
MAT 320 Lecture 3 9/2/2020

Basic Notions .

-

Det: A ,
B are sets , f : A → B function is

11 "

( s ) injective (or 1 - t) if thy EA .
x #y ⇒ f KH fly )

(2) surjective for "onto") if Vibe B
,
Fx EA s . t . b - fix)

In this case,

pl bijective if it is injective and surjective .

← time . .
.

Det: A and B have the same cardinality if Ff: A → B
a bijective map ( " bijection") . intuitively , this means

That A and B

Notation: #A = # B
,

IAI - IBI
←

have the same number

of elements .



Finite / Countable / Uncountable .

I-
i

e- H 's
Notation for all new

,
let Ju : = 11 , . . . ,n } Jz - 11,21

-

:
.

53=3443}
IN = II. 2,3 , - . - I =# µ Ju !

Det: A set A is

IN finite if FNEIN and f : A - Jn a bijection .

( # A -- n)
infinite if A is not finite .

③ countable if Ff : A → IN bijection ,

14) uncountable if it is not finite nor countable.



Example. IN is countable and infinite .

TAI =/
. . . .

-3
,
-2
, -40,1 , 2,3, - . . ) is also

countable and infinite ( note IN CI ) -T
f ← exercise ( #AAE '3#B.)

If :I → IN bijection

g : IN → I , gcn) =
¥ . if n is even

¥7 { mat , if u is odd

. . .

,
-3

,

-2
, -1,0 , 1,73. . . .

Note that g is

glH= - 121=0 a bijection .

=

Let fbelhe
I. 2 ,

3,4
,
5
,
6,7. . . . 8th) - E - K inverse of g .

gHft9 1919191919 g(3) = - 3-12=-1 which is Hsu
0,1 , -1,2 , -2,3 , -3 , t a bijection .

814) - I -€ .
. . (flglnll - n ,

gcfkdl - x)



Alternative definition of infinite set
#

Even though INEZ , they have the same cardinality .

-

Ff :L → N a bijection .

The : A set A is infinite if and only if there exists

a proper subset EEA and a bijection f : A - E .

Pt: Suppose F E GA and f : A - E a bijection . If

INE IN and Y : A → Ju a bijection, let no EIN

be the smallest such n and 4 : A - Jn
.

.

Consider Yle : E → Jn
.

.

Then Fma no such

that Im 4¥ - Yle) E Jm .

Then @ of) : A → Jm



-

A # Jn
.

would be a bijection
' fl ± if from A to Jm

,
Mano

,

I v

l E Jm contradicting minimality
'

e E ⇒ of no .
Thus

,
A is infinite.

Hof) ' - - - - converse is an exercise.
. D
-

[ Hint : Take a countable

subset E'CA and let

E- ( X1
,
Xz, - . . ) . Then , consider

the mop f : E
'
- E'given

by ffxi) - Xi +1 , tie IN .

Conclude that E'E 4×3×3, - - - I
= E' that ) .

( can extend f :E'→ E'4x4 tof : A →All by the identity )
-

=:E



Sequence :
Det : A sequence in the set A is a function f : IN →A

Anotation : an - th)

f¥.i
IN -41,43, - -

- I
THI : Every infinite subset of a countable set A- is also

countable
.

Pt: since A is countable
,
let f : A → IN be a bijection

write xn EA for the element of A mopped

to me IN by the bijection f .



A- =/ X1
,
Xz,X3

,
-

- - }
Let ECA be an infinite subset

. Define a

sequence thug CIN as follows :

let me be the smallest number sit
.
Xu
,EE

i
,

after choosing us , ha , - . . . nine ,
let

Nix be the smallest number > has such that

Xnh, EE .

Since E is infinite , this defines an

infinite sequence thx )
,
note E - Hus

,
Xna
,
- --

, Xna . ..}
Let g : E → IN best . fkn . ) - K .

Observe that

g is a bijection .
Therefore E is countable

. a



More properties of countable sets :
-

Thin : (1) The countable union of countable sets is

countable

⑨ The ( finite) Cartesian product of countable
sets is countable

.

PL: (1) Let Ed
, Ea , - . .

, En , . . - be countable sets

for each new
.

We need to show that

EE #µ En = Es U Ez U E3 U - - - =n¥En
is countable

.

Since each En is countable
,
Zfn : En → IN bij .



Ee - I xsa?xn? xe→? . . -4 XijEEi
-

/ / / (fix . = 's )Ez = { 1/21
,
Xzz
, Xz3

,
- - - }

- e -
E3 = } X3I

, Xzz
, X33

,
- - - )/
/

We can enumerate the elements of E as follows:
E! XII

, Xz1 , Xyz , X 31 , Xzz , Xss , 441
,

X 32, 423, X 14IN : ① ② ③ ④ ⑤ ⑥ ⑦ I - - -

This shows that E is countable
.

⑧ ⑨ ④ -
- -

(2) Now
,

we would like to show that

Es x Ez x E3 x . .
.
x Eh, are countable for all KEN
-

= II Ei =Kxa, Xz, . . . , XD : Xie Ei
,

i - I
, - - in ) .



Using the bijection, fn : En → IN
,
it suffices to

show that IN" - IN ×
IN × . . . ×

IN is countable
.

-
K- fold cartesian
product of Naturals

=/ (me , Nz , - - -

,
ha) : hi EIN , i-f . .§

For K - I this is clear since IN
't
= IN

.

Suppose (by induction) that IN
" -t

is countable
.

Since INK e- INK-1 × IN
,

the elements of 1N
"
are

( Mai - - y nu- a, nd EIN" Thus : INE U IN
"-t

- NEIN

(ht
. - - y hrs) EW# EIN

is a countable union

µ
of countable sets

.

this

countable .bg induction .

is countable by H .



Application
-

i

core : Q is countable .

Pt: There is a

"

copy
"

of Q inside 2x IN

Q2 Iq c- PEI , of C- IN
Since I

.
IN are countable

,
so is 2x IN

,
and

hence Q is also countable
. D ( there,µ surjection)

Example : 40,11N : =3 f : N → 10,13 ) is uncountable .

← the set of sequences

Pd:(" Cantor diagonal 'D ;

( of O 's and I 's . )

let E Clo, if '
"
be a countable subset

, say

E =/ Sa , Sa , Ss, - -
-

,
Sir
, - - - §



'ymto " y of s o -
- -Ss :

FootsSz : I ② £4,1 O L O
-

-
-

S3 : I 1 LO LO O O
- - -

Consider a new element Sefo, 1)
'N built as follows :

O nth element of SS " ¥ Wa two ←
is I if nthebnet

of Su is O and

Clearly SEF E . o if the nth element of
Sn is I

Thus
, every countable subset of 30,11N is a proper subset .

Therefore , 10,191N is uncountable ( otherwise, if 10,11 Nwas
countable

,
then 10,11M€ IaaS "?) D



Note : If we represent real numbers using binary
sequences , then

the above proves
that IR is

uncountable .

We will give a different proof of

this using topology in a later lecture .


