToM
i < ]

#veS""CToM
.

#Egi3 =#[v: RVmofe Sete
s

volume of each disjoint

21



Volume of spherical ball of radius v is

Standard computations give : volume of Erclidean
ball of radius sin r. (o*)

n- 1
-

· Vol (B (v) Vol (BR(o)) =- (N = Gamma function)
= Yz log-concavity of M:

2
· Vol(RP"" (1) = Evel (S

""

(11) = FTE) r
I

So #Egi3=#vi]r(z)

For case Sec, -42 , see Eschenburg's notes . T

Bishop Volume Comparison TUsing I oponogov Triangle Comparison Critical point
--

theory for distance functions and topological constructions , Gromor proved the following:-

Thm (Gromor ' 1981).
:

) If (M" · g) is a complete unfed with See o
,
then bx(m) < ((n).

k= 0

&+D

i) If (MYg) is a closed infld with sec, -2 and diam ED , then (MC)
Cannot replace the hypothesis see,o to Ric >O because :

I/

Docking station" &-

ep
-E-

C

l
Thm (Sha-Yong'90s) .

FRE
,
#2xS2 and #

*CPH have Ric > 0 .

O

!M
-

> also #1S*x Sm for any Mim2
,
11

.

Mm. (Perelman '97) . VEN, #KPI has a metric with Rico , diam =1 and Vol V > 0.

Thrs
,
since by (1) = 21 and ba*P ) = X+ 1

,

out : seals o is
Y I preserved by #;

finitely many of these manifolds can have seeo Currently, indeed by surgeries
- of codimension3.

- only $" and KP2 are known to have seco and elated en question : is
I there a simply-connected closed

mold that admits
= only $2x2 and KP# F KP2 are known to have see 0. Scal > o but does not admit

↑

Conjecturally , the above is the complete list of simply
Tonnected tmildstio?

(double disk: ///1)#/-/
with seco and See, 0. #te : As 19+N , Perelman's #PCP converge to B*UB4 flat

22



LeaAre24 5/3/2024 Mostly taken from my book w/ Alexandrino :

"Lie groups
and aspects of isometric actions "

LieGroups-andLie Algeles Chapters 1. 2 .

geometric

Def . A manifold G is a Le group of it is a group , and the maps

GXG7(gih) /> gheG , 67gt-gee
are smooth. Equivalently, the map GxGE(gh)+ ght G is smooth.

Ru:Equivalently,corta definerequiringonhigh
is smooth; invera

Ex: (R , +) , (57)

Examples (Classical Lie groups).
GL(niF) = [A-Muxu(F) : detAyo3 ,

FeEIR ,

C
, HB

SL(n . F) = [A + G((n ,
F) : def A =]

0(u) = [AEGL(n . IR) : ATA = Id3 or thogonal group

So(n) = 0(n)1SL(u . IR) - conjugate transpose (adjoint)
C

UI) = GAEGL(nC) : A* A = Id3 unitory group

SU(u) = (In) 1S((u , ()

Sp (n) = &A = GL(u . H1) : A
*

A = Id3 symplectic group.

Get A rector space is
a Lealgebr if it is endowed with a bilinear

skewsymmetric map [ ,7 : /+1-4 ,
5 . 6 .

[[X, Y] . E] + [[Y ,]
.X] + [[X], = 0.

(i .e ., [Xiv] = - [Y ,x)) UXY.Ze

Ex. R" with [i] =o.

42(u , F) = Muxu(F) .

(A ,B] = AB-BA

secu , F) = EXy((hiF) : tr X = 03
o(n) = so(u) = EX(ye( ,,R) : Xi + X = 03
u(u) = &X-(n , c) : X

*

+ X = 03
su(u) = u(u) 1st(u ,

()

sp(n) = &X 41( .H) : X
*
+ X = 0]

. 23



D: Left translation LgiG-G , Right translation Rg :GG

X +>g
. X Xi Xg

are
both smooth and have smooth inversee Lg+ and Rgy , hence are

differmorphisms .

D. A tensor X over G , e .

g ,
a vector field, -form ,

etc
,
is called

left-invariant if dLyX= XoLg ,
in . X(gh) = dig)nX(h) , and similarly

-

night-invariant if dRgX = XoRy · If it is simultaneously left and right
invertent

,
the it is called bi-invorient
-

Roop . A left (or right invenient tensor is smooth
.

# Nectar fields) M
: GX G+ G

, MIghl = gh is smooth
,
and so is

5 : G-TGXTG , s(y) = (0g .
X(e)) ,

where gibg is the zero section

of TG .

Then X = duos is a composition of smooth maps ,
have

anooth, and all left-invent rector fields are of that form.

Defi A group homonaphism 4 : G-H is a
Lie

group homomorphism if

it is smooth (actually , continuity ->> smoothes) .

A linear transf

9)- H is a Lie algene homomorphism of [Q(X) , @M)= $([XM3) .

# Given a
Lie group G

,
let <P = EX7)(G) : X left-invenient?

(i) K ,

endowed With Lie bracket of vector fields, is a hie algebra.

(i) Endow TeG with the Lie Bracket [X. 4] : = [* ,YJe , where

usually
write jet = e X ,

Y:Y .

Then (TeG , (i7) is a hie algebre, and
dlg for-
simplicity the evelvation may evele : -TeG is a

Lie algebra isomorphism.

If . (i) is straightforward from lineouty of digle and noticing X is

left-invenient if it is Lg-related to itself 24



(ii) evole is clearly linear and injective ; if Xe = Ye ,
then

Xg = dLgXe = dLgYe = Yg , Vg s X= Y .

It is also clearly

surjective : given veTeG ,

X= dhgv has Xe=v . By its

definition ,

it preserves
brackets

,
so it is a

lie elgebre ison .

I

Ref. The Lie algebre of the Lie
group

G is the above
1

=TeG.

#If (MYg) is a complete Riem . Mold ,
then G = Isom (M,g) is

a Lie
group (Myers-Stearoa) and its Lie algebra is the

space

o killing vector fields & = EXECt(M) : DX Skewsymmetrn] ·

-Lie
group E Mu

Lie algebra
converse ?

We'sthird Theorem . Let be a (finite-dim .) Lie algobre ·

There

exists a unique connected , simply-connected ,

Lie
group

G With Lie

algebra somorphic to

Def .

A Lie subgroup HJG is a subgroup which is an immersed

submanfold and HxH7 (x 1 g)>xy
+ eH is smooth.

↓me. If Y : G-G2 is a Lie
gp . homomorphism

is a unique Ye that is I-related to X
.

"Given XCAJe ,

there

18. Define Y = bhg deXe .

Then :

dYg Xg = d4gdhg Xe = &(4ohg)e Xe

= d(Ly(g)04)eXe = dLy(g)d(eXe = Y4(8)

Uniqueness follows from left-invariance of Y
25



Lop. If Y : G - G2 is a
Lie

gp homomorphism ,
then

d4:1-ye is a Lie alg. homomorphism.

It . X,Xe Are Y , Yne are
the left-inv. extensions

of deX , dHeX2 ,
so ,

since Lie brockets of 4-related rector

fields are I-related,&
Yeoge de Xi =(dYeX1. deXz]e = [Yc

,Yz]= dYe([X ,
X23).
7L

for . If HG is a Lie subgroup ,
i :HG is an injective Liegp.

homomorphism that induceson isomorphism die from the Lie

algebr 4 of H and the Lie sbalgebra die(h) of $

Thus Let G be
a
Lie

group
with hie algebre 4 ,

and <a
-

Lie subolgebra .

Then there exists a unique connected Lie subgroup
HCG with Lie algebre 4.

If. The distribution Da = [Xq = kLqX forXch3 of G is involutive

b h is a
Lie elgene. By Froderius

,
it is integrable; let I be the

loaf through eeG . Since D is left-invenient, Ly maps leaves
to

leaves , so Lu+ (H) = H for all hel , i
.

e
,

H is a subgroup
It

Uniquenes follows from :

↓emme : Let Go G be the connected component of eEG. Then GoG

and connected components of G are of the form g
. Go for some get.

Moreover
,

FUze open neighborhood, Go =U Eg -g : ge

If.
See

my
book w/ Alexandrino.

26



The If G is a connected Lie gp ,
there is a unique simply

-- -

connected Lie
group

G and a Lie gp homomorphem t : G+ G

which is a covering map

E
. g.,

R" -T"
,

Su(z) - So(b)
,
Sulz)xSulz)--50(4)

Sp(z) -+ S01st), Su(4)- So(6)

P. A Lie gp homomorphism #: G -> G2 between connected

gerups is a covering map If die:- is an isomorphism.

If .

A covering map is a local differ ,
so is lear.

conversely ,
if dite is an isom

, by Fur. Frust .

Thm
,
JUCG ,

and

VCG2 neighborhoods of the identify ,
s .

t Tr :U-V is

a differ . By Lemma
, given

heG2
,

h = hi---hiw/hiEV,

andEgizV S .

%
. Algilhi so Ngt-gr) = hi-hit = h

,
so

it is a surjective homomorphism. One then easily checks it

is a covering map with deck transf-gp. New it. ↳

&me. If 4,
P: G ,

+ G2 are lie
gp homomorphisms ,

G ,
connected

,

and 0 :

-42a
Lie algebre homomorphism , dif = die= O

,
the

4 : 45 .

If.
Consider the gropte of 0 ,

h : = E(X .
O()) : Xey] ; which

is a
Lin subalgebre of $1. Bj a

Theorem above
,
there exist a

myre connected Lie subgroup H of G xG2 with Lie elgebra h.
27



then 0 : G1 + G
,

x G2

"It g1 - (g , 4(8))

is a Lie
gp

homom
.

with do (X) = (X,&()
,

a
Lie alg homom.

,
and 0(G) <G , X G2

Lie subgrap with Lie algebr Hy . By rungreneu ,
6(G) = H.

S replacing 4
with Fr, if di = die=O

,
we would obtain

the same abgroup of G
, XG2 ,

which is the groph of
the

7
homomorphism 4 =45.

L

Thm . If O : y ,
+ is a

hie algebra homomorphison ,
and G,

-

-

is connected and simply connected, then 54 : G ,
- Ge unique

This uniquences is cruciala
in what follows; laterLie grop homomorphism ~/ de = 0.

references to "uniquences"point here.
-

1. Let y = groph & and HCG ,
X62 its Lie

group ,
as above.

G2 Then (4 , 02) : H- G
,

is a

Lie
gp

M

homomorphize, d(n , 01)e (X ,O(X)) = X ,
so

" it is locally invertible near the identity :I
W

(t, 0i)" ; - V is a differ .U

r G, a

Let 4 = 20 (Noi)" : U-> G2 ·

Then 4 is a local homomorphism

with die = 0
,

since

dYeX = d(x20(, 02) )eX = d (d oi) + X)

= driz (X , O(x) = O(X) .

28



Since /N , 0i) is an ison.
,
(it, oil :H->G

,
is a covering

Map . As G
,
is simply-connected, it

,
or is a differmorphism

so can be globally inverted
,

henu U : G , - G2 can be

globally defined as 4-20 (A, 02)% Uniquence follows from henne
I

& Gi
,
G2 connected

, simply-connected, O:- isomorphism

then 5 ! 4 : G ,
-G2 isomorphism St

. due= 0
,

i
.

e ,
Lie groups

G
,
and G2 as

above are isomorphic if and only if their Lie algebras
ere isomor tric.-

p

Def A Lie group homomorphism X : IR- G is called a Imperemeter
-

subgroup of G.

By the above theorems
,
the Lie algebra homomorphism F:-,

O(t1 = tX (for some fixedX*) "integrates" to a unique

I-param abgroup XX : R - G sit * (0) = X
,
which is also

the integral curve through eCG of the left-invariant
Vector field X :

Xx(t)= xx(t + s)(s
= 0

= d(xx(t)4x(0) = d(xx(t)X = XXx()

Pef .

The (i) exponential of the Lie group G is

exp = 1 - G , 2xp(X) = Xy(1)

Y#m : If G < GLIu , F) is a matrix Lie group , then exp-G
coincides with matrix exponentiation expX = eX=

29



Lecture25 5/8/2024

Recep last lecture .

Ep: exp:
-> G satisfies the following properties

(i) exp(tX) = Xy(t)

(ii) expl -tX) = exp(tX) -
=

(iii) exp(t , X +&x) = expt , X - exptrX

(iv) exp : TG-G is smooth and dexpo-id ,
hence exp is a local

differ from neighborhood of
OcTeG to neighborhood of exG.

18. Let X/sl= Xy(st) ·

Differentiating of sto
,

we have

4 (0) = & xx(t)(
= 0

= XX(0) + = tX

This
, by uniquences of the 1-param - subgrap with initial

velocity IX
,

we have Xx (st) = X
+y(s) . Setting s = 1 ve

obtain (i)
.

Since XX :-G is a Lie group homomorphism,

(ii)
,
(iii) follow .

See book for py of (iv) ,

similar to Riem
- cose.

Prop .

The exponential map exp : (F) - GL(n
,i) coincides with metrix

exponentiation expX = ex=

18. The series eX = ** converges uniformly in compacts of (n , F)
,
and

1 = 0 tX

(X , Y] = 0 if and only if eXtY = eX .

eY
.

Let X : 41(n · F) -> GL(n .F), X(t) =e

Each entry in the motrex etX is a power
series with internate

radius of convergence , so a is smooth. Differentiating term-by-term,

x10) = X .

Since X is a -parameter subgroup of GL(niF), by uniqueness

it follows that x(t) = exp
+X. I

30



Pop. If 4 : G
, -En is a

Lie
gp homomorphism ,

then

& 2

exp'd ↓ exp[ commutes.

G G2
Y

If -Y(expt(tX)) and BlH= exp(He +X) eve 1-porem · sebgps of G2 and

alld = B'(d) = d9eX ,
so < =B by uniqueness.

Cor . If HCG ,
then To expl = expto die where i : H -G is inclusion.

CampbellBaker-Harsdorff formulas :

exp(tX) exp(ty) = exp(t(X+ y) + [X,y] + 0(73)

exp(tX) exp(tY) exp(- +X) = exp(ty + ==[X ,Y] + 0(ty)

If .

See Spiral vol 1.

1Def .

A representation of a group
G on a rector spece

V is a group

homomorphism 4 : G-Art(V).

I

Def .

The adjoint representation Ad of a
Lie

group
G on its Lie algebra4

is Ad : G + Art (4) , Ad(g) X = &(ag)eX ,

where ag : G-G is

conjugation by g ,
i
.

e
, ag(X) = gxgt

By theChain rule
,

we here Ad(g) = d(1g)g-1
· d(Pg+)e

Note that

Ad(g) X = f aglexp X) 1 +0

= gexp(tX)g It =o

So
,

since exp and Lie gplay. homomorphisms
commute,

exp(tAd(g(X) = ag(exp +X) = g
. exptXg

+

31



so
, setting t = 1, exp (Ad(g)X) = g

. expX .

g
t

Differentiating again ,
we have : ad(X) :4- , ad(X) Y = dAde() Y

which is a
Lie algebra representation ad :

-
End (4)

By the Chan Rule,

ad(X) y = Ad(exp +X)Y(t=
Since exp and Lie gplaty. homomorphisms

commute,

Ad (exp (tX)) = exp(tad(X)
so

, setting +-1 ,
we see

that the following diagram commutes

ad Note Art() < GL(4) is the

[-> End(4)
closed subgroup given by isomorphisms

↓ exp which are Lie algebra isomorphisms
expd Lie, preserve the bracket) ,

this it

- is e Lie subgroup of GL(4) ,
with

G > Aut(4) <
Lie algebra End (4)

Prop.

and (x)Y = [X ,Y].

If . By CBH formulas
,
exp(tX) exp(tY) exp(tX) = exp(ty + E2(X,v] +0(t))

,

so with g
= exp(tX),

exp(Ad(g) ty) = g
. exp(ty) . g

=
= exp()y + E2(X,Y] +0(ty)

Since exp is locally injective near OX,

Ad(g) + y = t y + t
= [X , Y) + 0(t))

so dividing by t and differentiating at t = o
,

we have

ad (x) Y = Ad(exp +X) Y1
+ = 0

y + + (x ,y) + 0(+)1
+ =0

= [X, Y].
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Pef .

Theunter of a Lie
gp G is (4) = EgeG : ghg"= h

, thee]
and the center of a Lie aly . (is z(4) = [X4 : [X,Y] =0 Ye3.

Drop: If G is connected
,

then E(G) = Ver Ad is a

normal Lie subgroup of G ,
with Lie algebra (4) = Ker and

1f. If get(G) ,
then agzio so Ad(g) = id. Conversely, if

geher Ad ,
then glexptX)g" = exp(EX) for all XC

so g
commutes with all elements in a neighborhood

of etG,
hence with all elements in Go = G .

Since

Z(G) &G is closed
,

it is an embedded Lie subgroup .

Since

dAdle = ad
,
it follows that its Lie algebra is her ed . It

: If : - G is a covering of connected Lie gps ,

then her it is a discrete subgroup of E(Q).

↓

Lecture 26 5/10/2024

Def A Riemmade one Legroupisleftinveina-

(d((g)nX , d((g)nY(gu = <X , Y)n

Similarly ,

it is right-invenient if RgiG-G is an isomety EyeG.

Note thaton inner product (1),
on TeG defines a unique

left-invenient metric on G : <Xit)g = <d(Igi]gX ,
dILg

,Ye
33



A metric on G is bi-invenient if it is left and right-inversant.

Prop. Compact Lie groups admit
bi-invenient metries .

# Let WeR"(6) be a right-invenient volume form,
e .

g .,
obtained

by setting WRgWe ,
for a given

volome form weeATeG
&

ie
., Wj(X , ..,

Xn) = Weld(Rg)gXe , ..., d(RgtgXn) .

Let it be a

right-invenient metric , e.g . <XX]g = (dRgigX , dRgngYe for an

arbitrary inner product (1) on TeG. Define FX, YETXG

Q :TxGxTeG + R
, Q(XY)y = S

,

< dyX , digYgx 0

Then & is left-invenient because
, setting f(g) : = CeLgX , dLgY]gx

& (dLuX , dLuY)nx = Sc (bLyaLuX , dLgdhY]ghx w

- S1(gh) w = SR(fw) = Say fw = G(X ,Y)x

and Q is right-invariant because:

Q(dRu X , dRuY)xn
= SpCeLg draX , dLydRiY]ge4W

= S <dRutg X , dRndLgY) gxhW = SCoLgX , dyY)gW
= QXY(

M G

RuoLg= LoRh
I

So also

dRudLy= dLgdRh Ruh Same non compact Lie groups
do not advet

-
metrics; but some

do (eg . R4xG.)
bi-invariant M

compact.
34



Prop The left-invariant metric < ... ) on G obtained from the
-

innew product <-1.) on TeG is bi-invenient off (Ad(gX ,Ad(g)Y=<X.X)

i. e
, Ad(y) : -

is an isometry.

If.

Exercise

& SBiinvanent Adinverent
in

ase 3

Pop .

LetO be a
bi-invenient metric on G

, XiZe . then

(i) &([X,] . 2) =
- G(Y , [Xz)) ,

i
.

e ,
ad(X) :-4 is shew-symmetin

(ii) DxY = E [X ,Y]

(ii) R(X.v)Z = G [E, [X , 43].

(iv) & (RIX -Y) ,

z n w) = 1 & ([X,Y]
,

(z ,W])

In particular, (G . O) has RDO and hence see 0.

# Differentiate Q(Ad(exptX)Y) , Ad(exptX(z) = &(Y, 2) of + =0 :

& (ad(x) y ,
z) + & (Y ,

ad(X(z) =0

& ([X] ,
z) + &(4 ,

[xz]) = 0.

To compute the Levi-Civita connection
,

Use Koszel formula :

* -
0 Xitit one left-invenient.

a(DyX , z) = z(X(42)+Y(X,z1) - z(xX,Y)

- a([XE]. Y) - &((Y ,z) ,x) - Q([X ,Y] ,E)
= [Q((Y ,X] ,z) + = (0(ad(z) X ,Y) + &(X , adzY)
~
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i
.

e. DyX = E[Y ,
X] ,

so DxY = [Xi1]
.

The

RIXY)z = DyDyE-DyRZ-TExigE

= [[X ,
24

,z3] - i [Y
,
[x,z]] - * [2X,Y]

, E]
-

=-i143 :2) + (17 ,x) .Y] +[
,2) .x7)

=
o (Jacobil

= [E, [x,Y]]
.

& (R(X -Y) ,

z nw) = Q(R(X, Y)W , z)

= [R)[w ,
<x

,43]
.
z)

= 19([X ,Y] ,
[z ,w]) .

#m. If G is connected and (1) is a left-invenient metric on

G s .
t

.
JadIXY , E) =

- <Y , ed(XE) ,
then 11) is bi- invenient.

Pop- exp :-G and expe:TeG-G agree
on

Lie groups with

bi-invenient metric. In particular, exp
is surjective on compact

connected Lie groups.

P. The 1-parameter subgroups XX : IR- G are geodesics ,
since

hence

Xx(t) = exp(tX) are integral curves of X and

x(t) = GX(xx(+)) = 7xxX = XyX = z(X , x] =
0

.

·-'

H7 =X(7x()]Ax

Xx(t)
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Conversely ,
the geodex y : (E , 2) + G with Globe , (10) = X is

UH = exp(tX) ,

so can be extended to U:- G
.

This,

exp and expe
coincide.

then it has a bi-invenient

If G is a compact Lie gp,

metric
,

and expe = exp,
so expectac - G is globally defined

ble exp :-G is
,

hence G is complete by Hopf-Rimor.

This
, expe : TeGeG is surjective ,

so exp :/-G is sonjective · [

Rmk exp : st ,1) -SL(M) is not sorjective; so
SL(I)

-

does not admit a
bi-invenient metric.

Ref The killing form of 4 is B :-R given by

B(X ,Y) =
to (ad(X)oad(Y) .

I symmetric blu trAB = trBA.

The Lie group is called semisimple if
B ismondegenerate.

Pop .

B is Ad-invenient

19 If 4 :-
is a Lie algebr automoplasm,

then

ad(y(x))y(x) = [4(X) , 4(4)] = Y([X ,x3) = (40ad(x)) (Y)

so and (4(x) = 40 ad(X) 04-*
Thus

,

E.g.,
on SUlu),

B(y(X) , 4(4)) = to (ad (4(x) · od(4 (41)
B(X, Y) = -ZuRY

ciur

= tr/4 edX 4
+

& odY 4) I on O(n),

metric on SU(n)

= tr (ad X adY) = B (X , Y). B(X ,Y) = - (n-2) AYT

Apply the above to 4 = Adlg) I & b



Cor Let G be a semisimple Lie gp .

with negative - definite
-

killing form .

Then-B is a bi-invorient meture.

RmY The Ricci tensor of a
hie group

G with a bi-invenant
-

metric is Rhin (X, Y) =
du R) , X)Y = to 124 ,

2 , x]) = - [B(X, Y).

Thm A semisimple connected Lie gp is compact if B < O.-

&f . If BXO ,

then -BJO is a
bi-invariant medic or G

As exp and expe agree, by Hopf-Rinow,
(G ,
-B) is a

complete Riem
·
unfld with Ric(X . Y) = -[BNM) ,

i
.

e.,

Rich, 1 (B) 20 .

This
, by Myers Theorem ,

G is compact

Cand NeG is finite) .

Conversely , if G is compact, then
it admits a bi-invariant metric &

This
, of See , -ent is an o .

nb of ,

B(X ,X) = &(ab(X) ad(X) ei,ei)
i = 1

=-Glad(X)ei , ed(X(ei) O

i = 1

If led(Xeil=0 for some X*4 ,
XO ,

then BN
,
X) =
0 for

all Ye
,

so herBEROS contradicting the exemption that

G is semisimple .

This
,

B < O. [

Lor.
If G is a semisimple connected compact Lie group ,

then

(G ,
- B) is an Einstein manfuld with Einstein constant 14 .
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Em . 4
is semisimple if $= 0

- --

**,
where *Dave

Simple Loa elgebres,

ie
,

non commutative simple ideas of$

#m If p
has a bi-invenient metric Q ,

then
4 =

20
... 0↑ is

[u
be Abelian

the orthogonal direct sum of simple ideals (some may C .

The connected simply connected Lie gp G
with Lie algebr /

is the product of normal Lie subgroups E =Gax---XGx ,
s .

t.

Gi = I if Ki is Abelian
,
and Gi is compactif 4

is not Abelian

Pf. See book "semisimple port"

Cor . If y
has a bi-invenient medic, then (4)

for(Weyl) . If G is a compact Lie gp .

with finite center
,
then

#G is finite and hence every Lie
gp .

with Lie algebra is

compact .

Pf G compact =>
has birinu

.

metric) is semisimple
-

(z(G)k o = z(4) = 303
- B>0

(G ,
- B) is Einstein w/ Rich, I ,

so It ,CK+O by Myers.
N

Thus
,
G is compact, and

any
Lie gp

.

with hie algebra

& is a quotient of G
,

henc also compact
. [

By the above
,
the classification of compact Lie groups

reduce

to the classification of simple Lie
groups. WillingCorten
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-Lecture27 5/15/2024

From last time ; if G is a compact Lie gp ,
it admits a

bi-inv metric

& and (G,C) has RC
,

0 ; in particular, seat, 0.

HomogenasSpace

Def : (MYg) isa homogeneous space if it
has a transitive action

by isometries : 5G (Ison (MYg) s.

t . G(p) = M.

If H = Gp = 5geG : gp
= p3 ,

then M = <(p) =

H ·

ExS: , Re
= Ga = ( +1):

⑧

".

P
0(u + 1) S"CIN+ 1

= So(n) x72 -

- isotropy at pes" = Oni
o

- 4
2n+ 1

Ul +1S Cen+ +

commutes<Phil Eryvections ↓
Until e Cpu

isotropy et LeJECPV : UH & et"

v(1)de = k

Hp"- Sp(n+)aS4n + 3
< #4+

↓
commutes / ↓ isotropy of feTEHP": Splait ySp(17

Sp(n+)a Hpr Sp(1)2l = K

The above
Cp=a ( symmet,

comprise thecompactrankaspace

Pop If G is a spat Lie gp,
and HCG have hie algebres 4<

an O

let m = h
+0

,

so

4 = hom. Then Teh/H = m I
use

the Piotropyrepresentation HR Te is precisely Ad :-A
v> dhin) V
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Cor In the dove situation : G-inv.Metrics Adt-iu
ina3- E E products onM

Def .

The chosen bi-inv metric & on G is AdCH-inv, have

induces a G-inv metur on /H ,
called normal homogeneous,

and G-P/ is a
thiem

,

submersion w/ totally geodesic fibers.

Eop. If A: (M , g) - (N , j) is a
Riem- submersion

,

ther

secy(X-Y) = sec(* nY) + 1[x,+3 ? ↑ is the hor , lift of X

↓ sodit() = X
,
and 112

is the vertical component
In particular , if seago ,

then seco

Im: Dy Y =*Y + E[**]Y .

Cor. Every compact homogeneous space
admits metrics w/ seco.

Eat. The modeli space of Grinv .

metrics / seat, o on a spat

homog space is path-connected .

1 Essentially ,
it is star-shaped

around a chosen normal hom .

metric.

-
Int'
<qu + 1

Let Ve = (iz , ,
--

, izuxi) be the vertical direction.Ex S

↓ ( E[T] , v) = (D , v) = <D* *, V) =

Cpn
= * [V) - < Y ,V = <T

, Din
=o

- Is (7 , iX) = <Y
,

i* )
.

so zCXF] = <YinX) V and pl[X .YJ=CT,
iX)2, so

secur (X - Y) = 1 + 3 < 7
, iX)2 for all EX, Y3 orthonarmed.

In particular ,
1 secpu -4 .

One easily computes Ricpu= En+2)gkP,



#>can think of StI 1

2n+
·

C Recoll Sin+=
= (0.2] x S22- xS acting fiberwise...

S
-

2n+ gt
g = dr + sinErgsan- + wargs-- -S

-------
- The projection : Sin - KP is a

=--e Riem
.
submersion hence a submetry :1↓

-

&
L

↓

n(Br(p)) = Br(n(p))

and the boundary of these good , balls

are distance spheres. For Ocr<2,
i SrKI 11

①E· gep =dri(81x+ cos+ g(r)
Gr

The sphere of radius
M where

ggen-1
= glH + g/ is the metric on sin

3

r = arrtan zit is minime !I and ge is the submersion metric from the S

when r & #z
,
the dist, action on SintxSt. ("Cheeger deformation").sphere collapses to(P1- = Cut(p),

and St -S2--> Cp"-is
Note :

These dist
. spheres on KPY are orbits

precisely the Hopf bundle.
of an action by SU(n) on etc en + -

Similar picture for HpY ,

but slightly different for Kap"
,

since # S
"
-

KOP?

Besides Crosses , few other examples of closed inflols wo/ seat o are known
;

actually only in dimensions 6
,
7

,
12

,
13

,
and 24

·

All of them

have large symmetry group... why ? purposefully vegre.
Choose your

↓ preferred notion.

OEveSymmetryProgram : Classify closed inflds w/ seeo and large isometry gps.

While attempting to classify ,
one may

also narrow the place to search for

new examples ;
this is how the last example was discovered TIS#27

-

It has an isometric action
r

"Model" result;
w/1-dim .

Orbit space...

The (Asieng-Weiner , Grove-Wilking) · If (Mig) is closed simply-connected
with seco and StA/M1 .g) isometric action

,

then M" is (equivariantly)
2

differenorphic to St or KP?
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ralprop
About 49 % smooth manifolds , differential forms, etc list semester)

49% Riem . geometry (2nd semester)

2% Leftovers : Gauss-Bonnet, Lie
groups

Recoll cas .
Bonnet : (M2g) compact oriented monfeld ,

of < M2 compact
(4) domain w/ piecewise

smooth boundary 22 ,
then

T 23
st

X SecL S ↑A + C4gds =
2x)

Ku ~ M

-

K =+IfI has All =1 .

then
i = 1

Eg = 11 DjUll so kg = 0 #Y is a geodesic if 22 = D ,
U . -- VO ,

where

dt = volg is volume form of (M29) Xi is change in angle of

ds = erclength along 2.. tangent rector when moving
from Ji to Witl (mod 4)

.

Important cases : 22=+ Sysec dA = 2nX(M)

Gir piecewise geodesic & sec A + [ci = 2nX(0)
2

Ex Spring 2021 #0

R2 <55(w) is a triangle on
the round sphere

*
&

r2Y with sec =
1 and interior angles < . E,A- ↑

Verify Garss-Bonnet": D2L, is priecewise geodesic
-

& (see d =Ar=   =2
=

r2
Ma

③ [ci = (n- x) + E + = =
2π - x@X =1

.

I



Spring 2019 #3

-P
S

Prove that area of hyperbolic polygonwf n geodesicb Tr-Be
~- sides and interior angles Bi ,

Asian
,

is:-

- B
ISa - ByCany- T Area(z) = (n-z)a - BiH

-

94
i = 1

S see da t & ci = 2+X(x) = 2π => Area(ve) =
Mit - [Bi - 2+

M
i = 1 11

- -Bi
=

- Arra(t)

Fall 2022 #10 .

Prove that EgCR n/genus gaz has en open
set with see o.

- I a EgCR3 is closed embedded so 7t-S
~

g 2

⑳-- at maximal distance from OEIR3
,
and

thus sec

,
>0

. (bring proble planes from infinity)
By continuity

,
seapto on Ba(p).

& ( see = 25X(2) = In(2-2g) <0 so -UcE olArea(k0s .

t
. J see 10.

E

ImX: 12 (M3g) is complete, noncompact ,
andIsee <+o

,
then Sec2X)

(e .g .,
on M =R2 flat ,

0 < 2n)
Some computational questions :

Fall 2022 #1
· Compute see of (I? ef(dx+dy2) where filt-R is smooth.

X- et ,Yet is globel on frame.

[x ,Y] = Xyq - YXp = eb) -e
= if((+ -b) -

2



=e2( =X-
so [X ,Y) = e-b (X-Y) .

Need

Sec(XvY) =

xxX - Ay* Y - X(x
, y)Y , x)

e-2f
.

eat

By Koszul : &
Y(X . z)= Y D

.2)those vanish on an -
or thonormal frame !

Before computing a lot --

so only need

g(X ,X) = 1 so 0 = X g(XiX) = 2 g(XXX , X)
# g(xY, Y) =...

0 = Y g(X ,X) = 2g(XyX , X) and x ,x) = -

to determine MX

g(y ,Y) = 1 so O = * g(Y, Y) = 2g (DXY, Y) end DyX .

similarly for DxY0 = Y g(4,Y) = 2g(yY , Y)
and DyY.

don't need
gN,Y) = O so O = Xg(XiY) = g(XxX ,Y) + g(X, TxY)3toeagain0 = Y g(X , y) = g(XyX , Y) + g(X ,DyY) .

Dyy = ( Dyy , X)X = z) - g(2y,
X)

, Y) -g([YX] ,Y)) X
= g(e -b(X- EY) , Y)X = -etX .

3



DxX = <XxX , Y) Y = z( g([X,Y)
, X) - g([X,Y]

, x))Y
= - g(e -b(X- EY) , x)y =

- eacy
DxY = <[xY, X)X = z)- s([y ,X) , X) - g(( ,X) ,X)X

= g(e -b(X- EY) , X)X = e +2X
.

by

DyX = xxy + [Y,X] = e-X - b(X- E Y) =e

Sec(XvY) =

xxX - Ay* Y - X(x
, y)Y , x)

e-2f
.

eat

= e4 . (Dxfex) - Dy(e bX) - TebX -eyY , X)

- e ((X)X-ed-Y(X-~
othogone

- etxY+ Y
, X

=ebfe(b) - et( ) -76



=it(e-(1 2x
--

-

= 2)-) = - eA7 .

The above is "faster" with a moving frames formalism, but

also double with usual Riem . grom.
techniques.

Fall 2022 #G compute sec of (I& dX+ e
* dy2)

,

show x-court are geoderics
Recoll

g
= dr + frida has see =

-f"
.

In the above
,
we can

F
use on evelength peremeter Is=e*dy2 ,

so -
e) and

dy
2

s(y) = e? This
,
(R2

,

dx+edy) is isometric to the fet

upper half-plane ((Rx(0 , + a) , dx+ dsh) , in particular,

Sec =0
.

The curves Xacoust are geoderic
ble they

map vie the isometry (X1Y)+ (X , e3) to strought times

in the flat upper half plane , which are geodesis
Note-
neither

I . (x))+ (x , e)) I metric is

complete !
(x ,eus)c-1(X ,S) -- -- -

dx2 + edi2 d + ds2
,

so

5


