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Let GC SO(n) be a
Lie

group
with Lie algebra solr) = AR"

G-representation linearization - representation

N : G - Art(V) - += Y - End (v)

V = Not ... V.)-OV-V),
Visit

↑
↑ ↑

repeated direct sum

irreducible summands componen
is or thogonal

For each irreducible - representation:
- End(V) :

· Highestweight : X(ti)
*

uniquely identifies TX= is up-isomorphism
--

NW
complexified Lie algebre ofmax. tors in G.

dim

·Casimir eigenvalue : Cas : V - V
given by Cas"-i#x

where (i) is an on .
b

- of $ is an equivariant endomorphism and satisfies

Cas = (X ,

X + 2/) idy where PyE(t
*

is the helf-sum of positive roots

Example (Type Dn) ( = solu), v = 2m
.
(Eili

= z
, ....

m
0 . n .

b
. of (t)

*

Highest Weights : X = a
, Es +... + amEm

,
where aga2x ... am-clam 0

Half-sum of positive roots : -=-i) Ei ins of irred-

tions
So(n) - represent. Spin(n)-representa

& V <X
,
X +2py) thatAnot descend to

So(n)-representations
Es Ru n - 1 12 - Spin(n)

↓
p . Es Sym.

PR P(p + n - 2) (n>3) So(n)

Ej+... + Ep MPRV p(u - p) Emx : Formulas in table are also

pXm - 1 true for n=2m+1 (Type Bm)
+...tEm S

+ Ru -1) A
keep ! 1



(M2g) oriented Riem . Mold ,

curvature operator R : FTM -> PTM

Orientedfreme bundle : SO(n) -> F

& Accuratedbundle
a

FX(principal So(v)-bundle) ↓

representation
M u

↓
Othogonal

M
: So(n) - Aut(V)

On sections of VM ,
we define a 'Laplacian' as

A=
*D + tk(k

,
++)

where D
*D is the connection Replacian ,

telR and

(2)

x(R .+) = -[R(i))oki) End (VM)M
Petersen writes

(2)
Ric(T) =((R , *)T
where issul-End(ujoy = - [Rijkakilo (j) , if RRijcEnd(

1,j =1

where Kilis , ..
i

is an namebetwe
e. g., lexicographic basis (rnw)() = <V , . > w - <W

, ev

einej , izj

More generally , if structure gp. of freme
bundle reduce to GCSO(n),

e
.g, if G= HollMg)

G-F'n G- Art(v)
,
i = [14: Kook↓

↓ J
M

#x :-
End(V) (Ry : 4-4)

and we can use an orthonormal besis (i) ite, ...,dim to define

44(R .
ma) = - (Ryki)) or (i) (f ( = soln)

,

write W(R ,+*)
E. g., if (Mig) is Kahler

,

then n = 2m ,
G = U (m)

, Ray "Kahler curr
. op.

"



Properties of Ky(R ,na) : (y(Rint) v
, v) = - [((Rxi)-(i) v

, r)
- rid :

(1) XyRina) [End(V) is self-adjoint = [V : Iki)VIR o
.

Fr

(2) R = 0 => V(R , na)4/ 0 for all orthogonal by-representations it -

(3) End(4)CR1> WyRin < End(V) is G - equiverient
#

Ada
(4) If*4- End(V

*) is the 'Grel' of: -End(V) ,
then Ky(R) = (Kp(R .+)

*

'block-diagonal'
(5) Ifx=- Ne ,

then Kny(R , ne) = diag (K(R,) , N(R+2) endomorphism on

(6) If: - End(V) is irreducible with highest weight X ,
then

V=V

Ky(idy , Tx) = (x ,
x + 29q) id

&

General Bochner technique : If (Mig) is closed and Sx = 0
, then

0 = J <10 . a) = S IIDaI + + (k(R .+)d ,a)
M M

Let VM = VoMQVIME .. -GVyM be the isotypic components of*,
x = 20 + a2 + - - - + X

where VoM corresponds to the
trivial component. The

↓ (R
,+) = diag (0 , Ky(R .

+
x), . . .

, Ky(R+x)
Note : Wer Y(R

,
N+) + 503->

if it has trivial summands .

so tW(R ,
n*) >0 t(y(R ,mxj)20 => STaj

= 0 Vj = 0
,

7
, ...,

4

Vjrt, ...,
K XeKer tk(R,j) Vj= 1

, ...,
H

X = XoEVM takes values in the

t . x(R ,)0 => Xj= 1
, . . .,

4
=> subbundle corresponding to trivia

Vj = 1
,

---

,
k isotypic component . (so x= 0 if VoM= 203).

-Classicalexamples : Bochner 1946 : Ric> 0 = bi(M , R) = 0

↑

Idohaveveu Meyer , Gallot , 1970 :RO = bpN =OEMS
Tachibane 1974 : RJ 0 and AuR=0 => (MY , g) has sec = X -

C-
DR = 0 .

bin dPR = (dR + P . R) sew= O
,

1 = (*+dirk2



&: When is Kyr#+), 0 ? Sufficient (and necessary ?) conditions ?
-e .g ., refining the above?

#Hitchin2015 : R20> KIR,X)0
,
Y irreducible solu)-rep . **

3Mendes 2022 : Sec
,0 K(R ,Tp2,

0
. Xp>2

↑ recall : this is Sym Rh

W(Rite) =Ric : Ric,0 KIR+
s
.
) 30

W(Rits)=alrscalW(R ,is

&estion 1 : Given a curvature condition (0(v)-inverent come in SymB1R")
find a collection of soll)-representations that

characterize it via K(R**).

II have some initial thoughts about PIC and
sec 0.)

&onjecture : ((R ,#pss) 0 => X(R,(2) 30 Fp > 1.

Note : Open for p>, 3 .

Case p = 2 is due to Berger ,
case p = 1 is trivia.

S2 .

SUFFICIENT CONDITIONS VIA ~-POSITIVE CURVATURE OPERATOR

Given R: -4 alg curvature operator , order its eigenvales :

1 = Vz < ... rain
set [ (v

,
R) : = Us+ - -

- + Vys + (- (V))Vij +1 ; say
R is E-positive if ElviRK 0

.

Note: [(1 ,R)0 R20
,
EldimpR)<0 tuRco this is 1PR

- 1 = p = (2)

Ihm (Petersen-Wink , 2021) . [(n-p , R) > 0 => K(R ,

*
E +.. +4))0

As a consequence, if (Mg) has M-p) - positive curvature operator, them
by (M) = .. = bp(M) = 0 and bu-p (M) =. - . = br (M) = 0



Def .

The PW-invariant of an irreducible 4- representation
Question: is this ever

#x:-End (v) with highest weight X is :

- the minimum ?

3PW(i) = min[[ , dim

The PW-invariant of aly-representation: - End (V) is :

3PWy(π) = min[PWy(ix) : is nontrivial irreducible summand in i

Proposition (B .

- Goodman
, 2024) .

Given R :-self-edjoint and in :/ + EndIV),

KylR .#) <, IIXIP [(PWy(n) , R). idy

&or : If R is PWG(a)-positive ,
then Ky(R** ) > 0 .

If: Let(i) be on .
b

. of eigenvectors of R ,

where Rai = Vidi and

U1 ... EVdima . Suppose PWg() < dima ,

let v = (PW(n]) ·
Then :

dimk

(Ky(Rina)v . v) =[CRki,i

= V : /l *ki) VIP
i=1 die

splitintolastwere s]] E Villki) vIR +EWill>S
--

add back first + terms]I ~r+ =
· (ll CasMIR-livin second sum

Ilaki) ull EllXIIIIvII
=-) Ilkiv+

assumeLiet is in Certen I
3/2 , up

to conjugating may-Evsubalgebra ,
where eigenvalies

of(i) areu(i) for eed
weightnetis ,

and Inki))HullWill E is highest weight 3



+MW)v
If ,

instead
, PWyli) =dim ,

the

Vimy 0 : similar argument usinglimy
instead of Vrie in second sum,

Hlim10 : use llt(i) Ull E 11411 . Ilvll. [

S3 .

APPLICATIONS TO VANISHING THEOREMS

& V <X
,
X +2py) PWcou(ix)
-

Es Ru n - 1

p . Es

pXm - 1

sympier plateinEj+... + Ep MPRV p(u - p)

+...tEm S
+ Ru -1) R (n-1)- pos = Rics O

Iachibena-typeresult (Petersen - Wink
, 2021) : V = Symb(13) algebraic curvature operators

Scal Ric W A u35
ToTre TretZEz S

>5

# ES S 1(To DharTetate
,

n = 4 = PWsomi(t) = 2
, n=4himmse

To TT23 ,

n= 3 3 ,
n = 3

If (MYg) has harmonic curvature operator (AR = 0 # divR =0) and:

PWsou(i)- Monnegative R => DR = 0 = (Mig) is locally symmetric
PWsos(i) - positive R => R = RoEVoM = [K . Id] Et (Mig) has secEN -

Question2 : Are there similar results for 1 (DR) = 0 using VC Sym(iR") @Rh ?
T2nd Bianchi identity



Petersen -
Wink

. 2021) : If (M2mg) is Kahler and Rusm) : M(m) - u(m) is CPF-positive

CPF = m +1 -q ,

then (M) = 0.

18: PWnmi(1P9(m) =
CP7

,

h**M) = dim Ker (1 : 1P7TM - 1P*TM)

&: What other applications yield topological conclusions ?

Non-example ↑
P2

: (Mg), -positive R= dim Ker ( : SymTM - SymbTM) = 0
.

-

⑪ This dimension depends on ↑
the metric g ,

notjust M.

leexamples : #s twisted spinorsinsteadofdimkefactor Aandget
34 .

BOCHNER TECHNIQUE FOR TWISTED SPINORS

Spinor bundle

Snorframe bundle : Spin(n) - Fl SESM= F' x S↓
Henceforth ,

assume M is spin-M W
↓

~
dimS = 2

M
~

Spinrepresentation :

Mg
: Spin(n) -- Aut(S) & =>

Twistedspiobrude,x (sov)Its : solu - End)S (
MSQMx

AnyNepreutationofoln): #x : solu) - End (V) ↓
is the linearization of someMe : Spin(n)--Art(V)

M
connection induced

Divas operator (ou spinor bundle SM) : D : SM - SM - from Levi-Civite

↓jeL Clifford multiplication

-DE = D
*

D + sel ,
so scallo Ver D =200

topological conclusion!
↑(M) = linear comb. of Pontryagin #S

.

TwistedDirac operator (on SMQVM) : Dr : SMOVM-SMQVM

↑av)v +(

DE=D
*

D + Ru ,

so Ro => KerDv = 20) V
= ((TM) ·ch(VMc), [M]) 4



#(B .

- Goodman 2014) Rv = W (R , +s *** )+
- X(R,

Examples:
· V trivial => Rv = 2(Rits)=
· Ves = SMoVMTh and Run a)

↓
above is for n =zm

, if n= 2m+1 dieg(0 · KIRs) ,
W(R, Ne+ se) .....

KIRg+ - + sm),

isTen I then SMOVMEPT ( I ↑ X(R
, As

, + - -+ sm)
,

. - .

,
W(R,a ,) , 0)

MTM ATM 1 TM ...

↑ ↑
...

1+1
+M ..."TM &TM

but 'recover' everything by
Poincare duality

piecewise linear comb.

But
,
in general , Rv > O is a "pinching' condition on R ! of eigenvalves of R-L

Using PW-type estimate on KCR
, ) ,

we find (p(R) for each p21s .

t.

Ihm (B
.

- Goodman
, 2024) .

If (M g) has CIRK 0 and VITM
& ↑
is a

some linear comb.

parallel subbundle ,
then ECM

,Vc) = 0 .

5

of Pontyagin numbers

is null-cobordantSimilar results give conditions on R that imply M S has vanishing Witten genustion3 : Similar results in special honomy? has vanishing signature...
-Kahler or quaternina

S5
.
BOCHNE TECHNIQUE IN COMPARISON GEOMETRY

Ihm (Llal
,
1998)

.
The round sphere (S", g1) is 'area-extremal' for scal :

ifg has scalg scolg and Eg 1g1 ,
then scaly = scolgo . Actually , (Sig)(1

If: Build 'mixed' Dirac operator Dgig ,

and use Egc, Egg to show :

Dig = D
*
D + & (scolg-scolgy) .

Index theory gives Other Dgist

so o = (pg, (pD+E-scolgo)/101 => scalg= scalgo I
↓If=4,thea

tremality holds if R30 and X(M)70 ·

enoughette-Semmelmann2002 : Area-ex
[B .

- Goodman
, 23]

Question4 (Goodman) : Does area - extremality hold if R is r-positive ?


