
MAT320 Lecture 6 9/16/2020

Heiue-Boreltheorem.tk following are equivalent for a
subset Ec IR

"

of Euclidean space :

(e) E is closed and bounded

(b) E is compact
(c) Every infinite

subset SCE has a limit point in E .

Pti (a) ⇒ (b) If E is closed and bounded
,
then there exists

1122

a ×- cell ICIR" such that ECI '
b

From last lecture : I is compact .

Since E is closed in I
,

and closed subsets a. . -

of a compact set ore compact ( Lecture 5. videoT
it follows that E is compact .

(b) ⇒ (c) Video 8 of lecture 5.

(c) ⇒ (a) If E satisfies cc) but is mot.bg then
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Note that S is infinite since
,
otherwise

,

411 xnll : MEIN ) would be finite (which it is not) . By ,

there is a
limit point of S in E

.

But S does

not have any
limit points in IR" Cnor in E) , which

gives the desired contradiction
.

Suppose that E is notclosed, then
3- xaeR

"
a limit

point of E with Xo # E .

Let XNEE be s-

t
.

* - × .gs filet S -HEE : "
""M ' •x¥±µ

,
Note that S is infinite ( otherwise

llxn - xoH would be a positive constant)
,



clearly an is a limit point of S
,
and S has no

other limit point : if yer ", y # ×, ,

was a limit

point of S , then #triangle chef)
llxn - yd > Hx. - yl - Axn - x. It

> Ix. - yd - ta > Elka - yd
contradicting the assumption that [ for new self .

y is a limit point of S . large .

This contradicts (c)
,
b/c SCE is on infinite subset

without a limit point in E
. Therefore , E must also

be closed D



Recall : Pc Hd) is a perfect set if P is closed and

every point of P is a limit point of P.

EI: E -- fails) Ulc, d) is not

perfectpqa.by CR is perfect ) # closedV#
a b a b c d CEE is not

a limit point
of E .

theorem: If PCR" is perfect , Pto, than P is uncountable.

PI: Since P has limit points , it is infinite . Suppose that

P is countable
;
and label its elements as Xs

,
xz , . . . ,

i.e
.

,

P - f Xa, xz , xz , - . - f = fxn : MEIN } .

Construct a sequence of neighborhoods Huf as follows :

Vs7Xs is any neighbor . of x1
.



By induction
, suppose we constructed Va

, . . .

,
Vu in such

way that Vn to .

Since Hp EP, p is a limit point

of P
,

there exists a neighborhood Unto s- t .

H Untac Vn

in:: :±:*
.

.

Let kn --VI AP . Since Tn is closed
and bounded

, by the Heine- Borel theorem, VI is compact.
Since Xu El Kenta , no point of P lies ¥µ kn .

Since Knap
,

¥µkn =p . But each kn is nonempty , and kn 's Kats .

this contradicts the fact that intersections of nested seq .

of compact sets are nonempty (Video 6 of lecture 5) . Ey



Core. Any closed interval [a. b) CIR is uncountable
.

Cos : The set of real numbers 112 is uncountable
.

thecartorse.tl#1Eo- [0,1] ← I closed interval
2 of length I

i
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Continue by induction
, constructing a nested sequence Ernst . :



d) Eo SEI JE23 . . . SEND - - -

ki) En is the union of E closed intervals
,
each of length tf .

Det. The Cantor set is P - M En .

-

MEN

Note that P is the intersection of nested nonempty
compact sets

,
hence Pff . (Video 6 of Lecture 5) .

Clearly , P is bounded Id closed
,
hence P is compact.

Prof: The Cantor set P is perfect .

PI: Clearly P is closed
,
so it is enough to show that

any XEP is a limit point of P
.

Let S be any

neighbor of XEP . By choosing ME IN sufficiently large
,

so that one of the intervals In that gainsendpoints b¥on§
.



constitute En satisfies Inc S
,
we have that

its endpoints (which are elements of P) belong toys .

Remain : Note that P does not contain
any

interval (a , p) : no interval of the form

these are the

Iµm:= ( 3kz , 3zh ) ← "middle thirds " that
were removed in step M

of the construction

has
any point in common with P

; for any x. MEIN
;

but Inam is inside Xp) for some KEIN if M is chosen

sufficiently large : 31ms P .

Exercise .. Compute the total length of intervals that are removed

from Eo -10,1] in the construction of the Cantor set P
.



In step n of the construction
,
we remove 2

"

intervals of length 43ns :

M -- O : remove 1 interval of length 1/3

N -
- 1 : - a- 2 - a- 1/32

N=2 :
→- 22 -- 433

(

"

m -- 2
"

-a- 1/3*1
(

t

f

l l l
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# Ginter! length of
- I -÷

removed each one -17
↳



So
, remarkably , we began with Eo -- [0.1]

,
which

has length 1, removed intervals whose total length
is also I

,
and the resulting set P is perfect

( in particular, P is uncountable)
#

-

Connected sets .

-

Det. Two subsets A- and B of a metric space X are

said to be separated if both FAB and Ants are

empty .
A set Ec X is connected if E cannot be

written as E - AUB where A and B are separated
E -AUBand mneme'T '

⇒| co
ed



Rink. Separated ⇒ disjoint A- Lad] AAB-4*
B- (1.2) (disjoint )
E- LED Ayano - 113

(not separated !)
THI : A subset ECR is connected if and only if

"

E is an interval : IX.YEE, if z satisfies
"

X c Z C y ,
then ZEE

. \ that means

f÷÷: to

:c:c;:&::#moms .
or (a. b) .

PI: If E is not an interval, then Zx,yEE ,

xczsy ,
2- HE .

Then we can write E= Az v Bz
,



where Az = Eh f- a ,z)
Bz = En ( z , to)

Note that xe Az
. yeBz so Aztex, Beto;

moreover Az CC- so
,

z) and Bzc (Zito) , so

AIA Bz - ol and AzhBI=¢ .

Thus Az and Bz are

separated , hence E is not connected
.

Conversely , suppose E is not connected ; then E - AUB ,

with Atf, Bff separated .

Pick XEA , y
EB
, w/o

loss of generality , say Xsg . Define E
-

Z - sup (Ahfexy )) A Z B

Note that 2- EAT
,
hence z¢B .

In particular xezcy .



If ZIA ,

then Xc 2- Cy and 2- & E. ( so Eis not
an interval

.) If ZEA ,
then z Ef D

,
so there

exists Z
,
with zczscy and 2-1413

.

Then

Xczzcy , and 2-s # E . (so, again ,
E is not an interval) .

D


