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Lecture 14/15

1. DuALITY

1.1. Estimating the optimal value. Suppose we are given the following LP]
max 2x1 +3x9 s.t. 4dxrp + 8xo <12
201 + 29 < 3
311+ 210 < 4
T1,T2 Z 0.

(1)

Solving it, e.g., via the simplex method, we find the optimal value is %, attained at z1 = %, To = i.
However, suppose we did not have time (or were not interested enough) to solve this LP exactly,
and just wanted an upper bound for the solution. For example, from the first constraint, we get

221 + 3xo < 4xq 4 8x9 < 12,
and, indeed, % < 12. A better (smaller) upper bound is found dividing the first constraint by 2.

Exercise 1. Add the first two constraints and divide by 3 to obtain an even better upper bound
for the optimal value of the above LP. How large can it be? Can you improve that bound further?

Solution to Exercise 1. Adding the first two constraints and dividing by 3 we find
211 + 39 = %(4331 + 8x9) + %(2351 +x9) <5,
so we have that 5 is an upper bound. More generally, taking linear combinations of the 3 constraints,
namely, multiplying them by y1, y2, y3, respectively, and adding the results, we have
(4y1 + 2y2 + 3y3)x1 + (8y1 + y2 + 2y3)we < 12y + 3y2 + 4ys.

Since all variables are nonnegative, the above is useful to find upper bounds for the optimal solution
of the LP if and only if the coefficients of 1 and of xo are at least 2 and 3, respectively.

Thus, the optimal choice of y1, ys2, ys, i.e., the one that finds the smallest possible upper bound,
is the solution to the LP

min  12y; + 3y2 +4ys s.t. 4y + 2y2 + 3y3 > 2,
(2) 8y1 +y2 + 2y3 = 3,
Y1,Y2,y3 = 0.
The optimal solution to this LP is %, attained at y; = %,yQ =0,y3 = %. Does % look familiar?
The LP is called the dual of the primal LP .

More generally, the dual LP to the primal

(3) max clz st Az <b, x>0,
is given by
(4) min by st. ATy>e¢, y>0.

Exercise 2. Find the dual LP to
max 34x1 + 3lze s.t. bxy + 29 < 16

31 + Txg <27
x1,x2 > 0.

Solve both primal and dual LP.

1This example is from Sec. 6.1 in “Understanding and Using Linear Programming”, by Jiri Matousek and Bernd
Gértner (Springer).



Solution to Exercise 2. The dual LP is
min  16y; 4+ 27y, s.t. Sy + 3yo > 34

2y1 + Ty2 > 31
y1,y2 = 0.

The optimal solution to the primal LP is z; = 2, 9 = 3, where the target function achieves its
maximum 161. The optimal solution to the dual LP is y; = 5, yo = 3, where the target function
achieves its minimum 161.

What would happen if we take a dual again?
Proposition 1. The dual of the dual of a LP is the original LP itself.
Exercise 3. Prove Proposition |1}, that is, show that the dual of is .
Solution to Exercise 3. The LP can be equivalently stated as as
max —b'y st. —ATy<—c, y>0.

Thus, its dual is
min  —clz st. — (AN Tz < —b, >0,
which can be equivalently stated as .

More generally, using the routine tricks (multiplying both sides by —1 to exchange < and >,
writing an unconstrained variable as the difference of nonnegative variables, etc.), we can dualize
any LP. Namely, if the primal LP has target function ¢’ z, € R™, constraints given by an m x n
matrix A, and right-hand sides given by a vector b € R™, then the dual can be obtained as follows:

Primal LP Dual LP
m = # constraints | m = # variables (y;)
n = # variables (z;) | n = # constraints

max min
< y; >0
=10 y; unconstrained
l’j Z 0 Z Cj
x; unconstrained = cj
unbounded infeasible

Note that the above table can be read left to right, or right to left, as a consequence of Proposition
Exercise 4. Find the dual LP to
min  3x9 +x3 s.t. 1+ 3x9 <10
201 —xo+2x3>5
5r1 — 3xo + 4x3 = 15
z1 > 0,
T9, x3 unconstrained.
Solution to Exercise 4.
max —10y; + 5y2 + 15ys  s.t.  —y1 + 2y2 + 5y3 <0
—3y1 —y2 —3ys =3
Y2 +4ys =1
y1 > 0,52 >0

y3 unconstrained.



Finally, let us address what we saw empirically in the beginning of the lecture:

Proposition 2 (Weak Duality). If x and y are feasible solutions to and , respectively, then
e <bvly.

Proof. Since ATy > ¢, we have that ¢! < (ATy)T = yT A. Taking the inner product on both sides
with z > 0, it follows that ¢’z < y7 Az. Similarly, taking the inner product of Az < b and y > 0,
we find y© Az < yT'b. Concatenating these inequalities, we obtain ¢/ z < yT Az < yTb=bTy. O

In fact, much more can be said about solving a pair of dual LPs:

Theorem 1 (Strong Duality). For the LPs and , exactly one of the following holds:

(i) Neither nor has a feasible solution;
(i1) (3) is unbounded and has no feasible solution;
(iii) (3) has no feasible solution and is unbounded;
(iv) Both and have feasible solutions, say x. and y.. In this case, the optimal values are

equal, that is, ¢’ xy, = bly,.

A proof of the above result (using the simplex method!) can be found in the suggested textbooks.

2. ECONOMIC INTERPRETATION

An interpretation of duality in economic terms is given by the following:

Exercise 5. Suppose you are an industry that produces two types of products, A and B, which
are manufactured using three chemical compounds, C;, C, and C3. The amounts (in kg) of each
compound required to manufacture one box of each product, as well as the quantities of these
compounds currently available, are given in the table below.

Cr|Cy| Cs

A 21315

B 3121
Availability | 16 | 19 | 30

You are able to sell each box of A for $10, and each box of B for $12.
a) Find the LP to find how many boxes of A and B should be produced to maximize your profit;
b) A competitor industry is planning to buy from your stock of chemical compounds. How much
should would they offer you for each kg of C, Cs, and C'5 in order for you to sell them your raw
materials? Write this as an LP and recognize this as the dual LP to that in a).
Solution to Exercise 5. a) The LP is
max 10x7 + 1220 s.t. 2x1 4+ 322 < 16
3x1 + 220 <19
5r1 + 2 < 30
x1,22 2 0.
b) Let y1, y2, y3 be the prices to be offered for each kg of compounds Cy, Cy, and C3, respectively.
(These are often called shadow pm’cesEI) The competitor would like to minimize the prices to be

paid, with the constraint that the offer will be accepted. In order for the offer to be accepted,
the income must be at least as large as if the manufacturer produces and sells A and B. Thus,

min  16y; + 19y2 + 30ys  s.t.  2y; + 3y2 + 5y3 > 10
3y1 +2y2 +y3 > 12
Y1,92,y3 > 0.

2See e.g., https://en.wikipedia.org/wiki/Shadow_price
3


https://en.wikipedia.org/wiki/Shadow_price

Each constraint above reflects that, with those amounts of Cy, Cs, and C3, one box of A or B
could be produced, so the corresponding price must exceed the price for which A or B are sold.
The objective function minimizes the total cost of buying the entire inventory of raw materials.

Note that the shadow price y; associated to a raw material C; corresponds to the additional
profit that would be created if the amount of that raw material was increased by one unit.

2.1. Min cut. The dual to the LP of finding the maximum flow through a network is the LP of
finding the minimum cut that interrupts flow on that network.
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