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R infinitely many
112 rational numbers (A)
0.707 . -

between any two
Defining numbers

,
there are also

gun>
this set

infinitely many
numbers

vigorously is "

missing
"
,

i.e.
,

numbers

?
the goal for
today . that are not in $ .

Definition : A field is a set
F with two binary

operations , namely an addition 1- :FxF →F
,
and

a product • ; Fxf → F, satisfying
the following :

( Ao) xiyef, x+yEF
(A1) ✗+y=ytx ←

commutative
F "

for ale !

(Aa) City)tZ=Xt (ytz)← associative ✓

A-3) FOEF such that Ot ✗ =x ,
thief

3- 9

exists "
A-4) KIEF ,

F- ✗EF such that ✗ + C- ✗1=0 .

" there



IMO) XIYEF ✗ •y EF

(MH ✗ • y=y•x ←
commutative

(MZ) (✗ • g) • 2- = ✗ • (yoz)← associative

(M3) FIEF such that 1. ✗ =✗ ,
V-✗ c-F

(M4) FXEF , ✗ 1--0
, 3¥ c-F such that ✗ • ¥ =L

$4 ✗ • ( gtz) = ✗• y + ✗
• 2- ← distributive law

.

Exaupdes-ithera-dnmber.IQ form a field .

The integer numbers I do not satisfy @4),
and heu#t form a field .

Definition : A field F is called an ordered field if

it has an
order structure E satisfying ;

⑥1) V-x.ge F. either ✗ Eg or y
2- ✗

(02) If ✗Ey
and ysx ,

then ✗ =g .

103) If ✗ Ey
and y Ez,

then XEZ

⑥ 4) If ✗ c- y ,
then XTZ c- ytz ,

KEEF

105) If ✗ Eg , and
OEZ

,

then ✗ 2- ← yz .

Eixample : IQ is anorderedfield.GRwill also be an ordered field)



theorem : If F is a field, then

4) ✗ + 2- = ytz implies ✗=y

ii) X .
0--0 for all ✗ c-F

Kii) f- x)•y= - (✗ •g) for all Xiytf

Civ) f- X) • 1- g) = ✗ • y
for all

xyc.FM✗ • 2- =y•z
and 2--1-0 , then ✗ =y

If f- is an ordered field , then :

lit ✗ Eg implies - ye
- ✗

Hit if ✗ Ey
and 2- so then YZEXZ

Liii) if OEX and 0-4 ,
then 05kg

fir) for all XEF , OEXZ [ a #b
Ñ 0<-1 and 0=11 , i. e. , 0<1 .¥o
fit if 04 ,

then 02¥-

v if O< xcy ,
then 021g < ¥ .

Lastly , there are no divisorsof.FI :

if X•y=O ,

then ✗ = 0 or g - o .



Proof / of just some of the statements) %) "YEF.
"5- F Field

(A1) ✗+y=ytx
(Aa) itg) + 2- = ✗ + Cytz)

A-3) FOEF such that Ot ✗ =x ,
thief

✗ • y =D ⇒ ✗ = 0 Or Y = °
⑦ thief

,

2- ✗ c- F such that ✗ +1-4--0 .

IMO) XIYEF ✗ •YEF

If: Suppose ✗ •y=0 . If ✗ -01 then cut ✗ • y=y•x
(MZ) ix. g) • 2- = ✗ • (yoz)

we are done
.
Thus , assume ✗ =/° .

(Mz) FIEF such that 1. ✗ =x, ✗ c- F

Then by µ4) , there exists c-F Ka) fief , ✗ to
.

3- ⇐ c-Faohlhot ✗ - ¥-1

$4 ✗ • (y+z)=X•y + ✗ • 2-

such that too -1--1 . Multiply both
101) V-x.geF,

either ✗ Ey or y
2- ✗

sides of ✗•y -0 by ¥ to find @2) If ✗⇐ y
and ysx,

then ✗⇒ .

103) If ✗ Ey
and y Ez,

then XEZ

✗it ⑥ 4) If ✗ c- y ,
then ✗ + 2- c- ytz ,

KEEF

y¥¥• • y 1✗•( ✗ • g) D= Ay • 0--0 ps) If ✗ c-g.
and 0<-7

then ✗ 2- ← YZ .

ordered field

I thus y=0 .
☐

--

4) Xtz -ytz ⇒ X=y

By A-41
,
there exists C- ⇒ c-F such that 2- + C-2-1--0 .

Adding 1-2-1 to both sides of ✗+ 2- - ytz,
we find

fxtz) + C-7) =/y
+ E) + C- z) . By (A1 )

and CAG ,

(9-3)

(✗ 1- E)+ 1- Z) = ✗ + (2-+1-2-7) = ✗+0 = ✗

(9-3)

(y -12-7+1-7)=g+( 2- + (-2-1)--4+0
= y

Altogether, we conclude that ✗ =y . ☐

-
-



(Ao) xiyef, ×+yEF Field

(f) 0<1 ,
i. e-
,
0<-1 and 0=11

can ✗+y=y+x
(Aa) itg) + 2- = ✗ + Cytz)

Proof, To prove
0 ⇐ d- ,

we Use 431 ZOEF such thot 0+x=x ,
thief

A-4) thief , F- ✗ c- F such that ✗ + C- x) _- 0 .

and CMD . By (MZ) , 4- •1--1
Imo)xiyer-x.yc-FIMHX.y-y.nl

and by Ñ ,
0£ 12--1.1=1 -

(Mz) (x.yj.z-x.cy.at
(M3) FIEF such that 1. ✗ =✗ ,

ltx c- F

Thus 02-1 .

To prove 0¥11 We@xp_vxef.x -1-0 , 2¥ c- F such Hot ✗ • ¥-1

use a proof by contradiction . $4 x.lyi-z-x.y-x.tt

Suppose that 0=1
,
then (M3) we have 101) V-x.geF. either ✗ ⇐ y

or y£x

(02) If ✗Ey
and ysx,

then ✗ =g .

if ✗ f-0 ⑤ Iii) (Os) If xzy
and yet,

then ✗ ← 2-

3) ⑥ 4) If ✗ c- y ,
then ✗ + Z Ey + Z ,

ZEF

✗ = I • ✗ 1=0 • ✗ D= 0
µs) If ✗ £g , and

0<-2
,

then ✗ 2- ← YZ .

ordered field
this ✗ =o , a contradiction with ✗to .

Therefore 0=11 . Altogether we find 0<1 . ☐

--

Absobtevobe

Definition : The ab¥ of a is

lal :={
• if azo

- a if a < 0
← Aso

and a -1-0

Reward : The absolute value of real numbers is used to define
a notion of distance between red numbers:

distlaib) =/ b- at destlabtlb -al - ta - bl

II.⇒



theorem : • lol 70

I • lab / =/atlbl
Thin3.5
in Ross • Triangle ime¥y :

latbls.la/+lbldiotKx.z)Edist(x.g)+desHyz)
11 11 "

•

1×-2-1 c- lx-ylt.ly -2-1
- - -

latbl E Iat t Ibl✗
distlx.IE

Use a -- X-yatb
-

- 4- g) + ly - z) b-- y -z
= ✗ - 2-

Corollary .
"
Generalized

"

Triangle inequality : for
all MEN

last azt - -
- + an / E / as / tlazlt - - - t /an /

Pd: Exercise fusing induction) .

--

thecompleteness-Ax.com- ensuring
there are

no
"

gaps
"
in R
,
like in .

For now
,
assume 112 wasalreadydefined-r.IT

Definition/Upper /Lower bound) . Let SCIR be a non empty subset .

• A bowerbird for S is a number MEIR such

that m a- s for de SES . →m€⇒⇒



• An upperbound-fors.is a number MER such

that SEM for all SES ⇐t€-
M

• The sets is bounded if it has both

a lower and an upper
bound

.

M
i t
lower upperbound bound

EXamph_: If S has a minimum ,
mins

,
i.e.
,

an element fmin 5)ES such that

mins Es
,
Y SES

,

then mins is a

lower bound for S . Similarly , if shes

a maximum , Max S
,
then Max Sis an

upper bound for 5 .

Howev⇐ : many
sets S do not have

minima or Maxime
,
but Ñ⇐ have

tower or upper bounds
.

For example 5=10,1)={ ✗ c- IR : o<x<1)

Min S does not exist; nor
does Maes

(because 04s and I -4 5)
But m=O is a lower bound for S



and M= 1 is an upper bound for S .

Definition /Least upper bound/ Largest lower
band)

-

* It
"

supremum
"

"

infimum
"

Given a nonempty subset SCIR

• if S is bounded from above
,
i.e
,
if S has

an upper
bound

,
then define the supremum

of S to be

sips ⇐ the least upper bound of s

• if S is bounded from below
,
i - e
, if shoo

a
lower bound

, then define the infimum of

s to be

imf S := the largest tower bound of S .

¥¥→sips
Eixample : 5=6,17--4 xc.IR :O < × -13

imf 8=0

sup 5=1



Courpletenesstxiom . Every nonempty subsets of 112 that is

has a supremum sup SEIR .

bounded from above

What about feel . . .

A- : Consider the following subset §
↳

Complete'm S= } ✗ c- ☒ : ✗ so
,
✗2<-2 } t→*÷

Axiom 0 rz
Since S is bounded from above

,
← for example

M=5 is an↳
sups exisadisarednumber . upper bound .

That number is D; i. e. sups _-G. ER
-

theorem : There exists a unique ordered field containing
that satisfies the completeness axio-m.IR

[ We will not prove this
,
and we

will instead use it as the Definition of real number> R .

Note: It also follows from the Completeness Axiom

that
every mon empty subset SCR which is

bounded from below has an infimum

ñnf SER .

(Cor . 4.5 in Ross.)


