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Lecture 24

1. Duality

1.1. LP. Recall from Lectures 14-15 that the dual of the primal LP

min cTx s.t. Ax = b,

x ≥ 0,

is given by
max bT y s.t. AT y ≤ c.

Feasible solutions give upper/lower bounds for the optimal value of the dual problem, since

cTx− bT y = xT c− (Ax)T y = xT (c−AT y) ≥ 0.

Moreover, the Strong Duality Theorem ensured that if both primal and dual are feasible, then
optimal solutions x∗ and y∗ exist and the corresponding optimal values agree, that is, cTx∗ = bT y∗.

1.2. SDP. Given the primal SDP on the variable X ∈ Sym2(Rd),

min ⟨C,X⟩ s.t. ⟨Ai, X⟩ = bi, i = 1, . . . ,m,

X ⪰ 0,

the dual SDP is

max bT y s.t.

m∑
i=1

yiAi ⪯ C,

on the variable y ∈ Rm. Similarly to LPs, feasible solutions give upper/lower bounds for the dual:

⟨C,X⟩ − bT y = ⟨C,X⟩ −
m∑
i=1

yi⟨Ai, X⟩ =

〈
C −

m∑
i=1

yiAi, X

〉
≥ 0.

Note that the feasible sets of the primal and dual SDP are spectrahedra described in ‘different’
ways; see Exercise 3 in Lecture 18.

Exercise 1. Justify the last inequality: prove that if P,Q ∈ Sym2(Rd) satisfy P ⪰ 0 and Q ⪰ 0,
then ⟨P,Q⟩ ≥ 0 and equality holds if and only if PQ = QP = 0. Hint: P = RTR, Q = STS.

Solution to Exercise 1. Following the hint, recall that since P,Q ∈ Sym2(Rd) satisfy P ⪰ 0 and
Q ⪰ 0, there exist R,S ∈ Sym2(Rd) such that P = RTR, Q = STS. Then,

⟨P,Q⟩ = trPQT = tr(RTR)(STS)T = trRTRSTS

= tr(RST )(SRT ) = tr(RST )(RST )T = ⟨RST , RST ⟩ ≥ 0.

However, strong duality fails for SDP, see [BPT13, Ex 2.14] for an example. In order to have
equality between the optimal values of primal and dual SDP, a sufficient condition is that both are
strictly feasible, i.e., there exists X ≻ 0 satisfying the constraints of the primal and there exists y
such that C −

∑
i yiAi ≻ 0 for the dual.



2. Using SDP to solve a geometric problem

Consider the problem of finding the smallest disk in R2 that contains a given number of ellipses.1

Besides its computational geometry appeal, this problem arises naturally in various computer vision
settings, e.g., in connection with object detection, bounding volumes, collision avoidance, etc.

Assume the ellipses are the sublevelsets Ei = {x ∈ R2 : qi(x) ≤ 0} of the quadratic functions

qi(x) = xTAix+ 2bTi x+ ci,

where Ai ∈ Sym2(R2) is a positive-semidefinite matrix, bi ∈ R2, ci ∈ R. We shall use the following:

Proposition 1. The ellipse E = {x ∈ R2 : q(x) ≤ 0} contains the ellipse E = {x ∈ R2 : q(x) ≤ 0},
where q(x) = xTAx+ 2bTx+ c and q(x) = xTAx+ 2b

T
x+ c if and only if there is τ ≥ 0 such that2(

A b
bT c

)
⪯ τ

(
A b

b
T

c

)
.

Thus, a circle C = {x ∈ R2 : qc(x) ≤ 0}, where qc(x) = xTx− 2xTc x+ γ contains the ellipses Ei,
i = 1, . . . , p, if and only if there exists τi ≥ 0 such that(

Id −xc
−xTc γ

)
⪯ τi

(
Ai bi
bTi ci

)
, i = 1, . . . , p.

Exercise 2. a) Show that the radius of the circle C is
√
xTc xc − γ.

b) Write an SDP that is equivalent to the geometric optimization problem at hand:

min
√

xTc xc − γ s.t.

(
Id −xc

−xTc γ

)
⪯ τi

(
Ai bi
bTi ci

)
, i = 1, . . . , p.

τi ≥ 0, i = 1, . . . , p.

Solution to Exercise 2. a) The radius can be found by completing the square in qc(x) ≤ 0.
b) In order to minimize the radius of C, we minimize t such that(

Id xc
xTc t+ γ

)
⪰ 0.

1This example is taken from [VB96, p. 58].
2We are implicitly assuming that both ellipses have nonempty interior.
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Thus, we arrive at the SDP

min t s.t.

(
Id −xc

−xTc γ

)
⪯ τi

(
Ai bi
bTi ci

)
, i = 1, . . . , p.

τi ≥ 0, i = 1, . . . , p.(
Id xc
xTc t+ γ

)
⪰ 0.

See file lecture24.nb for an implementation.
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