
MAT320 Lecture 11 10/5/2020

thenumbere:

e = II. ut! = It It It, t t! tf, t - - .

The above converges
ble :

Sn = It = It It fat - - - tht!
Pdr heo

k!

si - Itt t t.ztf.IO?ty#qqt -
-
- t T.qt.iq

z 2

< It It { t tf t Yz t - - - t¥
n-I

= It { In. c 3 .

"

partial sum

Since Sn 53 , threw ,

of the Geom . Series

and Su is monotonically
Eto # - ¥2 -

- 2 .

increasing , it follows thot
let e denote the

Isn ) converges,
i.e
, Eat! converges . ( limit of this series) .



them . king
.

Htt)
"

- e

PI: Denote by sin -- ¥
.

¥, and by tu --ft tan .

By the Binomial theorem

(atb5-E.fi/an-ibifI:ntu=ftkY-.EoHnti--⇐ Ii÷ti
= E. mh-NuhiH÷,h . M

.

N . N



- E
.

- it It
.

= ?EkHk - E) - - - G-⇒ ÷
.

Tr

(of .su . !E" ?:) ⇒ tucsn , threw

Thus lies :p tu s fine.sn - e .

②

If we stop at men
,
we see that

90

tu > stat 's,( e-⑤% - - - the:(I -④? - (s -m .

fix m, let m→ a
,
then :



←mms.EE/raelimivftu71t1ttg
,
t - - - t Fm ! = Smm-soo

so we conclude that Sms km if tn .

KMEIN
.

now

Let an→ a. get : eqnh.y.smsbyisf.tn .

From Ca) & , we
have

Kmsp tu se Element tu
n- g

n-a

Therefore lin tu - e .

m→ N



Speed of convergence of Eton: = e , and e ¢
" rise

e - E.is.e - Sn =

← Eat. - E.im.

=¥ii⇒:*"

,= µ÷( It n't t fizzy
⇐ ¥, f

¥ Temne.

It ¥, t ¥, t - - - )
-

Geometric!



÷:*. . .÷E÷
.

Ti U

Geometric ! LI,

←¥,
- III.i-n.in .

So :
⑧

Ole - sue 1- them
n !n

'

for example, M -10
,
then

510--1+11-24.tt/t--.taoI, is e-Ssocfoit



Thin .

e -40 .

Pd: Suppose e EQ
,
then e = Pf . Pif EIN .

From ④ ; setting n -q :

Os e - Sfc ÷ ⇒ q ! ( F - sa) stop

⇒¥ta { ⇒ In:p:3:.IE
- FN O and I .

= Cq - n) ! PEN ( contradiction !)✓ i

> f ! Sq = f ! ( Lt Itt, t .
. - t tf! ) - q ! tf ! tqlf-H -

-

-3

t - - - t 1 CINI



if Taal converges,Rootlet ←
then a --bjraT

The .
Given Ean ,

let a -
- line:p Flat ,

lil act ⇒ Eau converges (absolutely)

Ciii A > I ⇒ Eau diverges
liii ) x =L : test is inconclusive

Pt: If act ,

then we can choose Imd NEN
,

Kaul cp for ale n > N
l Geometric

i. e . lankp
"

.

Since ogres , ⑧Foiling!

therefore , by Comparison them, Elanlc Ep
"

< to
.



Iii ) If a > I , then there exists a subsequence mix st ,

metal → a > 1

So Tiffany > I for infinitely many Ma's
,
ie .

that > I for infinitely many
m 's

.

This implies that { an diverges. because it

prevents an → o
. (diverges)
to

( iii) Consider e.g . End = It It ft - - -
Ita

Mel

Iifa.at#y+...i9iee:a:eeD.a--lie.sm.Fai--k.sn.rFHn-s.-Ern
a



Ratio Test
-

thou .

The series Eau ,

lil converges (absolutely) if tinny /hI÷/ - I .
Iii) diverges if lanate / > I for all u > no for some freedmen .

Pt: H if bing.pe/anattn/e1, then Fp, apes and

NEN s.tt/ana#/ep for eden >N -

ie
. Ianthe plant

a- N : fantast < plant
n - NTI : lantzkplawtstp.es/anl=p4awl



no

,

Ntz : lantslsplanl
,

i

n -

- Ntp langplcp.HN/Ty--n-@
T

for all n > N .That is , tank fi
- N

tant - f
"

kdPQrqegrofpec.es
[ lankp-nlanlfppnoca.Geomgtf.nu/neti1pkt

.

Hit If Janani ) > 1 form sniff . large , then taunt slant for

naff , large , which implies that an -1,0 .
So Eandgjreges.



Remain .

. If fog AIT =L , nothing can be said :

{ In -- ta ,
Entz < a

m2
Anti M

ah
-

* as a
= → I

.

Example I + It tgttqtzztft # t fat - - -

M Fanti Man M

notice# ¥ttz t
ti
. .

this series
is a

rearrangement to

of the geometric series ⇐E



Ratites :

ayy , 12 durations

£ (for retros in red)

hmm:b hating h:# ain't -2
-
-

smn.ae:*:÷
. eee.tt:t÷lr¥+

does not

Ratty : f. No → IN . apply !

0/101=1
, 0/1=0 , 4/21=3 , 0/31--2, - - -

flu)=_? exercise)



+N

I t I t tf tf, t Iz t tf t # t fo, t - - - = E #a,
M = O

fig Hnd =L . He n - I e- flu) Ents
I

nut ⇐ And ← nth

↳ ji / lb , thenmsgueeze)

Tani - if. . I
E. Fan = em z-E.IE#.a-:za.7h-i N

By the Root tests it f-
follows that series converges .



÷? '
z't ¥7 . .

. Fitted
- - - - -

Eixample: 12 thgttgattgattzsttzsttzattzo.it - - -

¥, ÷÷ ¥4. F ¥÷⇐i
( Es)
"

( for retros in blue)
R*i

az÷ . }f- ( Z)" ( for retro , in red)

hminf ALI =nh=d⑤T=0 The ratio test
n-on L1 does not

tie:p HIT - II. If It , apply -
n .

51



Roottest : zthgtf⑤t1⑤t⑤t⑤t⑤at - - -

3 4 5 6 782

fan, = { TE for an in blue

Fff for an in red .

lie
.

lira - Eif - rt
die:p Tian -nKjfzn=fRoot test✓ nitrite

series

converged !



Note : In both examples, the Root test yielded

convergence of the series
,
while the Ratio test

did not apply .

The .

For
any sequence haul of positive real numbers,

I tinniest haunt s dining iran If ratio test
n- • applies to give

convergence, then
so does the

(2) hinny fan E th?? ALL ← ingenue.hn
root test may

PI: 11) is deft as an exercise (similar toes)
.

(Mdt:YIfgg!
(Z)

x ← limsy, anti If a - to , then there
n-na hh is nothing to do

,



Suppose acts .

Let p > x. Let NEN s- t .

Anti
a- Ep for all n> N .

For all PEN , if MIN :

n -N Antos ⇐ PAN
2

A-
'N? Antz EpQNEpaNtz

I

A-Ntp Antp ⇐ phntp-itpani.pe E - - - EPP an
That is

, Osan ⇐ anp-N.ph where n- Ntp .

Taking nth root :



Fans 'tanpTp
tiny Fan sp . din:p Kaupp =p .

oT÷Idepnd
÷

Since this holds for all p > a - linsgphnatnt , we
have that

by:p
.

Faust:p
.

AIT '

a


