
MAT226 Lecture 25 5/4/2020

Recall : F : rat
"
- R

" vector field

j :[a.b) → r smooth curve

S Fdr - S:( Elrlth ,Htt > dt . - iworhgordoenerhg
8

when moving
along trajectory r

Fundamental theorem of Calculus (Baby version) :
f! fftldt = Ff b) - Fla) where F'ft) - flt)

Fvn.la#ewemE(Line integrals) :
Let F- = to be a conservative rector field .

Then

given any smooth curve j : fab] - R ,
we here :

A
* friar - Hom - tha"
Very important to observe :
-

RHS of * does not depend on the

path y ,
but only on its endpoints flat , Hb)

A



Core. If F is conservative
,
then fyfedg depends

only on the endpoints of y and not on

j itself

a Eb8.
All equal.

Often the above quantity is denoted Spd E .

PlHtheFintegrally : If F - 04, then

f. Fdr - f
,
of dr = Sabc It

FTC. (Baby version)
= off 0/18 HI)

= fab d*0htDdt E ohhh) - flow) . a
Exe. Find the line integral of F' (x. y) = (xp, x'y) along
the paths y; shown below :

iii.¥÷¥÷÷i
"

.

.



To see that F' (xn) - f,xy2, x'y) is conservative :

M
"

N

Ift - 3¥ = ¥45) - ¥ (Ky) - 2xy - 2xy=q( r - R2 is simply - connected ✓

¥
F is conservative

,
i.e

.

If:L → IR s
.

t
.

F e-Of .

A: find ol .

Okay) = fxy ' dx + glg ) = II + gly )
0¥ = x'y + g' ly) E x'y ⇒ g'47=0

⇒ gly) - c .

So 4km)= XII + c.is a potential for F, hence

fgfdyi-fgr-dk-fprdrs-fll.lt - 410,0)
- ¥+4 - fate) -II

.
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Verifying that go!! E = Iz for a specific path NIH .

^ =D
yfH = Http + th

H

÷.

"

= ( I-t) (o, o) t t ( 1,1)↳
= It.tl

, teas]=P

gift) = ( I
, D .

f.E' do . = fo
't

CE
'

loath
,
n' HDdt-f.at?t7.ll.DSdt=fo2t3dt=afot3dt=2.tI/!--2q--1If

Exercise: Try doing the same along the pelle Fdtl to
see that the line integral gives Ha -

theorem. Let E : RDR
"

- R
"
be a vector field .

The

following are equivalent :
Ii) Fol s . t . F' = Of ,

i. e.
,
E is conservative

( ii ) fg Edy depends only on the endpoints of 8
fond not the path g itself)

( iii) fa E' da =D for all closed paths a.
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Sketohofpf: lil ⇒ Cii) is the FIC
. (Line Integrals)

fool dr = Kolb)) - Koki) ✓
( til ⇒ Ciii) Si

IE.
on
:b:::÷r:

p
' and fp E' dy - O and the

this is the constantToustout curve Fft)
=P

curve FIH =P .

has the same endpoints

f. Edt - SEETA, III!? as a
,
it follows that

° fo Fda - O .

Next : Lii ) ⇒ lis .

To construct a potential

of :D → IR for E, proceed as follows :

÷÷÷÷÷÷:÷÷:
use any curve joining Oto

P to compute the above
line integral . This is well -def.
because Cii) holds .

s



Finally Ciii ⇒ Kil

÷÷i÷
.

:÷÷ :*:*. :÷
to Q ,

IgE do = {Edy
consider x to be the concatenation of yard

- Y , which is a closed path . By Ciii
,

o = Ja Fda = Jg E'

dytfyf-dy-fyrdr-fyr-dysofgfdg-f.gr
dy . D

Addedofterthen.de# The
"

only
" details I skipped were

to show that ftp..fr is actually a potential for
F
,

that is
,
satisfies Of =E, and this is where

"most " of

the work is in proving the above theorem
.

6



Revisiting the example of F : YES} → R' given by
F- (x.g) = f - ×÷ , ¥5) .

①AIR'llcook
is not

- - simply - connected
.

From last lecture:
A =N

• f. Edy = 2T where 8ft) is a
,

8 circle of radius R
centered at the origin .

• 221g - off, = 0 .

By the above theorem
,
since fy Fdr fo for some

closed path j , Liii) does not hold
.

Hence lil also

does not hold , that is
, f- of such that F=0¢.

This shows that F is not conservative
.

Note: this example shows that the hypothesis
of r being simply- connected is necessary on

the Theorem that state,
" if I is simply- conn .

then F- = (M , N) our is conservative if and only
if Eff - IF = o
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