
MAT320 Lecture 20 11/9/2020

Riemann - Stieltjes integrability
-

Recall ( Lecture 19
,
Video 6) :

rt : ''mi: ⇒ :
a.nl#LiEi**EtETw.r.t

. x ULP , fix) -UP , f. a) C E
--

Upper and lower
Riemann - Stieltjes
sums of f w.

rt- a

THIEF f :[a.b) → IR is bounded and and partition P.

has only finitely many points of discontinuity , such that
x :[a.b) -R is continuous at the discontinuities off

.

Then f is R
-

S
.

- integrable w.at
. a . FERG) .

Pt: Let E> o be given . Set M -- sup tf / and

E=4XE[a.b) : f is discontinuous at xg .

Since IElsa and x is continuous at all XEE, we

may cover E with finitely many disjoint intervals

[Mj .vj]c[ails], s .

t
. § dy.) - xluj ) C E .

Also
,
we

%
E
ng may arrange @j.y] so that

la¥¥÷g each point of En (a.b) lies
µ , v, Nz Va

Ms b the 4
in the interior of some

K Cerjivj] .



Note that K = G.b) I Ujcujnj ) is compact . Thus, as

f is continuous on k
,
it follows that f is uniformly

continuous ; i.e .

, IS > o s - t . Fst Ek

Is-Has ⇒ Ifes) - SHH CE .

Build a partition P
- ta - Xo Exes . . . Exurb} as follows :

• Mj , vj
EP

. Hj

• No point in Cmj , vj) is in P

• of Xi -± -41mg : j) , then bxi - Xi - Xi-1<8.

Now
,
Mi - mi ELM for all i

Mi - Mi E E unless Xi El Mj : j }
Thus {Dai -HH-Ha)

VIP , f. a) - (( P, f. a) = [(Mi - mi) Dai ( telescopic)

i

www.T.ibqesmdaee#OkHkD.eaMe--Ecd
Since E > o was arbitrary ,

the above can be made

( E
'

for all E
'

> o .

D



The . If ft Rk) on Caio] , m Efe M , ol :[mm] - IR

is continuous ,

and h G) e- of lflxi) , then h ERK) on Caio] .

Pdi. Given E > o
,
since 4 is cont

. on the compact
interval Cm ,

M)
,
it is unit . cont

.

,
hence IS > o sit .

SCE and V-s.tefm.MS
, Is -Has ⇒ lolls) - ol HICE .

Since f ERK) , ZP - taxi . . . . ,xu ) of [a.b)
sit

.

④ U (Rf , a) - LIP, f. a) < 82

Let Mi
,
mi be the usual quantities for f , and

ME .ME be the corresponding quantities for h .

Let A - fi : Isi En ,
Mi -miss )

B. ← hi : I si En , Mi - mi > S )
For IEA

,
we have ME -mi EE

For n' EB
,
MF - mi E 2K where ke sup 10/431

By ⑧
,

we have .

.

telm.ru)
-

8
. ¥, Sai

E §
,

@ i - mi) Sai ¥82

So
, dividing by Sso , we conclude ⇐ kiss.



VIP, ha) - UP, hi a) = ,¥CMikait¥Mi*bai
SE E 2K

{ Sai - dbl - da)
s q . @ (bi- dad t 2h18i.ca

see y e ( ski- da) t 2K)
Since the above can be made arbitrarily smell,
we conclude that h is Rs

.

- integrable .

.
he RG) .

a

paypal.esoftheriemann-stieltjesintegnd-ffd.dk'EJgd×
a. take RH ⇒

ftp.IIYY?tceR)k:nse.aI4inr?fablfstfz) da - fab ft dat fabfzdk on fg

fab c. fs da = a fab f. da
(integrand)

2
. If fast on Gib) , then fabtsdxcfbfedx
3

. If f ERK) on Gib) and a c cab
,

then

f ERK) on Caio] and on Lab) and :

fact dat f! fda - fab fda .

4 . If f ERK) on Laib) and If IEM on [a.b)
,
three



Is.¥IenkDI¥I#I
5. Of fER(as)hRkz) , then f c- Rlastae)

d '" - ×

and feR(Cas) for any cell? and :

fabf das t Jabfdaz = f! f dKita)
q pg!

ta: da. - f's des, } !
"

; - int .
②

(measure)

PI . 1) If P is a partition of G.D, then

[ (Piers , a) + UP , fz.DE LCP.fytfz.DE UP. III. D)④
UCP , fifth) s VIP , fs , a) + UP , f. a)

If fa , free RH) , then HE > o
,
7Pa

.

R partitions

VIPs
,
fax) - LIPS , fish) 542

VCR ,
far) - LCR.fr/a)cEkleHiryP=PuPzbe their common refinement, by ④

,

Ufp , f. tfe ,
a)- LIP , fit fee . a) E Ez + Ez = E .

Thus f , tfe C- Rt) . Moreover
,



b

U (Bfs
,
a) L ffs da t E

a

VIP, fr , a) a fete da + E

a

Using the above and inequalities ④ , writing f -- fetfz
,

fabfda s fable , dat Sab k dat 2E
Since the above holds V-E >o, we have :

J! f da e f! fr dat f! fade .

Replacing fa
, fz by - fi , - fz , one obtains the reverse

ineq . ,
so equality must hold

.

Leave the other proofs as exercises.

The . If f.ge Rk) on Cab]
,

then f.ge Rk) , Ifl ERK)

and IS! fda) Ef! Idek .

Pls: let 4ft) -t? By a thin above
, 0/61=12 c- Rk? and

$(g) =g
' ERK) . Moreover ftg ERK) , f -g ERK) , so

olfftg) - (ftp.ERK) , Ht - g) -- HARK) .

to - EH÷g÷c÷.se?erc.i./an&e7:iei:ecompute J
'

fgda



Next
,
let 01ft) - HI

,
so by them above 0/14--1 HERK .

Let C = I I so that c ffdx 70 .

then s b b gct
1) fda) = off da =) of da s fled ok ,

a
a a

a

Ey

Definition. The outta function I : IR- IR is

IG)={
° if × to one
1 if x so #

Thin . If se (a.b) , f is bounded Caio)
, f is cont .

at s
,
then setting a (x) -- IG-s) we III. Iaas,

gabs da -

- fist .

Pd: Consider a partition P - lxo.xnxz.is/
s9--1×1=5<Xzcxz --b .

Then

U (Rf , a) = Ma
,

L ( P , f. a) =mz
a -- * k k b

-
- x,

letting me → s
,
since f is cont

.
at s

,
we have that

Me
,
Mz → ffs) , so

,
in the limit, fabf da - fcs) .



THI . Suppose Cn > o ,
n c- IN

,
Ecn < to .

If fsnl is a seq . of distinct points in (a.b)
too

and 46) = [ an IG- su) .

N -I

let f :[a.b) → R be continuous
.

Then

fabfdx =

a
.cn . flsu)

Pd. By comparison , E cu IK - su) E [ an C to so

-
OS -- - E I

xlx) is well - def . Moreover a (a) = 0 ,
a (b) = Een .

Let E > o be given; choose NEIN so that

to

Ecu CE .

NTI

let
as cut (x- su)

next .- Ii
.
.cn IG .sn, } """' '" t""

By properties of Rs . - integral ,

fat f das = ¥a Cuflsn) .



Since Mlb) - Ha)sE , I fabfdxef EM .

E
,
where

M -spiffy
Since d - actor

,
we have :

µf, da - I.cnflsu) ) ⇐ me .

-
fabfdqtfgdq

Since E> o was arbitrary, bkg
N → too

,
one has

b to

f. fda = Ecuflsn) .

n -- I
D


