
MAT320 Lecture 2 8/31/2020

Quick recap of lecture I
-
-

:

( s , c) ordered set
,
ECS bounded from above :
-

FPES

#s theE
,

E ffs x-p
all of these
are upper bounds for

E

sup E = least upper bound for E←①If
5=0

,
then sup

Analogously , if E is bounded from below ;

might not exist ius.

#HES
inf E - largest lower

E Y XE E
bound for E-Wall of these are LEX ① Also inf 's might not exist!lower bounds forE



txample : Verify that 72=10,1} is a field with :

+¥÷ Recode coom LecheI O L O I bounded

from above has a supremumfire
, every

subset

Therealnumbersi get existence of intake:?)
Thin: There exists a unique ordered field IR which has the

least - upper - bound property . Moreover, IR contains Q as subfield .
manner

Ideaofproof-i.CI) Construction of IR : Dedekind arts

cut I
B ABC

IR: = collection of all such cuts .

(2) Uniqueness : if Ra , Rz are fields satisfying



the above (ordered, w/ l . a. b . property) ,
then Flo : R ,→ 1122 an isomorphism

of fields , i. e., 0 preserves t, o
.

Archimedeanproperty: Fx, y EIR , × > o
,
Fine IN such that

nxsy .

Pt: Given x ER
,
x > o
,
let A- =/ nx : NEIN ) . If the

conclusion was false , then th EIN, NX Ey, which means
that A is bounded from above

. By the l.ee - b- property ,
Zx = sup A EIR .

Since X > 0
, X - Xcx

,
so a - x is

not an upper bound for A
. therefore ZMEIN sit

.

=

× - xcmx .

This means that as @ + DX EA
.

-

This contradiction finishes the proof . c- IN
a



theorem : Q is
"

dense
"

in IR
,
ie
, thayer , xcy

FREQFred ,
x Cray .

#
x yPI: Since xcy , we have y - x> o . By Archimedean prop,

FNEIN st . only - x) > 1 . Again by Archimedean prop ,
FMI

,
ma EIN s - t . my > nx and Mz > - NX .

Then

M-L M
- MZLNXLMI #

-Mz
MX M1

therefore IMEI , s - t . Ez EZ

M - IEUXCM

Putting the above together :

nxcmsttnx any



Divide by n : x c Macy . (NEIN ,
MEE) .

So we found renf-El@s.t . Xcrcy . I

ponied.
Existence of nth root of any

real number
,

the IN
.

-

Lemuria : If Ocacb , then b
"
- a

"

s (b - a) nb
" - it

for all ME

,

This can be proven by induction onn .

Pt. Recall b
"
-a

"

- ( b - a) (b" - ' + b "-Zat . . - ta
" -Y .

ocacb ⇒ ai b"-↳ < but
, V-j =L , . - → n - I

Thus : b
"
- a

"

s (b - a) ( b"
-Ibn - 't . . - tb"

-J
X

- (b -a) nb
"?
D



Thnx : For all XEIR ,
X>o

,
and ME IN there

exists a unique y -412 , st . y > o and y
"
- x

(Notation : y - Tx - x
")

Pt: (Uniqueness) .

If ya, ya -412 satisfied yet - x - yah ,
then gs=yz .

If not : ya cyz or Ys > 92 .

I I

yi < yi yi > yin
( contradiction) ( contradiction)

(Existence) . To define YER we shall use the lab .

property of R



Let E - ft EIR : tso and Tex )
(HEIL: set t=y÷× ER , note Oct < 1. Also,

that ex
.
Thus

,
t - ¥× EE .

(2) E is bounded from above :
#

If t > It x
,
then

that > x so TIE .

Thus p - Stx is an

B
upper bound for E . #)f

By the lab.

- property , Fy: sup E EIR .

Now we show y
"

= x . If not
,
then either



y
"
ax or y

"

> x .

If y
"
ex ; then choose HEIR st

.
0L HEI and

" '
n

..
; es . .

h
-

- mink. nI+n.}
Set a =y ,

b -yth in the lemma : (ocaab)
b" - a

"

s (b - a) nb
"-1

( ytht-ykfyth-yl.n.ly tht
-

Ihnlyth)""
N- I n

yess hnfyts) Ex - y



⇒ 4th)
"

C X
, ythsy = sup E .

-

EE contradicts y - sup E .

( in particular , y is an upper
bound for E )

If y
"

> x : set k= y
"
- x

⇒
,

note 04kg .

If t oxy - hi , then by the Lemma:

y
"

-

the yn- ly - xTcnk%'
"

b I n¥,µ . .
- y
"
- x

.

Thus Tsx
;
in particular , tf E .



Therefore y - K is an upper bound for E .

This contradicts the fact that y - sop E is

the least upper bound for E .

Hence y
"
-

- x
; completing the proof . I .

Extensions of real numbers .

-

(1)
"

Extended
" real line : ITT IR Uf to . - o )

.

Define - as x star ,
HXEIR

,

with the

" intuitive " definitions for arithmetic operations with Is :
X too = to

.

X- a = -N
, ¥ = o

.



① IT is not a field .

(2) Complex numbers ¢ - ROHR = 1122

X - (a ,b)
, y- G. d)

EE a. b. Gd EIR

xty :-( ate, btd) , x. y :-(ac - bd, adtbc)
It can be shown that ¢ is a field .

However
,

Cl is not ordered
. (Hint : GILE E)

③ Cayley . Dickson construction ( '
O)

(= - IER)

Cl - Rot R
,
IH = Clot E Cla - Ata IH
"

Quaternions "
"
" Octonions "

( not a field ! ) (nota field !)


