
MAT320 Lecture 9 9/28/2020

Def : A sequence lpn ) in a metric space # d) is a

Cauchy sequence if HE > o IN EIN s 't . if Mim 3N ,

then dlpn.ru) < E-
.

•
-

%÷
Using

diam E = sup ( d(x. y) : x , yet}
Prod : A seq . Ipn ) is Cauchy if and only if

di- diam Ipu : n> N ) = O .

N -no

Note : As we will see shortly , a Cauchy seq . meg
or

may not converge (depending on whether
the space

it is in has the property of being
"

complete " ) .



them : a) If E is the closure of E , then

diam E = diam E

b) If Ku is a seq . of compact sets in X

St . Ku > Kutz
,
tu EIN

,

and if

lim
u→ •

diam kn = 0

then f) xn consists of exactly one point .
MEIN

Pt: a) Since ECE
,
it follows that

diam E E diam E

Conversely , fix E > o and pig EE.

Since pig EE,

3- pig
'
EE s- t . dcp , p ') CE and dlq.gl) cc .

this :

d(pig) E dlp, p')td( pig
') t d (q ', q)



L LE t d (pig ' ) p
' C-E.HEE

④ IT
⇒ dfpiq) c 2 Et diam E .

.-
.

Since E> o is arbitrary , and can be PEE 9- EE

chosen as small as desired, it follows that ;

sup { dlp.gl : p .qeE ) - dian E E dian E④

b) let Kee n kn
- By a result proven before (Video 6, Lectures)

,

MEIN

k¥6 . If
K contains more than I point,

then diam k > O
,
but this contradicts

liu diam ku so because diam kn> dian K .

u -7N

a



THI . a) Every convergent sequence is a Cauchy sequence .

b) Every Cauchy seq .

in a compact metre space converges .

c) Every Cauchy seq .

On H2 " converges .

Pt: a) If Ipn) is a convergent seq , say Pn→ pas , then

He so I N EN s 't . if n>N
,
d ( pm , pads 42 .

Then if M, n >
N
,
we have

,

d ( pm pm) E d(pm pdt dlp -pm) s Eat Ez = E .

This means that 1pm) is Cauchy .

b) Let lpnl be a Cauchy seq .

in a compact metric

space X .
Let EN - 1pm : u > N ) .

There
,by the above,

Pim diam EN = 0
.

Moreover
,
since EI is a

N -s a



closed subset of the compact metric space X, it

is also compact. Clearly ENS Ents
,

t NEIN
,
so

also Ews Ents , HNEIN . By the theorem above

(part b), it follows that
n?µET =/pay consists of

a single point .
Given E > 0 . since diam En o

,
3- No EIN sit.

diam EN SE for N > No . Since pase EI we have

that dfp , pas) CE Fp EEN , in particular also

d(pipa) s E , Hp EEN - 4pm , put, - . . ) . This precisely
means that dlpn , pad < E for n > No, ice, the

Cauchy seq . Ipu I converges
to Po -

c) Let 1pm is a Cauchy seq . im
Rhi

.

Let EN be as



before , that is, EN =3 Pn , parts, . . - f . For some NEW
,

diam En < I
.

Thus
,
since

1pm : NEIN ) = type , Pz, . . > Pms} VEN
-
-

finitely many pts
diamond

it follows that Hint is bounded . Therefore, its closure,

hpw.me/NTclR" is compact . By the previous

item (b)
,

it follow , that Ipnl is convergent . p

Dele: A metric space (Xd) is complete if every Cauchy seq
in Hd) is convergent .

By the previous theorem :



• compact metric spaces are complete
• IR

" is coin .

For example, $ ,
d) is most coin, for instance, the

seq . Hn) defined inductively by setting XEL and

← This is a

Xn+1 = XI t t E Cauchy seq . in
Xu (b/c it is Cauchy in CR)

The above xn converges
to R&D .

Also, 111210 , d) is not ¥; for instance, let

Xu - Ey ,
NEIN

,
and note that XNEIRIQ

,
while

Xu → OEQ .

Exercise :(Tanguy's:p .

ink Einen IE - Entry 'The,
b/c it is in

R' or - - - for all man > N
G-



Def : A seq . Kul of real numbers is

a) miring if Xue Xue , tu EIN

b) monolqam if Xu > Xnte
,

then
.

A seq .

is monotonic if it is either monotonic increasing

or monotonic decreasing .

EI : Xu - In monotonic decreasing

+3,43×2,42 xe=t ¥ > n¥, i threw
l#

Xu - n
'

monotonic increasingn4@t1J4V-ueINxEfx-iFI.Xn
= C- IT is not monotonic .

#
- I 0 I



Thin : Suppose Kul is monotone . Then Lxug is

convergent if and only if it is bounded .

Pt: WLOG
, say Kul is monotonic increasing . ie,

Xu E Xue , fire IN . If Hal is bounded
, then

X-E X := sup { xn : MEIN )
ay -Xu Xnti - - -→ bounded

×

Then X is an upper bound for Xu , ire,
XUE X.fired

.

For E > 0
,
FN EIN s -t . X - ECXNEX

,
since otherwise

X - E would an upper bound smaller than
the sup .

Since xn> Xn if n > N
,
we have that

for all MTN, X- Esxn EX . . this means that



Xu → X
,

as desired . Converse is always true (see below) .
← Take E -I in

the def . ofRemarks: Every convergent seq . is bounded
. convergence !

But there are bounded seq .

that
(lecture 8)

are not convergent-- - e.g. , Xu = C-IT.

1-1
- l l

Upper and lower limits ( limsp and bmivf)

Intuition . x : IN → R
-

i

Eg . : Xn -- sink) does

^ protege; it
•

o keeps oscillating from• ° wh④
IN - L to 1 , but.

I 2 3 4 5
.
. .

•

°

g
b O

limsnp xn = I
,
limit xu= -1,19k¥ tin xn



Def: let 4×4 be a seq . of red numbers
,
let

E -- f x ETR-Rutty : x is a a¥t¥
him sup

xn = sup E
ERI ROHN [ i. e - 34mg a subseq .

u - o
et Hn) s -

t
. Xu
.
→ x

.

linn inf Xu = imf E c- ITER" Recall: In Video 6 of lecture 8
n- o we proved E is closed . )
Note : ECI - RU Hal might be unbounded .

"me: :÷÷: I:} :: :b :#
at:

limits is E- EL, I] .

line
.
Inf sink)

-

-
- I = clinging as



hun sup
MZ

= + •
In this case

u - n

b'Lift n
'

= + •
.

} E - Hof . . .

Note: If Kul converges ,
then :

lin Xu = leminf xn =
leur sup xn

nooo
n-soo

h →a

Thin. Let 4×4 be a seq . of real numbers, and ECRUHal be the

set of subsequential limits of # l . Then I = lenspxn
is the only number s -

t
- IE E and if x > I,

FNECN sat . m> N then Xncx
.

Pt: If I = to , then E is not bounded from above
,

i- e - F Xun, svbseq .

St
. Xnn, → too

, by def , this means
I = to EE

.



If IE IR .

then E is bounded from above
,

hence at least one svbseq . learnt exists Cia R)
and I -- sup EEE follows from the fact that
E is closed (Video 6 of lecture 8) .
If I = - a ,

then E - f - a }
,
so for all MEIR,

Xu > M for at most finitely many
NEIN

, so

Xu → - o ,
so again

-

N EE .

Suppose x>I
,

and Xu > x for infinitely
many MEN .

Then Fy EE set .
if
!!
#hmmm

y > x > I,
which contradicts Caff

. large)

Is sup E .

Finally , to prove uniqueness of
I
, suppose that

Pif c- IRU heal with the above properties, and peg .



Choose x s -

t
. p CXC f .

Since p satisfies the property that if

×> p
then FN EIN s-

t . M >N ⇒ Xncx , we have

xncx for n>N .

But then f¢E; contradiction
Examples .. . Xu = CHI ha. limsrp Xu =L

It In
"→o

Cn even)

limit Xu = -L
n - a (u odd)

• ( Xn : MEN ) = ←
since is countable

,
there

exists a seq . Hus s - t
.

every rational
number

belongs to Hnl .E - RUh±d← Every real number is a sobseq . limit .
line,igfxn= - N , k=zp xn = + •

,

of ×" '


