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Facilitated kinetic Ising spin models are models for cooperative relaxation in liquids. Some of them
have ergodic–nonergodic transitions of the type predicted by the mode coupling theory of
supercooled liquids. We discuss two mode coupling theories, that of Kawasaki and one developed
by us, and compare their predictions with the properties of several facilitated kinetic spin models,
including the hierarchically constrained kinetic Ising model in one dimension~the East model!, the
North-east model, and the class of (a,a21)-Cayley tree models. We present new simulation data
for the East model. For models with low dimensionality and low coordination number, there is little
or no relationship between the transitions predicted by the mode coupling theories and the actual
behavior of the spin systems, with the mode coupling theories generally predicting transitions for
models that don’t have them and attributing qualitatively incorrect properties to those transitions
that do occur. The mode coupling theories describe the relaxation of the East model well for short
times but fail at long times in the vicinity of the incorrectly predicted transition and for the states
that are incorrectly predicted to be nonergodic. Simulation evidence is presented for scaling
behavior of the relaxation for low temperatures and long times in the East model, but no extant
mode coupling theory predicts this behavior correctly. An analogy between liquids and facilitated
spin models is proposed, whereby the slightly supercooled liquid regime is analogous to the spin
system states near the spurious mode coupling transition, and the low temperature supercooled
liquid near its glass transition is analogous to the spin model states just above the actual ergodic–
nonergodic transition~in the case of models that have such a transition! or in the low temperature
scaling regime~in the case of models with this type of low temperature behavior!. According to this
analogy, the actual transition or the low temperature scaling behavior of the spin models is
analogous to the behavior at or near the thermodynamic transition that is sometimes proposed as the
basis for the glass transition in liquids. ©2000 American Institute of Physics.
@S0021-9606~00!51243-4#
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I. INTRODUCTION

Facilitated kinetic Ising spin models were originally d
vised by Fredrickson and Andersen1,2 as models for coopera
tive slow relaxation in condensed phases and have been
subject of a considerable number of theoretical and sim
tion studies.3–23 In these models, each spin is at a site on
lattice, each spin can point either up or down, and the
rate of a spin is zero unless a certain number of its neighb
are in the up state. In the two-spin-facilitated kinetic Isi
~2sfkI! model, for example, a spin can flip only if it has
least two up-neighbors and the spin flip rates satisfy a
tailed balance condition. This model was originally of inte
est because an approximate theory for the spin autocor
tion function of this model, on hypercubic lattices wi
dimensions of two or higher, predicted an ergodi
nonergodic transition, similar to those predicted for liqui
by the idealized mode coupling theory.24–26 Subsequent
simulation studies by Fredrickson and Brawer3 showed that
this model does not have such a transition but that it d
have dynamical relaxation properties much like those of r
viscous liquids. The similarity between the facilitated kine
Ising model and real liquids is striking on two levels: th
spin system and liquids have similar correlation functions
8670021-9606/2000/113(19)/8671/9/$17.00
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fluctuations ~of spin density and particle density, respe
tively!, as well as similar theories that predict an ergodi
nonergodic transition that does not actually take place. In
case of liquids, subsequent extensions of the mode coup
theory for liquids predicted that the singular behavior is
moved when certain dynamical processes are included in
theory,27–29 and such extensions of the theory for spin sy
tems can also be made.30,31

The class of facilitated models was extended by Ja¨ckle
and co-workers, who defined models with direct
constraints.32,33 In these models, a spin can flip only if
specific set of its neighbors~not merely a specific number o
them! are in the up state. One is the North-east model, a
dimensional system of spins on a square lattice in whic
spin can flip only if the spin to its ‘‘east’’ and the spin to it
‘‘north’’ are both up. An even simpler model is the ‘‘hierar
chically constrained kinetic Ising model in one dimension
a one-dimensional system of spins with flip rates that allow
spin to flip only if the neighboring spin to the right is up. W
shall refer to this, for simplicity, as the East model.~For
recent work on the East model, see Refs. 34, 35.! Similar
models with directed constraints were defined for spins
Cayley trees.@See below for a definition of the~a,n!-Cayley
1 © 2000 American Institute of Physics
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8672 J. Chem. Phys., Vol. 113, No. 19, 15 November 2000 Pitts, Young, and Andersen
tree models.# One reason for interest in these models is t
some of them do in fact have ergodic–nonergodic tran
tions. For a concentration of up spins that is above a crit
concentration, the system is ergodic, and at lower concen
tions the system is not ergodic and cannot relax comple
to equilibrium.

Ergodic–nonergodic transitions are predicted by theo
with the structure of the simplified mode couplin
theory,24–26 and the relationship between the genuine d
namical transitions in these spin models and the simpli
mode coupling theory as formulated for liquids became
object of investigation. Because of the difference betwe
the dynamics of the two types of systems~stochastic irre-
versible dynamics for spins, and deterministic reversible
namics for liquids!, it was not at first clear how to formulat
the analog of mode coupling theory for spin models. The fi
formulation of mode coupling theory for a spin system,
Jäckle and Sappelt,36 was based on constructing an appro
mation for the second-order memory function~i.e., the
memory function of the memory function! of the spin auto-
correlation function that was of the same form as the
proximation made for the second order memory function
the density autocorrelation function for liquids. Howeve
this approximation led to equations for the correlation fun
tions that gave unphysical results. Kawasaki37,38 subse-
quently showed that a so-called irreducible memory funct
could be defined for spin systems based on the first-o
memory function and that approximations constructed us
the irreducible memory function had the mathematical ch
acteristics of simplified mode coupling theory as applied
liquids. ~For a further discussion of the meaning of the irr
ducible memory function, see Ref. 39.!

In this article we discuss several facilitated spin mod
with directed constraints, including the East model,
(a,a21)-Cayley tree models, and the North-east model.
present simulation results for the spin autocorrelation fu
tion of the East model for various concentrations, and
discuss two types of mode coupling theory for these mod
one due to Kawasaki37 and one that we have developed usi
diagrammatic methods.30,31 ~For the East model, our mod
coupling theory is equivalent to the ‘‘effective medium a
proximation’’ of Eisinger and Ja¨ckle.40! The major conclu-
sions are that~1! the two different mode coupling approx
mations, obtained in reasonable ways for the same sys
give drastically different predictions for the ergodic
nonergodic transitions,~2! the new mode coupling approx
mations that we have developed work very well for t
(a,a21)-Cayley tree models for largea, i.e., for large co-
ordination number, but give qualitatively and quantitative
incorrect predictions for the transition for the lowest coor
nation numbers. However, even for the lowest coordinat
number case, the East model, the approximation is a g
description of the time dependence of the spin autocorr
tion function above the incorrectly predicted transition at
times and below the transition for short times, and~3! the
mode coupling theories of Kawaski are qualitatively inco
rect in their predictions of the transition for all the Cayle
tree models.
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The motivation for this work is the hope that an unde
standing of the dynamics of cooperative relaxation and of
validity of mode coupling approximations in these simp
models, which are much more amenable to detailed theo
ical analysis than are realistic models of liquids, will lead
an understanding about how to improve the theory of liqui
This hope is strengthened by the many similarities betw
the relaxation phenomena in these models and those foun
and predicted for real liquids.

II. THE EAST MODEL

A. Definition of the model and basic properties

The East model, or one-dimensional hierarchically co
strained kinetic Ising model, is an Ising spin system, withN
spins on a one-dimensional lattice. It was originally propos
by Jäckle and Eisinger.32 Each spin can either point up o
down. There are no static interactions between spins,
there is a difference in energy between the spin up and
down states for each spin. The energy difference~divided by
kT! determinesc, the equilibrium concentration of up spin
at any temperature. The thermodynamic state of the sys
is usually specified by the value of the single state variablc,
which is the equilibrium average fraction of spins that are
and also the probability that any particular spin is up.

The dynamics are stochastic, with the time depend
probability distribution function for the states of the syste
being governed by a master equation. The allowed tra
tions are those in which a single spin flips from down to
or from up to down, but the transition probability for the fli
of a particular spin is nonzero only if the neighboring spin
the right ~i.e., the ‘‘east’’ neighbor! is up. The ratio of the
flip rates for the two types of flips is given by a detaile
balance condition that is consistent with establishment of
equilibrium distribution of states for long times. Small valu
of c correspond to low temperature states that relax slow
and large values correspond to high temperature states
relax quickly.

A complete specification of the model requires a sta
ment of a boundary condition at the far right. In the origin
definition by Ja¨ckle and Eisinger, the boundary condition
provided by adding a site at the far right with a spin that
either permanently up~free boundary condition! or perma-
nently down~blocking boundary condition!. This spin deter-
mines whether or not the last of theN spins on the right can
flip. Alternatively, periodic boundary conditions can be use
The correlation functions in the limit of an infinite syste
size are the quantities of main interest. In this limit, we p
sume that all sites have identical statistical properties~in the
case of free and blocking boundary conditions! and that all
three boundary conditions give the same correlation fu
tions.

It is convenient to use ‘‘occupation number’’ variable
rather than spin variables to characterize the state of a
tem. The lattice sites are labeled by an ind
i (0< i<N21), with i 50 at the far left andi 5N21 at the
far right, thenni is the occupation number for sitei and has
the value 1 if the spin is up and 0 if it is down. The state
the entire system is specified by specifying the occupa
 license or copyright; see http://jcp.aip.org/about/rights_and_permissions
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8673J. Chem. Phys., Vol. 113, No. 19, 15 November 2000 Ergodic–nonergodic transitions
number for each of theN sites. The flip rate for spini is zero
unlessni 1151. In the case of periodic boundary condition
the spin flip rate for spinN21 is zero unlessn051.

The equilibrium average ofni for a system ofN spins,
denoted̂ ni&N , is c. ~We usê ¯&N to denote an equilibrium
average for a system of sizeN.! The fluctuation from the
average isdni5ni2c. The fundamental correlation functio
of interest is the normalized autocorrelation function of t
spin fluctuation,

C~ t ![ lim
N→`

^dni~ t !dni~0!&N

^dni~0!2&N
.

~If this limit exists, it is clearly independent ofi.! Because of
the directed nature of the constraint, there are no dyna
correlations between spins on different sites,41 so the cross
correlation function of the fluctuations on different sites w
not be considered. The correlation function depends onc, but
this dependence has not been indicated explicitly.

Jäckle and Eisinger32 have presented arguments, togeth
with supporting simulation results, that assert thatC(t)→0
ast→` for either free or blocking boundary conditions. R
cently, Aldous and Diaconis42 have proven that the spin au
tocorrelation function decays to zero for allc.0 for the
infinite system.

B. Mode coupling approximations

Two approximate mode coupling theories of the E
model have been presented in the literature. We shall
discuss the structure of mode coupling approximations
then discuss the two theories.

The memory function formalism of Mori43,44 provides
the context for the discussion of mode coupling theories.
situations like the current one in which there is only o
correlation function of interest,C(t), the memory function
M (t) of the correlation function is related to the correlati
function in the following way:45

C̃~z!5
1

z1a1M̃ ~z!
. ~2.1!

A tilde denotes the Laplace transform, defined by

f̃ ~z!5E
0

`

dt e2zt f ~ t !.

Herea52Ċ(0) is a positive constant; its reciprocal defin
the shortest time scale of the problem. Formal express
for the memory function in terms of projection operators c
be obtained for systems such as the East model that
stochastic irreversible dynamics.

In the theory of liquids a similar form is obtained for th
dynamic structure factor. In this case,Ċ(0)50 and so thea
term is zero. The second-order memory function~or the
memory function of the memory function! can also be de-
fined, and this function is the starting point for theories th
lead to the simplified mode coupling approximations. T
procedure does not give meaningful results for the E
model, however40 @or for the North-east model and the~3,2!-
Cayley tree model#.36
Downloaded 30 Mar 2012 to 128.122.253.228. Redistribution subject to AIP
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Instead, the procedure that gives approximations wit
character similar to those of the simplified mode coupli
theory of liquids is that of Kawasaki, who introduced th
irreducible memory functionM irr(t), which is related to the
memory function in the following way:

M̃ ~z!52
M̃ irr~z!

11a21M̃ irr~z!
.

Kawasaki also obtained formal expressions forM irr in terms
of projection operators.

Mode coupling approximations are obtained by derivi
or assuming that the irreducible memory function is a po
nomial function of the correlator, with positive definite coe
ficients, i.e.,

M irr~ t !5(
n

an~c!@C~ t !#n, ~2.2!

where eachn is a positive integer, and eachan>0 and is a
smoothly varying function ofc. The character of the result
for C(t) depends on the values of the coefficientsan(c) and
is strongly affected the values ofn included in the series.

Kawasaki obtained an approximation with this structu
from his projection operator representation of the irreduci
memory function,

MK
irr~ t !5c~12c!@C~ t !#2.

Here the subscriptK denotes the approximation obtained b
Kawasaki. Using a very different theoretical framework, E
inger and Ja¨ckle40 obtained a theory that is in effect a theo
for the irreducible memory function. Their result is

MEJ
irr~ t !5c~12c!C~ t !,

which they call an effective medium approximation. W
shall refer to both of these theories as ‘‘mode coupling
proximations’’ since they are both of the form of Eq.~2.2!.

Both of these theories predict that the East model has
ergodic–nonergodic transition. We define the nonergodic
parameter in the usual way,

f ~c![ lim
t→`

C~ t !.

As discussed above, the correct behavior off is that
f (c)50 for all c.0. However, the Kawasaki theory predic
that f (c).0 for c,0.2, and the Ja¨ckle–Eisinger theory pre-
dicts thatf (c).0 for c,0.5. In the classification of Go¨tze,26

the predicted singularity under the Kawasaki theory is
type-B transition; the nonergodicity parameter jumps
abruptly to a nonzero value asc is lowered through 0.2.
Under the Ja¨ckle–Eisinger theory, the predicted singulari
is a type-A transition; the nonergodicity parameter rises fr
zero continuously asc is lowered through the transition a
0.5.

As noted above, the model actually has no transiti
and this was recognized by the authors who obtained
approximations. Kawasaki regardedMK as a better approxi-
mation because it at least predicted a lower concentration
the nonexistent transition. One of the purposes of the pre
 license or copyright; see http://jcp.aip.org/about/rights_and_permissions
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FIG. 1. The spin autocorrelation function for the Ea
model as a function of time obtained in the prese
simulations. Note the logarithmic time axis.
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work was to obtain simulation results so that the detai
time dependent predictions of the two theories could
tested.

C. Simulation method

We have performed computer simulations of the dyna
ics of the East model. All simulations were performed us
periodic boundary conditions. The method of the simulatio
was the same as those of Reiteret al.33

The simulations used a system of 600 spins at highec
values and 1000 spins for the smallerc values. Exploratory
studies with smaller systems convinced us that the sys
sizes we report here are large enough to give the true infi
size limiting results for the correlation functions. For ea
concentration studied, a variety of initial states were c
structed and a chain starting with each one was construc
For each concentration, the total duration of the simulati
divided by the relaxation time~defined as the time at whic
the correlation function has decayed tozerowithin the noise
of the simulations! is a measure of the quality of the stati
tics. This ratio can be taken to be a lower bound to
number of statistically uncorrelated pieces of data used
obtain each correlation function. The ratio varied from ab
600 to 11 000 forc50.1 and above. Forc50.075 and 0.05,
the ratio was 207 and 14, respectively. The significan
lower quality of the data for these two lowest values oc
should be taken into account in considering the results wh
follow. These simulation studies are more extensive th
those previously reported by Ja¨ckle and Eisinger,32 who
studied systems as large as 25 spins with simulations
much shorter duration, and by Eisinger and Ja¨ckle.40

D. Results

The correlation functions for the range of concentratio
studied are given in Fig. 1. Note that asc is lowered from 1
to 0.05, the time scale for the relaxation increases by 5 o
orders-of-magnitude, and the data suggests that it would
crease even further if the concentration were lowered furt
Downloaded 30 Mar 2012 to 128.122.253.228. Redistribution subject to AIP
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The correlation functions are nonexponential, but we can
fine a concentration dependent relaxation time,t r(c), as the
time at which the correlation function reaches the value or.
The numerical values obtained depend on the choice ofr, but
the general trend with concentration is similar. Botht1/10 and
t1/e are increasing with decreasingc, for c'0.1, at a rate that
is approximately asc26. This is consistent with the resu
obtained by Eisinger and Ja¨ckle40 in similar simulations.
Mauch and Ja¨ckle46 have argued that asc→0 the relaxation
time diverges more strongly than any inverse power ofc.
This has been proven by Aldous and Diaconis.42

The correlation functions are highly nonexponential, e
cept for highc, as can be seen in Fig. 2. In this form of plo
an exponential gives a straight line with a slope of unity, a
a stretched exponential@proportional to exp(2(t/t)b)# gives a
straight line with a smaller slope. The data for lowc shows
persistent curvature out to the longest times for which
have data.

In Fig. 3, the simulation results are compared with t
correlation functions predicted by the mode coupling a
proximations for a variety of concentrations. There is no u
usual behavior of the correlators nearc50.5 or c50.2,
which are the locations of the ergodic–nonergodic transiti
predicted by the mode coupling theories discussed ab
The correlation functions decay to zero, with not even a h
of a plateau at these concentrations. The Ja¨ckle–Eisinger
~EMA! theory provides an excellent fit to the data at t
higher concentrations and fits the short time data well
lower concentrations but ultimately fails because the EM
correlator does not decay to zero forc,0.5. The EMA cor-
relator appears to provide an upper bound to the correla
The Kawasaki~MCA! theory is less accurate at all conce
trations, predicting relaxation that is too rapid at short tim
at all concentrations and then predicting a failure to relax
zero at long times for low concentrations.

It is in the limit of smallc that the relaxation gets ver
slow and perhaps critical. To test this possibility, we ha
performed a scaling analysis. Figure 4 shows a plot of
correlation function vs. the log of the rescaled tim
 license or copyright; see http://jcp.aip.org/about/rights_and_permissions
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FIG. 2. A plot of log10@2 log10 C(t)# vs log10 t. In this
type of plot, an exponential or stretched exponent
would be a straight line. Note the persistent curvature
the plots at long times for lowc, indicating the absence
of exponential and stretched exponential behavior
the times investigated.
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t̂5t/t1/10(c). We have excluded the lowest concentratio
for which the data are of lesser quality. For concentratio
between 0.1 and 0.3, the long time data falls on a ma
curve, with the data for each concentration joining the ma
curve as a reduced time that that decreases asc decreases
This suggests that some form of scaling law holds and s
gests the possibility of a dynamical critical point at low
concentrations~presumably atc50). The form of the scal-
ing function for small reduced times is suggested by ano
type of scaling plot in Fig. 5, which gives log10(12C(t)) as
a function of log10(t/t1/10). The extended region over whic
the consensus curve is linear suggests that

C~ t !'12h~ t/t1/10!
b, ~2.3!

in the short time part of the scaling regime, where the va
of the exponent obtained from the straight line fit
b'0.229. Because of the lower quality of the data
c50.05 andc50.075, the short time part of the scalin
function can’t be well established. This functional form w
Downloaded 30 Mar 2012 to 128.122.253.228. Redistribution subject to AIP
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also fit to only thec50.1 data, and the result is shown as t
dashed line in Fig. 4. In this fit, the exponentb is approxi-
mately 0.236. The dashed line fits the data well over a ra
of about three orders-of-magnitude in reduced time, dur
which the correlation function drops by a factor of about
Equation~2.3! looks superficially like a von Schweidler law
as predicted by the simplified mode coupling theory of s
percooled liquids, but with a nonergodicity parameter~the
constant term! of unity. It is conceivable that a mode cou
pling theory could predict a nonergodicity parameter close
unity. But to our knowledge, no version of mode couplin
theory has yet been derived that predicts a transition at v
low c or at c50.

In summary, the long time scaling analysis and arg
ments given by Ja¨ckle and Eisinger32 suggest the reasonab
conclusion that there is dynamical critical behavior in t
model asc→0, but, to our knowledge, no mode couplin
theory of this model has been developed that predicts s
critical behavior. Of the two extant mode coupling theorie
st

g

FIG. 3. The spin autocorrelation function for the Ea
model as a function of time for various values ofc and
comparison with the predictions of two mode couplin
theories: that of Kawasaki~dotted line: MCA! and that
of Eisinger and Ja¨ckle ~solid line: EMA!.
 license or copyright; see http://jcp.aip.org/about/rights_and_permissions
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FIG. 4. The spin autocorrelation function of the Ea
model for various low concentrations plotted as a fun

tion of the rescaled time,t̂ . See the text for the defini-
tion. The dashed curve is a power law behavior of t
form of Eq. ~2.3! that is fit to the data for the single
concentration ofc50.1. The exponentb and the con-
stanth for this fit are 0.236 and 1.04.
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the EMA theory of Ja¨ckle and Eisinger provides the mor
satisfactory description of the short time behavior at all c
centrations and of the overall behavior abovec50.5, despite
the fact that it predicts a spurious transition atc50.5.

III. CAYLEY TREE MODELS

Reiteret al.33 defined a class of kinetic spin models wi
directed constraints on Cayley trees for which there is a
erarchy of sites. In the~a,n!-Cayley model, each site on th
Cayley tree hasa neighbors, one of them being lower in th
hierarchy anda21 being higher. A spin can flip only ifn or
more of its higher neighbor spins are up. The East mode
equivalent to the~2,1!-Cayley tree model.

Associated with each such model is a ‘‘bootstrap per
lation’’ problem.47,48 Imagine picking a state at random fro
the ensemble of states with an average up-spin concentr
of c. If a spin is down but hasn or more of its higher neigh-
bors pointing up, then flip the spin up. This procedure
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continued until either all spins are up or until no more can
flipped up. At highc, all spins will be flipped up for almos
all states, so that the ensemble average fraction of spins
in the down state is zero in the limit of large system siz
However, below the percolation thresholdc* , a nonzero
fraction of the spins will be left in the down state. An appr
priate choice of the order parameter for this percolation pr
lem is the fraction of spins that have fewer thann higher
neighbors in the up state after the spin flip process is ov

If the percolation problem has such a percolation thre
old, the corresponding spin system cannot be ergodic be
the threshold concentration. In particular, the order para
eter defined above for the percolation problem at a partic
value ofc is equal to the fraction of the spins in the corr
sponding kinetic spin problem that can never flip and thus
a lower bound to the nonergodicity parameter. Simulatio
of the dynamics of the~3,2!-Cayley tree model33 support the
reasonable conclusion that the dynamical ergod
st
m
for
the
.

FIG. 5. The spin autocorrelation function of the Ea
model for low concentrations plotted vs the logarith
of a reduced time. The apparently straight line seen
the consensus curve suggests power law behavior of
type in Eq.~2.3! for small values of the reduced time
The exponentb and the constanth for the straight line
are 0.229 and 1.02, respectively.
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nonergodic transition occurs at the same value ofc as the
bootstrap percolation threshold rather than at some highc.
A similar equivalence of the dynamical and percolation tra
sitions was found for the North-east model.36 In the follow-
ing discussion, we shall assume that this is generally the
for models with directed constraints. More generally,
shall assume that, for each value ofc, the order parameter fo
the bootstrap percolation problem is equal to the fraction
spins in the corresponding kinetic Ising model that can
flip and hence is equal to the nonergodicity parameter.

We shall focus on the (a,a21)-Cayley models and a
comparison of the properties of these models with two m
coupling theories. Analysis of the bootstrap percolat
problem for these models33 indicates that these models ha
a percolation threshold at

c* 5~a22!/~a21!, ~3.1!

that the transition is of type-A, and that the nonergodic
parameter is proportional touc2c* u1 for c just belowc* .

Kawasaki37 has presented a general method for deriv
mode coupling approximations for this class of models a
has presented the detailed results for the~3,2!-Cayley tree
model. His method gives

MK
irr~ t !5 (

k51

a21 S a21
k D c2a222k~12c!k@C~ t !#k11. ~3.2!

The result fora53 was given by Kawasaki, and the gene
result was obtained by us using his prescription. Using
standard methods of mode coupling theory,26 it is easily
shown that this implies that the long time limit of the corr
lation function is the largest solution of the equation

f

12 f
5 (

k51

a21 S a21
k D c2k~12c!kf k11, ~3.3!

that is less than or equal to unity.~Note thatf 50 is always
a solution.!

By a diagrammatic method30,31 that expresses the irre
ducible memory function in terms of diagrams, we have o
tained a similar approximate result:

MPA
irr ~ t !5 (

k51

a21 S a21
k D c2a222k~12c!k@C~ t !#k. ~3.4!

~Note thatMK
irr(t)5MPA

irr (t)C(t).) This implies the following
equation for the long time value of the correlation functio

f

12 f
5 (

k51

a21 S a21
k D c2k~12c!kf k. ~3.5!

Kawasaki’s mode coupling theory cannot predict
type-A transition, because of the absence of a term in
~3.2! that is linear inC(t). @A type-A transition can take
place only if f 50 is a double root of Eq.~3.3! for somec
between 0 and 1. It is easily seen by inspection, after can
ing one factor off from both sides of the equation, that n
such solution exists.# We have solved the equations forf
from Kawasaki’s theory for thea53 model and found that i
predicts a type-B transition atc* 50.4090. For comparison
the model actually has a type-A transition atc* 51/2.
Downloaded 30 Mar 2012 to 128.122.253.228. Redistribution subject to AIP
-

se

f
t

e
n

g
d

l
e

-

:

q.

l-

Our mode coupling approximation, Eq.~3.4!, has a lin-
ear term and predicts a type-A transition at

c* 5~a21!/a,

cf. Eq. ~3.1!. @In particular, it is straightforward to show tha
Eq. ~3.5! possesses only the trivialf 50 solution forc.c*
and that a second solution withf .0 arises at and belowc* .#
For a52, which corresponds to the East model, it predict
transition for c.0 whereas there is no transition for th
model. For largera, however, this result correctly predicts
transition with some quantitative error in the concentratio
For a53, it predicts a type-A transition atc* 52/3. For very
large a it predictsc* 512a211O(a22), which is consis-
tent with the exact result. Moreover, this mode coupli
theory ~as does any simplified mode coupling theory th
predicts a type-A transition!26 predicts an exponent of unity
for thec dependence of the nonergodicity parameter just
low the transition, in agreement with the exact results.

Thus, for the class of (a,a21)-Cayley models fora
.2, the mode coupling theory that is derived by Kawasak
method gives the wrong type of transition, whereas the v
similar result obtained by our diagrammatic method pred
the correct type of transition and becomes quantitativ
more accurate in predicting the location of the transition aa
increases.

IV. NORTH-EAST MODEL

The North-east model has been studied by compu
simulation by Ja¨ckle and Sappelt,36 who performed a finite
size scaling analysis of the results. The conclusions are c
sistent with the existence of an ergodic–nonergodic tra
tion of type-A atc* 50.294, which is the percolation thresh
old for the bootstrap percolation problem. Just below
transition, the nonergodicity parameter is proportional
uc2c* u0.2560.05.

Kawasaki’s mode coupling theory results for the Nort
east model are equivalent to those for the~3,2!-Cayley
model, which are given by Eqs.~3.2! and ~3.3! for a53.
Thus this theory predicts a type-B transition atc* 50.4090.
Our diagrammatic method,31 when applied to the North-eas
model, also gives the same result as that for the~3,2!-Cayley
model, namely a type-A transition atc* 52/3. It predicts the
usual mode coupling exponent of unity for the nonergodic
parameter.

Thus, neither of the two mode coupling theories is s
isfactory for this model, which combines low coordinatio
number with the complications that arise from being on
lattice embedded in a low-dimensional space rather than
ing on a Cayley tree.

V. DISCUSSION AND CONCLUSIONS

As was known from previous work, the two versions
simplified mode coupling theory for the East Model inco
rectly predict an ergodic–nonergodic transition for t
model. The simulation results above show that there is
even the hint of a plateau in the correlation function or oth
evidence of an ‘‘avoided’’ transition in concentration rang
near those for which transitions are predicted, whereas th
 license or copyright; see http://jcp.aip.org/about/rights_and_permissions
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is evidence for critical slowing down nearc50, something
that is not predicted by any mode coupling theory.

Simplified mode coupling theories have been derived
various ways for a variety of facilitated spin models, inclu
ing the East model, the North-east model, and the (a,a
21)-Cayley tree models~for a.2), which are discussed
above, and the two-spin-facilitated model in tw
dimensions.1 From the literature cited above and the ne
results in this work, the following generalizations can
made.

~1! In the case of models that have no transition, simp
fied mode coupling theories can incorrectly predict a tran
tion ~e.g., Kawasaki’s theory or the EMA or our theory fo
the East model, and the graphical theory of Fredrickson
Andersen for the 2sfkI model!.

~2! For the models that have an ergodic–nonergo
transition, the simplified mode coupling theories that ha
been derived generally predict too high a value ofc* . @The
exception is Kawasaki’s mode coupling theory for the~3,2!-
Cayley tree, which predicts a value ofc* lower than the
correct result.#

~3! In the case of the models that have a transition
type-A, in the categorization of Go¨tze, simplified mode cou-
pling theories can predict type-B transitions~e.g., Kawasa-
ki’s theory for the North-east model!.

~4! When a simplified mode coupling theory does pred
a type-A transition, it always predicts that the nonergodic
parameter varies asuc2c* u1 for c just below the critical
concentrationc* .26

The predicted exponent of unity is apparently correct
those Cayley tree models that have a transition. However
North-east model has an exponent of 0.2560.05 for its
type-A transition.36 Thus, even if a simplified mode couplin
theory for the North-east model were to be developed
predicts~correctly! a type-A transition, such a theory cou
not describe the singularity in the dynamical behavior c
rectly in that it would give the wrong exponent for the no
ergodicity parameter.

For models with low dimensionality~East, North-east!
and low coordination number@(a,a21)-Cayley trees with
a52 or 3#, the simplified mode coupling theories give qua
tatively incorrect predictions for the correlation functions
long times because they incorrectly predict ergodi
nonergodic transitions or correctly predict a transition bu
too large a value ofc. However, for the East model, they ca
provide good descriptions of the dynamics for all times
high c and for short times at lowc, with the EMA ~equiva-
lent to our theory! being significantly better in this regar
than Kawasaki’s mode coupling theory. This is analogous
the situation in liquids, in which the simplified mode co
pling theories predict a transition that is eliminated by su
sequent extensions of the theory. In a future article31 we shall
derive, using diagrammatic techniques, the analogs of
extended mode coupling theory that correspond to eac
these simplified mode coupling theories. The extended th
ries will in fact eliminate the spurious transitions and exte
the range of times over which the theory is accurate.

As noted in the introduction, there are many similariti
between relaxation in liquids and in facilitated spin mode
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In particular, for liquids and low dimensionality spin mode
a spurious ergodic–nonergodic transition can be predic
and then eliminated. In the spin case, the two theories
predict a spurious transition also provide a reasonably ac
rate description of the correlation function at short tim
even below the spurious transition and represent signific
improvement over a naive theory that would predict sim
exponential decay of the correlator. For liquids, the tempe
ture usually identified as that of an avoided transition cor
sponds to the slightly supercooled regime, and the transi
actually corresponds to a smooth change in the fundame
nature of the dynamics as the temperature is lowered.
results suggest an analogy between low-dimensionality s
models and liquids. According to this analogy, the sligh
supercooled regime of liquids is analogous to the range
concentrations of the spurious predicted transition in the s
models, while the deeply supercooled regime, where
laboratory glass transition takes place, corresponds to
region of the actual ergodic–nonergodic transition or
critically slow relaxation associated with thec→0 limit. The
actual transition or lowc critical behavior is then analogou
to an ‘‘underlying’’ thermodynamic transition that is som
times postulated to exist below the laboratory glass tra
tion. With this analogy, we see that the mode coupling
proach succeeds in describing behavior in the spin mo
for states that correspond to the liquid and slightly sup
cooled liquid, but it produces spurious results for the lo
time scale relaxation behavior for states corresponding to
deeply supercooled liquid.
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