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Recaponeigenvabesaudeigenvectors-io.T.IR"
→ Rn (or T : V- V)

VEIR
"

is an eigenvector of T if V -1-0 and
-

Tlv / = Av for some 2EUR
.

Steigerwald
• To find eigenvalues , solve the characteristic equation
detlt - DID )=O .

Then
,
to find corresponding

eigenvectors , find a basis of

E-t-ET-Id.7-eigenspo.at
3 3

Ed : -1=(-33-53-31) T : 1123→ 1123

T - AID = (ᵗ3eÉʰñTEié
to

3 3 , , ,
)

ʳʰP" determinant

- 5- 2 -3

a- det (1--71-7)=(1-7) det /
-5-7 -3

3 1-a)
- 3 deff-3 -3

3 a- a)
+ 3 detf} -55 ")



= (1- A)§ - 5-A) (1-7)+9]
→(-311-1)+9] -131-9+(5+2) -3]
= 4- 7)(-5+57-7+179)
-3*-67+3437+611

= @ - a)(72+47+4)
= (1- 7) (7+2)? double root

of the equation
Choracteristicequatoou : (1+2542-1)=0
Solutions are {12=-2 algebraic multiplicity

2£
11=1 algebraic multiplicity 1

Look for bases of E-z= Her (1-+21-4) , Eg - Ker CT- Id) .

I 3 3 3 3 3

E 1-+21-7=(-33-53-31) +21-2=(-3-3-3)3 3 3

% '

/ & ? &)m,{ "
= - "⇒

} free

÷:3 ⇒ "= - • f;) ¥:3
⇒"→ g)



E-a- span {[%) .EE ) }
←

basis for this eigeuopace .

3 0 3 3

ᵗI: T- Id = (-133-353-31) - Id = ( -3 -6 -3) ~3 3 0

R '

( o g z
✗3--1 1; ; :/ → {" = - ×.✗z = - ✗3 f-✗3 free

Es = span {(ᵗ;)}
← basis for

this cigar>piece .

D_iagougsformet
unique

9- O o / up to
reordering-1=4-13 ?; %) É¥* D= (0-20) the diagonal

0 0 -2 entries

original /input diagonal /output
The matrix / linear transformation T.IR "→ R" is

diagonalized if there exists an

isomorphismf.li#sRnsuch that 1- = PDP
_ "
-

where D is diagonal . invertible
linear transf.

Note:T=ᵗ ⇔ p-a-TP-P-n-PDP-tl-p-IT.gr =D
"

conjugation by P
" ⇔ PᵗTP-D



From previous video:

basis to Er :

-4¥ , .gg#P=F-a-a.-%
-

¥ )basis for E-
z
:

check that :

•=P -
i :/ = ;÷÷jÉ"•ᵗ0 0 -2

¥ 7nF
Some matrices are not diagonalize Ile :

F- (-243%3-3) detlt- AID)=(1- 1) (1+2)
2

r¥sin the
11--1 w/ multiplicity 1

previous example !

72=-2 w/ multiplicity 2

Now
, find bases for Eos and E-

z
.

Edi T→d=Éᵗg ?;) - (
'

: ! F)
I 4 3

= (1-41713)%441 a ◦ ) Rif [
1 °

3 3 0 0 -3 -3 § §



no {¥:-&}
Chose xs-→ :

×} free Esi span { (%) }
ᵗF;%÷)+a( : : :) -f÷÷÷)iʳ

How many free0 0 0of;%¥(; :? variables ?

✗1=-112-24×3 = -Xz
just & :✗zf@

→ {¥31T Choose ✗v1 :

E-Espoir#-) }
Putting all eigenvectors together : µ;) , [{) .

No third one!

This T is not diagondizable !
The issue is that

dim E-2--1<2 _- muetl - 2)

(even though : dim Ea=1 = Moet (4)



theorem. An nxu matrix whose distant real eigenvalues are

✗ a , Az , _ _ , Xp is diagondizdble if and only
p

if dim Eaj=mult(1j) and Emuetttj)=n .

j=#
number of

← ÷
. .

dimension of the characteristic

the Aj - eigenopae
times that Aj equation favor,

"

geometric multiplicity
"

root of characteristic completely as
Mi M2 Mp

equation
"

algebraic multiplicity
"
A-HA-%) . _ _(1-8)
&≤Mj=wwttHj)

In general , dim Eaj ≤ nruetftj) .

w/ AJER .

• Ways in which matrices can# to be diagonekzoble :

- 2 ◦)
B :lR2→pzz

ᵗ¥
a- (88 :) B=(

◦ •

O O O µcharacteristic equation :
-3Characteristic equation : det /B- AID)= 72+1>0

det(A-AID)= -13=0 has norealIob_l side note :

↳ satin a. =o . |£me+⇔⇒⇔ ( a- ±:)j⇒
are complex

Eo=kerA=span{ (F) } eigenvalues

Geometricexplaration.EE?--i-i'"

(f)£ free B- Ro for 0=+12 n

v

rotation by 72 Bw%
,Mtdim E◦=1<3=muet(O)

W " ← Bu



• A way a matrix is diegonalizeble :
"

sufficient condition
"

trop: If A is an nxu matrix and it has indistinct

eigenvalues ,
then A is diagonalizeble .

PI: If A h.sn distinct eigenvalues, then
the cheer

.eµ.

factors as det(A- AID - (1-4)/7-74 . _ _ G- In)
polyuom# Indistinct roots
of degree n n

therefore nnuttftj)=1 , so Emultttj)=n .

g-⇒

I ≤ dim Eaj ≤ multttj)=1 , so dim Eyjmultftj),
thus A is diagonalized le by Theorem dare

. ☐

EI: 1 03 41 e 1 Q: Is A diagonalizeble?0 2 4 IT 42 I

A-_[ 0 -15 is o A : Yes ! The matrix A
◦ ◦ ◦ → g ◦) is diagonalized, because
° ° O O O 1 its eigenvalues are0 O O O O 4

1,2
,
-1
, -7,94

,
which

6×6 matrix are

6dis.tn.net#genvohesNE:deth--aH--⇔!;¥¥¥%¥?t"



Why would we went to diagonalize a matrix ?

Reasoning:
"

Geometrically recognize
"

how a linear transformation
acts on the space

Reoso↑u2_i Singular Value Decomposition , Principal Component Analysis
Machine learning, models of Markov chains, etc.to be

discussed
more

in if the matrix is
a future

class! diagonalized .

I
Reas◦n3_ To facilitate computation of powers of Idries .

A- (1--3) As =? A
""

= ?

E- (1%14-3)=1%-5-1
E- (7*-5-14-3)=122-2

'

14 -13)
" there's a better

way
!

D= ("◦ %) 5--1%8.11%8.7=(12%2)
D"=(A

"
o

◦ xi )



Diagonalizing A we have A = PDP-1

A:(PDP-TNPDPFK.fi/aDP--J--PD8p-a~n-=
all P 's and (PY 's canal

so let's diagonalize A- = (42--3) !
Characteristic equation :
det (A- AID)=det(

4- A -3

2 -1 -a) = @ - 7)(-1-7)+6
= -4 -44+1+12+6=72-37+2--17 - 2)(7-1)

Eigenvalues are 2- and § , both have multiplicity 1 .

Find bases for the eigenspaus :

Es = Her (A- 2Id) - span {(2) }
✗i=%✗z

choose xz=2

A-2Id=(
2 -3

• →H:
-

%)- {* free
"-1%

EE Ker CA - Id) - spank:|}

a-a) - (: :/ ↳ {iii.ji:&
"""

A- Id = (
3 -3

"t:|

[



P _- (Y = (32 ;) is such that A-PDP
-1

where D= (} %) .

find inverse
→

( P / Id) ER . - I P:(:?)
a8=PD8p¥({ 3)(% "%%)(±z -3)

I

= (
766 -765

510 -509)
¢2022=P Dmp-1=(3%112%11%-3)

Capstone : Relating d¥m w/

chongeofbeois-N.be
T=[T ], and

8 : IRI R
"

"

canonical
molt by [The [T] @ =D is a diagonal

basis"
matrix if B is formed

↓p-1 ↑P

,

É } by eigenvectors of T :

£
¥ V

B : R
" R

"

[T]B=, - - Eb%Moet. by[T]B
" basis of
eigenvectors

"



Indeed
, if B- { bro, - -, bn} is formed by eigenvectors, then

Tbs = tabs , Tbz=7zbz , . _

,
Tbn __ Anbu

Ebbs -1¥)f-bibsÉo
To

0 72 0[T3B=(ᵈ % - - . ;) =D is diagonal !
An

change of basis

✓ Matrix from B to 6Ñi"i!%" P=P
muet.by [the q←B=§bg - -

- [b)g)I↓P-1 ↑P p¥P← , I
☒
"Is R

"

Moet. by[TIB
with respect to bensB)← exists iff [Ffg is

of eigenvectors diagonalizeble

[T ] , =Pg-B[T]B PBI
A = P D P

-±


