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Transformation of velocities

Let a particle move (in our reference frame $) _

dx . e ‘
iks va{c}ai‘,&v LS U = — a disktance dx i kime dE
dt

In a reference frame S-bar which moves with v,

it has only moved a distance w d7 = (dx — vdt) &
Ehis distance has been moved in a time T:dt = v(dt — 2dx>
(
it's velocity in the moving reference frame is therefore
¥ dT v(dx — vdt) tir 80di S ad e e Uy — U

ux:_—_

dt  v(dt — dxv/c?) e dt —dxv/c? 1— (dz/dt)v/c? % — ULV C?

This is ib: the velocity u-bar is nok simply smaller bv v but must be
corrected bj Fhe denominator which admi&&edi.v ~1 when both bthe
particle or the moving frame is much slower than the Light velocity
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For the components of velocity transverse to the motion of §’

Yodt y(dt —dzv/c2 L =, v c2)
Frog dz U

YT v(dt — dzv/c?) (1 — uzv/c?)

In thvariant terms (Le. independent of the coordinate s:jsEem)
u|  component of velocity parallel to U

Take
UL component of velocity perpendicular to U

Ehen

g i U
= U| =
| 1—u||v/(:2 fy(l—uH U/CQ)
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EX&MF’L@"A bullet is shot from a spaaesh&p Ehat speeds with 1/2¢

relative to our reference frame. The velocity of that bullet is 3/4c¢
n the space-ship’s reference frame in the direction of motion
What is the velocity of that bullet in our reference frame?
We define the space-ship’s reference frame to be the resting frame
then U is the velocilty tn our reference frame.
We move away from the space-ship with v=-1/2¢ and the bullet is
shot with u=+3/4-c

so, the bullet has only 90% of the Light velocity in our reference frame
(with Galileo’ velocity addition rule, it would have (3/4 + 1/2)¢c = §/4 <)

Now, the space-ship emits a Light pulse
Uu—v c+1/2c 3/2¢ 3/2

ﬁ: — —

— = =——C
1_u_;/ 1+C°1/2c 1+1/2 3/2

2
C C

also i our reference frame the Light pulse has velocity ¢ %
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Draqg effect
Flowiing air drags sound along with ik > To what extent a
flowing transparent liquid will drag Light along with it?

On the basis of an ether theory, it would be conceivable that
there is no drag at all, since Light is a disturbance of the
ether and not of the Liguid

yet experiments indicated that there was a drag: the Liquid
seemed to force the ether along with it but only partially

1f the speed of light in the Liguid at rest is v/, and the Liquid
is set to move with velocity v, then the speed of Light relative
to the outside was found to be of the form

u=u + kv e HE Sk /1
Neglecting terms O (712/ 02)&14@. velocity addition formula yields

u' + v , u'v , u'* ,
[U:1+u/v/62w(u+v)<1 62>NU—|—U(1 C2 :U—|—]€’U
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Doppler effect

o The Doppler effect is very ivaor&aME when describing
the effects of relativistic motion in astrophysics

o The effect is the combination of both relativistic time
dilation and time retardation

o Consider a source which emits a period of radiation
over a time At ik talkes to move from P, to P2
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If Wem is emitted circular frequency of the radiation
2T

in the rest frame, then At =
wem

and the time bebween the two events in the observers frame is:

D
. (=1

However, this is nob the observed btime bebween the evenks
because there is a time difference involved in radiation emitted

{TOM Pl and ?2

At =TAt =T

Let w D = distance to observer from P,
and w b, = time of emission of radiation from 7,

w b, = time of emission of radiation from 7,
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trec

Then, the times of reception and t; " are

(- 4 h

D+ V At cosf . D

\_ J \_ W

Hence the period of the pulse received in the observers frame is

(Tec _ Tec _ <t2+l—)> _<t1 +D+VAICOS@

2 —h = -

1%
fr—1,)——At 0
(25— 1) ~Atcos

At(l — Zcos@)
C

r=—
obs Wem

1 ——cos0O
C

27 21 ( |4 )

W

Therefore

Dem _ Dem

obs "~ I'(1-=PBcosb
F(l—%cos@) ( b )
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+ the factor I' is a pure relativistic effect
% the factor(1 — Bcosh)is the resulk of time retardation

@ In bterms of Linear ‘frequemcv

Vem

obs ~ I'(1 - PcosB)

V

The factor

1

0 = I'(1 —PcosH)

is known as the Doppler factor and figures prominently
in the theory 0{? relativistically beamed emission
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Apparem& Eransverse velmti&ej

A relativistic effect which is extremely important in high
energy astrophysics and which is analyzed in a very
similar way to the Doppler effect, relates to the apparent
transverse velocity of a relativistically moving object

Consider an object which moves from P, to P, in a time At
in the observer’s frame. In this case Afneed not be the
time between the beginning and end of a periodic,
Indeed, in practice, Atis usually of order a year
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As before, the time difference between the time of
receptions of photons emitted at P; and P, are given bj

INT = At(l — K COS ¢9>

&
The apparent distance moved b3 the object isl; =V Atsinf

Hence, the apparent velocity of the object is:

Vo V Atsin 6 - V sin 6 a8 7 5 i 6
Hep's b C
At(l - COS (9) <1 = COS 9) <1 e % s 9>
Vel % Bsin 6

in terms of Bapp s o [ = - v Bapp = 1 — Bcosb

Then non-relativistic Limit is justVy,p, = V sint as we would expect

However, note that this result is not a consequence of the
Lorentz transformation, but a consequence of light travel time
effects as a resulk of the finite speed of Light
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Camsequewtiés

For anhgles close to the Line of sight the effect of this
equation can be dramatic.
First determine the angle for which the apparent velocity
LS A axiymum

dBapp (1 —BcosB)Bcost) — BsinfFsing B cosh — B?

do (1 — Bcosh)? (1 — Bcosh)?

\_ /

This derivakive is zero when cosl = 6

Al the mwaxiniun
4 )

- PBsinf  B/1-p%2 5 3
ﬁapp_l—ﬁcosé’_ 1 — 32 _\/1_52_F5

\_ J

If T > lthen § ~ 1 and the apparent velocity of an
object can be larger then the speed of Light
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We actually see such effects in AGN.

Features in jets apparently move at faster than Light speed
(after conversion of the angular motion to a Linear speed
using the redshift of the source)

This was originally used to arqgue against the cosmological
interpretation of quasar redshifts.

However, as you can see such large apparent velocities are an
easily derived feature of large apparent velocities

Ploks of Bapp for

various indicated

values of 5 as a
function of 0
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The following imaqges are from observations of 3C 273
over a perﬁod of § YeAT's from 1977 to 19%2
They show proper motions in the knots C; and C, of
079 + 0,03 mas/yr and 099 * 024 mas/yr respectively
These translate to proper motions of §5 x o2h'c
and 69 1.7k ¢ respectively

1979.44

&
Ll
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[
& ¢
=
7
=
=

COMPONENT SEPARATION

1978 12979 1980

Unwin ek OJ.., AFU 2%9 (lgﬁ'ﬁ) 109 EPOCH
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Apparent length of a moving rod

The Lorentz-Fitzgerald contraction gives us the
relationship bebween the proper lengths of moving rods
An additional factor enters when we bake into account

tinme rebardabion
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Consider a rod of length
[ L = F_lLo J in the observer’s frame

Now the apparent length of the rod is affected by the
fact that photons which arrive at the observer at the
same btime are emibtted ab different times
?1 corresponds to when the trailing end of the rod
passes at time b; and P, corresponds to when the
leading end of the rod passes at time t;
Equating the arrival times for photons emitted from
P1 and P; at times b; and b; respectively

D + Axcost D Ax cos 6
— T2 — to'— 1=
C C C

Ly

When the brailing end of the rod reaches P, the leading
end has to 9o a further distance Az — L
which ik does in b, - E; secs
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Helnce

and the 'akfapa\ren& Projea&ed length is

This is another example of the appearance of the
ubiqui&ous Doppler foctor
And these can also be recovered by considering the
differential form of the reverse Lorentz kransformations
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Aberration

Because of the law of transformation of velocities, a velocity
vector make different angles with the direction of motion

From the above laws for transformation of velocities
4 )

g VL _ v/ v’ sin 6
vy D(vj+V) TI(v'cosf+V)

\ J

The difference from the non-relativistic case is the factor of I
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The most important case of this is when v = v/ = ¢

We Fau,E
[UH — CCOS@] [vﬂ — CCOS H’J [UJ_ = cSsIn 9] [v’ = csiné"}
and B = K
\§ C)
and the angles made bj the Light rays in the two frames sa&is{v
i ccosl +V cosf + 3
ccos = T — cos b =
1+ ~ cost 1+ Bcosb
o ; csin 0’ . ing sin 6’ \
csin @ = Sin 6 =
['(1 4 Bcosb)

F(l 1 %COSH’)

& J
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Half-angle formula

There is o useful expression for aberration
tavolving half-angles
Using the identity

4 )

v sin 6
tan — =
2 1 4+ cosf

\_ /

The aberration formulae can be written as

4 )

()< () (5

. J




Iso%rcupia radiabion source

Consider a source of radiation which emits isotropically in its
rest frame and which is moving with velocity V with respect to
an observer (in frame ) > The source is at rest in §

Consider rays emitted at right angles to the direction of motion
T 1

This has ( = 335 The angle c;:wf these rays in S issinf = +—

These rays enclose half the Light emitted bj the source, so that in
the reference frame of the observer the Light is emitted in a
forward cone (when [ is large) of half-angle § ~ 1
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