
MAT 320 Lecture 14 101191206

Limitsoffunotious

(Xd x) . (Y , dy) metric spaces , f :X - Y

Det : Suppose ECX is s- t . f (E) CY and PEX is

a limit point of E .

( Note it might be that p¢E)

we say him flx) =p if FEY satisfies

x→p

HE >03-870 ,

HEE
, OC dxfxip) < 8 ⇒ dylflxl ,q) CE .

" "If
did

Reinert : If IX. dx) = (Y, dy) - IR w/ usual distance

dla ,b) - lb - al , then the above coincides with

the usual definition of limits for fi.IR- R .

them: fin fled =p ⇐ whys then) - f for all

sequences ( Pnf new
in E

sit
. pn¥p and pm- p.



Pt: (=D HE so
,
7870 sat . for all XEE,

Ocd(x,p)s8⇒ dlfcd.ge/sE.

Given IAI seq .

in E s -t . pufp . Pu- p,

there exists NEIN set . n> N implies

Ocd (pm p) CS . By the above
, d(ftp.hfKE .

That is
, why, fled -- f . flpn)-f .

(e) Suppose type fix) #f . Then FE>o,
sit

.

FS > o
,

FXEE for which Ocd(x, p) 28 but d(fG7q)>E .

Let fu - In , then there exists a sequence

Ipu) in E, Ocd Cpu , p) she In
. By hypothesis,

nh±g flpn) =f . This contradicts dffkd.gl > E

if xeE ,
ocdlxiplcfn .

So it must be ¥yfld=f a

Coe : If f has a limit at p,
it is unique .

Pt : Recall (Lecture 8, video 2) that limits of sequences

are unique .



The : Suppose f. g : X - R (or Q)

p is a limit point of E CX,
"

and

fig FM - A
, fire

,
GG) -B .

Then :

a) fig (ftg) KI - At B
b) xhinp (f.g) Ix) -- A - B

4 fig Fg) H - IB , if Bto .

Pt: Recall (Lecture 8, Video 3)
that the analogous

properties hold for limits of sequence .

Thus
,

the above claims follow by applying the

previous theorem . a

Example : ×hi→q (ftg) (x) - ATB
Thu TIME in E, pre-p,

know try flx) - A ⇒ pntp . flpu)→ A
.

Thun ftp.t in E, Pu- P'tip SH - B → pntp , gcpn) -B .

Use them from lecture 8 about sequences :



(ftg) Cpa) - flpn) tgcpn) → At B

i. e . Ah pal in E , put p , pre- p .
(ftgcpu) → At B

By Them above : fog fftglfxl - ATB . D

coutinuousfuncti.us
f : Xo → Y , p c- E

E

Dif: we say f is continue if HE >
o

7870 s -t .

for all xeedfxibs8-sdffcxl.fm
) se .

We say f
is continuous ou E if it is continuous

at all points PEE .

Note: If PEE is isolated , then any function f is
continuous at p .

So continuity only imposes restrictions

on limit points of E .

Isolated limit point dcp.pk '

FEE
"

Delp) AE - Ipf



Thx: Suppose PEE is a demit point of E . then

f is continuous at p ⇒ plug = flp) .

Pt. Immediate from the above definitions ( Exercise) . D

THI: Composition of continuous functions is coutdmuas .

f Y 8 E
X X

- fCX)

If f :X- Y and g : Y
-it are continuous ,

then (g of) :X→ Z is also continuous
.

←@qpyoII.t.)

Pt : Given E> o
,

since g is wut
.

at fcp) EY,

there exists if> 0
set .

dy ( y , flpl) s y , gefle) ⇒ dzcglyligcfcpD) CE .

Using the fact that f is continuous at p ,

there exists So s-t .

dxlx , p) < 8 . xe E ⇒ dy (fled , fin) s y
Thus

, dxkgp)c8 , xe E ⇒ dzlglfkd), glam)) se,
i. e. , ④ f) is continuous at pex .



Tim : f :X → Y is coul if and only af f
-Yu)

is open in X for every open set Vc Y

IT
f- '(V) open

Record: f-
' (v) =/ XEX : flxlevf .

PL: If f is wut- ou X and Vfpeny , then we
want

to show that
every pef

-' (v) is an interior point

of f-
' ( V) . Since pef

- ' ( v )
,

we have flip) EV

Because V is open, there exists E> 0 sit
. yell

for all d ( y , flpl) se .
Since f is out . at p,

there exists 8> o s.t.ifdfx.pk .

then dylfkd , flake .

Thus if dfx.pl Cf , we have fcx) EV, i.e. xef
-

YU) .

To prove the converse , suppose f-
' (Dc X is open

for all Vfpeny . Given pex , let

V
-
- I yell : dyly , flops E) - Belsen)

since Vcy us open ,
it follows that f-

' (v) CX is open,
.

that is , 3-870 s -
t
. xef

- ' ( V) if d ,fp , x) Cf i.e . .
if XE f-

' ( v) and dxlpx) CS then dy ( ftp.flxDCE .



Continuous functions with values in R or 42" (Goren)
.

-

Thin : If f. g :X → IR for e) are continuous
,

then

ftg , f. g ,
and fig are also continuous on X .

Pd: At isolated points of X, there's nothing to

do . At limit points of X
,
use

the

corresponding properties for limits
and the

characterization of continuity in terms of hanky
Dd: Iff :X → Rn, then flxt-ffe.IN ,

- .
.

, fuk)) , where

fi :X- IR are called coordinate functions off.

Thnx : f : X - R
"

is continuous if and only if all

of its coordinate functions fi : X- CR ,
n' =L
,
. . .,n

are continuous .

Pt: Ifilxl - fits) ) Elflx) - fly)l=¥⇒Hik-fiG#
"

- -

dlfilxl , film) dlf flat)
If f is cont .

, then fi are continuous by the

above
. Conversely , if fi are cont , then f is

cont . by above,



Core : Examples of continuous functions

fi :D
"

- IR
,
filed - Xi

" ik projection
"

;
t-4 . - > n

are continuous

(since lxi-yiklx-yl.fi)
Products , sums,

etc
.

will also be continuous .

In particular, all polynomials are continuous .


