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Abstract

Here we present theory, methods, and software that decomposes the free energy
of a solvated solute into its energetic and entropic contributions and maps these
quantities to solute atoms. Because the mapping is atomic, contributions can be
summed over any set of atoms of interest, giving thermodynamic values for ligand
functional groups, protein backbone and side chains, individual residues, or an entire
binding site. Software implementing the energy decomposition is integrated into cpptraj
in AmberTools and software introduced and described here. We illustrate the approach
by atomistically mapping the energetic and entropic contributions of ligand 735 and of
the binding-site residues of PPAR-α.

1 Introduction

Molecular recognition is routinely discussed in terms of a small set of thermodynamic
intuitions. When a ligand binds a protein, it is generally held that the ligand pays an
entropic price, because it is confined to the subset of conformations that fit the binding site
and that place its polar groups so as to donate and accept hydrogen bonds and its apolar
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groups so as to make favorable contacts. The binding site is expected to pay a similar price,
as backbone and side chain fluctuations are damped by the presence of the ligand. Against
these losses are set the energetic gains of the new protein-ligand interactions and the release
of unfavorable water from the site. This picture is useful, and it underlies a great deal of
medicinal chemistry practice, but it is a statement about whole molecules, and it has largely
been assumed rather than measured.

The true situation is more differentiated. Entropy and energy are not distributed uniformly
over a molecule, and binding does not restrict every part of a ligand or a binding site to
the same degree. A rigid core may be tightly held in place while a peripheral substituent
remains free to rotate, and a side chain adjacent to the ligand may become more mobile on
binding rather than less, if binding relieves a packing constraint or displaces an ordered water
network. Terms of this kind are invisible to methods that return a single number. Alchemical
free energy methods such as free energy perturbation and thermodynamic integration[1, 2]
can predict binding affinities to useful accuracy, but they do not indicate which parts of a
ligand or protein contribute to the predicted values, and so give little direct guidance about
how to modify a lead compound.

Spatially resolved analyses of the solvent have shown how valuable the alternative can
be. Inhomogeneous solvation theory[3, 4] and its numerical implementations, including
WaterMap[5], GIST[6], and related tools, assign energetic and entropic quantities to positions
in space, and have given designers a concrete way to reason about which waters to displace
and which to preserve. No comparable treatment has been available for the solute itself,
that is, for the ligand and the protein.

Here we present theory, methods, and software that decompose the thermodynamics of a
solvated solute and map the energetic and entropic contributions onto its individual atoms.
Because the mapping is atomic, contributions can be summed over any set of atoms of
interest, giving thermodynamic values for ligand functional groups, for protein side chains
and backbone, or for a whole residue or binding site. The approach applies to any single
thermodynamic end state, such as a free ligand in solution, an apo protein, or a bound
complex, so that maps computed for two end states can be subtracted to give an atomically
resolved picture of what changes on binding. We anticipate that these maps will provide
insight into molecular recognition much as solvation thermodynamic mapping methods have,
by indicating which parts of a ligand and of a binding site favor binding, which oppose it, and
which are essentially passive, and by offering a direct way to examine the received wisdom
described above. A formal generalization of the present treatment, which places the solute
and solvent within a single mapping framework, is developed in generalized thermodynamic
mapping (GTM) theory[7].

2 Theory and Methods

Here, we present theory and methods to calculate the free energetic contributions of a
solvated solute and to decompose the free energy so as to atomistically map the entropic
and energetic contributions to the free energy of a solute in solution. Section 2.1 develops
the multibody expansion of the potential energy, the assignment of energy to individual
atoms, and the definitions of the solute system and solute internal energies. Section 2.2
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describes the evaluation of these quantities for a standard molecular mechanics force field.
Section 2.3 separates the solute and solvent contributions to the entropy exactly, and then
develops the mutual information expansion and the atomic assignment used to estimate and
map the solute configurational entropy. Sections 2.4 and 2.5 describe the bond angle torsion
coordinate set and the nearest neighbor estimator used to evaluate the entropy terms, and
Section 2.6 gives simulation details.

In separate work, we offer an extended formal treatment of the theory presented here
generalized to include both solute and solvent thermodynamic mapping can be found in
generalized thermodynamic mapping (GTM) theory[7], which places the atomic decomposition
of energy and entropy on a common statistical mechanical footing and extends it to both
solute and solvent, and to spatial as well as atomic mappings. GTMTheory is complementary
to the work presented here: the present paper develops and applies a practical route to
atomic solute free energy maps, while GTM theory[7] provides the more formal and general
framework in which those maps sit.

2.1 Energy Decomposition and Atomic Mapping

The potential energy of a classical system in a given configuration can be written, without
approximation, as a multibody expansion over the atoms:

U(zM) =
M∑
α=1

uα(zα) +
M∑
α=1

M∑
β>α

uαβ(zα, zβ) +
M∑
α=1

M∑
β>α

M∑
γ>β

uαβγ(zα, zβ, zγ) +O(4+) (1)

where α, β, and γ index theM atoms of the system, and uα, uαβ, and uαβγ are the one body,
two body, and three body energy contributions associated with atom α, atom pair α, β, and
atomic triplet α, β, γ, respectively. Each term is assigned to the atoms that define it and
shared equally among them, so that atom α receives its full one body energy, one half of
each two body term it participates in, one third of each three body term. Thus, the mean
energy of atom α is given by

Uα = ⟨uα(zα)⟩+
1

2

M∑
β ̸=α

⟨uαβ(zα, zβ)⟩+
1

3

M∑
β ̸=α

M∑
γ ̸=α
γ>β

⟨uαβγ(zα, zβ, zγ)⟩+O(4+) (2)

where the angle brackets denote a thermodynamic average, and the higher order contributions
to each atom follow the same pattern. Note that the sums in Equation 1 run over all atoms
of the solutes and the solvent, so that summing over all atomic quantities yields the full
energy, U , of the system:

U =
M∑
α=1

Uα (3)

Summing the mapped atomic energies over only the solute atoms gives the solute system

3



energy:

U sys
sol =

∑
α∈S

Uα =
∑
α∈S

⟨uα(zα)⟩+ 1

2

M∑
β ̸=α

⟨uαβ(zα, zβ)⟩+
1

3

M∑
β ̸=α

M∑
γ ̸=α
γ>β

⟨uαβγ(zα, zβ, zγ)⟩+O(4+)


(4)

Here, S denotes the N atoms of the solute. The inner sums run over all M atoms, so
this quantity carries the internal terms of the solute together with the solute’s share of its
interactions with the solvent, one half of each pair term and one third of each triplet term.

Similarly restricting the outer sums to the solute set as well gives the solute internal
energy, which we define here as the entire set of bonded and non-bonded interactions that
a solute has with itself. More generally, the atomic assignment is robust to how the sums
are restricted. Because every energetic and entropic quantity is first assigned to individual
atoms, the outer sums may be limited to any subset of atoms of interest, so that energies and
entropies can be reported for ligand functional groups, protein backbone and side chains,
individual residues, or an entire binding site, while the inner sums independently control
which interaction partners are included.

U int
sol =

∑
α∈S

⟨uα(zα)⟩+ 1

2

∑
β∈S
β ̸=α

⟨uαβ(zα, zβ)⟩+
1

3

∑
β∈S
β ̸=α

∑
γ∈S

γ ̸=α, γ>β

⟨uαβγ(zα, zβ, zγ)⟩+O(4+)

 (5)

The internal energy and the system energy for each solute atom, α, is simply:

U sys
α = ⟨uα(zα)⟩+

1

2

M∑
β ̸=α

⟨uαβ(zα, zβ)⟩+
1

3

M∑
β ̸=α

M∑
γ ̸=α
γ>β

⟨uαβγ(zα, zβ, zγ)⟩+O(4+) (6)

U int
α = ⟨uα(zα)⟩+

1

2

∑
β∈S
β ̸=α

⟨uαβ(zα, zβ)⟩+
1

3

∑
β∈S
β ̸=α

∑
γ∈S

γ ̸=α, γ>β

⟨uαβγ(zα, zβ, zγ)⟩+O(4+) (7)

And the total energies for each quantity are simply the sums over all solute atoms:

U sys
sol =

∑
α∈S

U sys
α , U int

sol =
∑
α∈S

U int
α (8)

2.2 Evaluation of the solute energy

Classical molecular mechanics force fields are typically constructed following the form used
in the AMBER force field. We have used this forcefield in the results section:
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Esystem =
∑
bonds

kb(xi − x◦i )
2 +

∑
angles

ka(θi − θ◦i )
2 +

∑
torsions

∑
n

[1 + cos(nωi − γi)]

+
n−1∑
j=1

n∑
i=j+1

{
εij

[(
r◦ij
rij

)12

− 2

(
r◦ij
rij

)6
]
+

qiqj
4πε◦rij

} (9)

Here Esystem is the total energy of the system for a given configuration, z, and follows the
naming convention in Amber. The first three terms are the usual harmonic bond, harmonic
angle, and periodic torsion terms, and the last two are the Lennard-Jones and Coulomb
interactions between atom pairs i and j at separation rij. Every term can be evaluated
at each frame of the simulation, so its contribution can be tabulated and mapped onto
individual atoms, bonds, angles, or torsions.

Unlike the mutual information expansion used for the entropy below, Equation 1 need
not be truncated for Amber or other commonly used force fields. Bonded terms extend at
most to fourth order, since a torsion involves four atoms, and non-bonded terms terminate
at second order, so the multibody expansion is finite. Every term is therefore retained in
the evaluation, and the energetic mapping carries no truncation error.

The internal solute energy for the Amber force field retains the bond, angle, and torsion
energies of the solute together with the intramolecular nonbonded energies, including the
scaled 1,4 pairs, so that the internal energy is the bond angle torsion (BAT) plus 1,4 energy
of the solute. Because bonded terms never span solute and solvent and non-bonded terms
terminate at second order, the two quantities differ by exactly the solute’s half share of the
solute-solvent interaction energy:

U sys
solute − U int

sol =
1

2

∑
α∈S

∑
β/∈S

⟨uαβ(zα, zβ)⟩ (10)

We assign the energy of each term to the atoms involved such that every atom participating
in a given interaction shares that energy equally: the two atoms of a bond equally share
the bond energy, the three atoms of an angle share the angle energy, and the four atoms
of a torsion share the torsional energy. This atom-wise partitioning for solute atoms has
been implemented in the enedecomp package in Amber Tools[8]. In addition to the total
energy assigned to each atom, enedecomp resolves that energy into the individual force field
components of Equation 9, so that the bond, angle, torsion, Lennard-Jones, and electrostatic
contributions are each mapped separately. Combined with the freedom to restrict the sums to
arbitrary sets of atoms, this allows specific energetic interactions to be isolated and mapped.
For example, one can extract the van der Waals and electrostatic interaction energies between
the ligand and the protein as a whole, between a single ligand functional group and the entire
protein, or between that functional group and a particular side chain lining the binding site.

The overall requirement for per atom energy decomposition is that the sum of the energy
of each individual atom equals the total energy of the system. Bonded energy terms (bonds,
angles, dihedrals) are decomposed on a per-atom basis by assigning atom i the total energy
for the term involving atom i evenly divided by the number of component atoms in the term
M,
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ETerm(i,M) =
ETotal

Term

M
(11)

so e.g. for a Hooke’s Law bonded (2 atom) term:

EBond(i, j) =
1

2
KB (ri − rj)

2 , EBond(i) =
EBond(i, j)

2
(12)

where KB is the bond force constant and ri and rj are the positions of atoms i and
j respectively. In the case of non-bonded terms, one needs to consider whether periodic
boundary conditions (PBC) are present or not, and if they are present how to handle the
decomposition. The simple case is if periodic boundary conditions are not present; the
decomposition is treated the same as the bonded terms (i.e. the total energy between atoms i
and j is divided evenly between the two atoms). However, when periodic boundary conditions
are present, the energy decomposition needs to be handled more carefully to ensure that the
sum over atoms still equals the total energy.

Here we discuss the decomposition of energy with PBC when using the particle mesh
Ewald (PME)[9] method to handle electrostatics and a long-range correction for van der
Waals interactions calculated via a Lennard-Jones potential[10]. The PME electrostatic
energy on each atom i can be broken down into 4 terms:

EElec(i) = ESelf (i) + EDirect(i) + ERecip(i) + EAdjust(i) (13)

where ESelf is the correction for the Gaussian charge distribution of atom i acting on its
own site plus the net-neutralizing “plasma”, EDirect is the direct space electrostatic energy
for atom i within the cutoff, ERecip is the electrostatic energy for atom i outside the cutoff (in
reciprocal space), and EAdjust is the correction (also outside the cutoff) for the fact that 1-2,
1-3, and 1-4 atomic interactions are excluded in direct space. This decomposition is similar
to how PME was integrated with Grid Inhomogeneous Solvation Theory in CPPTRAJ[11].

The ESelf term can be decomposed by atom via:

ESelf (i) = − α√
π
q2i +

EPlasma

N
(14)

EPlasma = −1

2

π

α2V

(
N∑
i=1

qi

)2

(15)

where α is the Ewald coefficient, N is the number of atoms, qi is the charge on atom i,
and V is the total volume of the system.

The EDirect term can be decomposed by atom via:

EDirect(i) =
N

′∑
j

1

2

qiqjerfc (α ∗ rij)
rij

(16)

where the summation N′ is over all atoms j within the direct space cutoff, erfc is the
complementary error function and rij is the minimum imaged distance between atoms i and
j. The pre-factor of ½ divides the total interaction energy evenly between the two atoms.
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The ERecip term can be decomposed by atom via:

ERecip(i) =
1

2
qiψi (17)

where ψi is the reciprocal potential at the position of atom i, calculated via the helPME
library (https://github.com/andysim/helpme).

Finally, the EAdjust term can be decomposed by atom via:

EAdjust(i) =
N

′′∑
j

−1

2

qiqjerf (α ∗ rij)
rij

(18)

where the summation N′′ is over all atoms j outside the direct space cutoff, erfc is the
error function. Again, the pre-factor of ½ divides the total interaction energy evenly between
the two atoms.

The van der Waals/Lennard-Jones energy on each atom i can be broken down into 2
terms:

EV DW (i) = ELJ(i) + EV DWcorrect(i) (19)

where ELJ is the Lennard-Jones energy for atom i for interactions inside the direct space
cutoff, and EVDWcorrect is the long-range correction to account for interactions outside the
cutoff.

The EVDW term can decomposed by atom via:

EV DW (i) =
N

′∑
j

1

2

(
A

r12ij
− B

r6ij

)
∗ fSwitch

(
r2ij
)

(20)

where the summation N′ is over all atoms j within the direct space cutoff, A and B are
the Lennard-Jones coefficients for the interaction of atoms i and j and fSwitch is a switching
function which ensures the energy goes smoothly to zero outside the direct space cutoff.[12]

The EVDWcorrect term can be decomposed by atom via:

EV DWcorrect(i) =
−2π ∗ V DWfac

3V ε3
∗ V DWterm(i)

Ntypesi
(21)

V DWterm(i) =
T∑

j=1

Ntypesi ∗Ntypesj ∗B (22)

V DWfac =
T∑
i=1

V DWterm(i) (23)

where V is the system volume, ϵ is the direct space cutoff, Ntypesi is the total number of
atoms that have the same Lennard-Jones type as atom i, B is the Lennard-Jones B coefficient
for atoms i and j, and T is the total number of Lennard-Jones atom types.
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2.3 Entropy decomposition

2.3.1 Separating solute and solvent contributions to the entropy

The entropy of a solvated system of solutes can be represented by:

Ssys = −kB
∫
P (x, rNw) lnP (x, rNw) dx drNw (24)

where kB is Boltzmann’s constant, P is the probability of sampling a given configuration,
x = (x1, x2, . . . , xN) is the set of N coordinates that fully specifies the conformation of the
solutes, and rNw fully describes the positions and orientations of the Nw solvent molecules.

Following the prescription of the Flexi-GIST paper [13], we use a conditional probability
to separate the solute and solvent contributions to the entropy. Conditioning the solvent
distribution on the solute configuration yields

Ssys = −kB
∫
P (x)P (rNw |x) lnP (x)P (rNw |x) dx drNw (25)

which separates into two exact contributions,

Ssolute = −kB
∫
P (x) lnP (x) dx (26)

Ssolvent = −kB
∫
P (x)P (rNw |x) lnP (rNw |x) dx drNw (27)

so that Ssys = Ssolute + Ssolvent. The separation is exact and requires no assumption
about the coupling between the solutes and the solvent. Our prior work developed the
second of these terms, Equation 27. The present work develops an approach to provide an
atomistic mapping of the first term, the solute entropy. We note that as written, the entropy
due to correlations between the solutes and the solvent, are contained in Ssolvent, while the
correlations among the solutes themselves are contained in Ssolute.

2.3.2 Estimating and Mapping of the Solute Entropy

To estimate the solute configurational entropy, we apply a mutual information expansion
(MIE) of the full configurational entropy, truncated at second order, and estimate both the
first-order (single-variable) and second-order (pairwise mutual information) terms using a
nearest-neighbors approach. The configurational entropy is defined by the expression for the
differential entropy:

S = −k
∫
P (x1, x2, ..., xn) lnP (x1, x2, ..., xn), dx1...dxn (28)

where x1, x2, ....xn is a set of coordinates fully describing the molecular configuration, and
P (x1, x2, ....xn) is the corresponding probability distribution in phase space. For a molecule,
this configuration space can be fully described by a set of 3N-6 internal coordinates, where N
is the number of atoms in the molecule. By applying the Generalized Kirkwood Superposition
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Approximation[2] to the probability distribution and expanding the logarithm in equation 28,
we produce the MIE[14], here shown to third order:

S =
n∑

i=1

S1(xi)−
n∑

i=1

n∑
j>i

I2(xi, xj) +
n∑

i=1

n∑
j>i

n∑
k>j

I3(xi, xj, xk) + ... (29)

Equation 29 has the same structure as the energy expansion in Equation 1, in that each
term is associated with a specific subset of coordinates and therefore entropy can be divided
and assigned to each coordinate in a similar manner:

S(xi) = S1(xi)−
1

2

n∑
j ̸=i

I2(xi, xj) +
1

3

n∑
j ̸=i

n∑
k ̸=i
k>j

I3(xi, xj, xk) + . . . (30)

For the calculations presented here, we represent the full configuration of the solute using
a bond-angle-torsion (BAT) set of internal coordinates, described in Section 2.4, and truncate
the mutual information expansion at second order. Writing the pairwise mutual information
as I2(xi, xj) = S1(xi) + S1(xj)− S2(xi, xj) gives

S ≈
n∑

i=1

S1(xi)−
n∑

i=1

n∑
j>i

[S1(xi) + S1(xj)− S2(xi, xj)] (31)

S ≈
n∑

i=1

n∑
j>1

S2(xi, xj)− (n− 2)
n∑

i=1

S1(xi) (32)

where n = 3N − 6 is the number of internal coordinates.
We obtain estimates the truncated configurational entropy (31) from the probability

distribution of these internal coordinates, sampled from molecular dynamics trajectories,
using a nearest-neighbors (NN) algorithm combined with the mutual information expansion
described above. The method relies on the nearest-neighbor volume: the volume of a sphere
centered on a given data point with radius equal to the distance to its nearest neighbor.
The average logarithm of this quantity, with appropriate correction terms, asymptotically
converges to the thermodynamic Shannon entropy[15, 16]:

S =
d

n

n∑
i=1

ln (Ri,k) + ln
nπd/2

Γ
(
1
2
d+ 1

) − Lk−1 + γ (33)

where d is the dimensionality of the data set, n is the number of data points, Ri,k is
the distance from data point i to its kth nearest neighbor, Lk−1 is a constant depending on
neighbor order k, and γ is the Euler-Mascheroni constant.

The resulting entropy values for each BAT coordinate are mapped onto individual atoms
using the same logic applied to the energy terms above: the entropy of a bond is split evenly
between its two atoms, the entropy of an angle among its three atoms, and the entropy of
a torsion among its four atoms. For the mutual information (pairwise) terms, the entropy
is first divided between the two internal coordinates involved, and each half is then further
divided among the atoms of that coordinate, following the same scheme used for the one-
dimensional terms. Because both energy and entropy can be partitioned onto atoms using
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Figure 1: Illustration showing how the entropy of a given internal coordinate is divided
among the atoms comprising it. Atomic Energy assignments are done in the same manner.

this consistent bond/angle/torsion scheme, the two together allow the full free energy to be
mapped completely onto the atoms each molecule.

2.4 Bond-Angle-Torsion List

We generated a Bond-Angle-Torsion set of internal coordinates[17] using the MDAnalysis
BAT module[18, 19] which generated 3N-6 total coordinates, where N is the total number of
atoms in the solute. Each internal coordinate was saved as a list of atom indices, with bonds
having two atoms, angles three, and torsions four. All bonds involving hydrogen atoms were
selectively removed from the list due to the SHAKE algorithm utilized in AmberMD, which
attempts to keep all bonds to hydrogen at a fixed length throughout the simulation. To
reduce the number of torsions, any torsions that shared two central atoms were assumed
to have similar angular distributions that only differed by some phase angle. Since their
distributions could be characterized by a single torsion, only one of each redundant torsion
was retained (the first encountered in the BAT list), and the others were removed, as
previously done[17] These changes reduce the total number of internal coordinates in the
set to 3N−6−NH −NT , where NH is the number of hydrogen atoms, and NT is the number
of redundant torsions.

2.5 Nearest Neighbor Entropy Calculations

Nearest neighbor entropy calculations were performed separately for one-body and two-body
terms. For the one-body terms, each individual internal coordinate was treated as a 1D vector
and for the two-body terms each internal coordinate pair was treated as a two-dimensional
vector. The core computational engine of the NN algorithm was implemented in Rust for
high performance, utilizing the Kiddo KDTree to perform the nearest neighbor searches and
Rayon to parallelize the calculations, and exposed as a native Python extension module.
The calculated values were then summed using Equation (33).
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2.6 Simulation Details

2.6.1 Protein Preparation

Crystal structures were obtained from the Protein Data Bank (PPARA: 2P54). Proteins were
prepared using Schrödinger Maestro Protein Preparation Wizard. Crystallographic Water
molecules farther than 5 Å away from the ligand were removed. The preprocessing step
included filling missing side chains and loops, adding hydrogen, converting selenomethionine
to methionine, capping terminal residues, and assigning bond orders. The prepared protein
structures were exported as PDB files and further processed with pdb4amber to ensure
compatibility with AMBER, including standardization of atom and residue names of capping
residues and removal of extraneous hydrogen.

2.6.2 Ligand Preparation

Ligands were extracted from crystal structures using PyMOL and processed with RDKit
to assign correct bond orders based on SMILES strings. Hydrogen atoms were added, and
ligands were saved as SDF files to preserve bond order information. Protonation states
were manually adjusted, with carboxylic acid groups modeled in their deprotonated form
(-COO-), yielding a net charge of –1. Final ligand structures were saved as PDB files for
parameterization.

2.6.3 Force Field Parametrization and Complex Preparation

Ligands were parameterized using GAFF2 with AM1-BCC partial charges calculated via
antechamber. Proteins were parameterized with the ff19SB force field. Three systems were
prepared independently: the protein, the ligand, and the protein-ligand complex. Systems
were solvated in explicit OPC water boxes with 10 Å padding for protein-containing systems
and 20 Å padding for the ligand using tleap.

2.6.4 Simulation Parameters

Initial minimization was performed for up to 20,000 steps (1,500 steepest descent, remainder
conjugate gradient) with strong harmonic restraints (100 kcal/mol·Å²) on all non-water
atoms, followed by a second minimization of the same length with restraints reduced to
only protein backbone heavy atoms (Cα, C, N) and bound ions. Systems were then heated
from 0 to 300 K over 240 ps in the NVT ensemble with a 1 fs timestep, maintaining 100
kcal/mol·Å² restraints on backbone heavy atoms, the phosphotyrosine residue, and ions.
This was followed by a short NPT equilibration (100 ps, 300 K, 1 atm, 2 fs timestep) in
which 100 kcal/mol·Å² restraints on backbone and carbonyl atoms were held constant under
a Berendsen barostat (0.5 ps relaxation time). A subsequent 10 ns NPT equilibration was
performed under the same barostat settings, during which restraints on all non-water heavy
atoms were gradually reduced from 100 to 2.5 kcal/mol·Å² over the first 9 ns and then
held constant for the final nanosecond. An additional 10 ns equilibration was conducted in
the NPT ensemble with constant restraints of 2.5 kcal/mol·Å² on the same atom selection,
followed by a 2 ns fully unrestrained NPT equilibration step. Unrestrained production
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simulations were then run for 2 µs in the NPT ensemble at 300 K and 1 atm with a 2 fs
timestep, using a Monte Carlo barostat (1.0 ps relaxation time), with coordinates saved
every 2 ps for analysis. The final 100 ns(50,000 frames) of the production simulations were
saved for further processing. All molecular dynamics simulations used periodic boundary
conditions, particle mesh Ewald summation for long-range electrostatics (10 Å cutoff),
Langevin dynamics for temperature control, and SHAKE constraints on hydrogen bonds.
The simulations were repeated in triplicate, using different starting seeds.

3 Software Details

3.1 Workflow

The computational workflow for creating the atomic energy and entropy mapping, summarized
by Figure 2, is as follows:

Figure 2: Diagram of the Solute Free Energy Mapping workflow.

3.1.1 Generate a System Trajectory

Prepare and simulate the system of interest using AmberMD (see Section 2.6). The BAT code
computes internal coordinates directly from the atomic positions, so it will return incorrect
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bond lengths, angles, and torsions if the solute is split across the periodic boundary of the
simulation box. To avoid this problem, we recommend that the trajectory be ’wrapped’
before running the BAT code, so that the solute is whole and fully contained within the
periodic boundaries in every frame, using cpptraj or an equivalent tool. Save the topology
file (prmtop) and the rewrapped trajectory (netcdf) as input for the next step.

3.1.2 Create a Bond-Angle-Torsion Trajectory

The BAT code (BAT.py) converts the Cartesian coordinates of the solute from the MD
trajectory into the internal bond-angle-torsion coordinates used for the entropy calculation.
It builds the list of internal coordinates that defines the solute’s configuration space, evaluates
each of those coordinates for every frame requested, and writes both the coordinate definitions
and the resulting internal-coordinate trajectory to disk. The script is written in Python and
generates the coordinate list with the MDAnalysis BAT module, which is then reduced as
described in Section 2.4, so that bonds constrained by SHAKE and redundant torsions are
excluded before any entropy is computed.

The usage of BAT.py is: Usage: BAT.py -i topology.prmtop -x trajectory.nc -n

num frames

The code takes three inputs: the Amber topology.prmtop file, the trajectory.nc, and the
number of frames to analyze. The first num frames frames of the trajectory are processed.

The script outputs two files: bat.csv and internal coords.npz.

The first output file, bat.csv, is contains the Bond-Angle-Torsion list: one row per
internal coordinate, each row containing the topology atom indices that define that coordinate.
The number of indices in a row identifies the coordinate type, with two indices for a
bond, three for an angle, and four for a torsion. Atom indices begin at zero, following
the MDAnalysis convention, so index 0 refers to the first atom in the topology file. The
order of the rows in bat.csv defines the canonical index of each internal coordinate and is
used by every downstream step, so the same file is read again at the mapping stage (Section
3.1.4) to distribute entropies back onto atoms.

The second file, internal coords.npz, contains an Nf × Nc matrix of the calculated
internal coordinates, where Nf is the number of frames analyzed and Nc is the number of
internal coordinates retained. Column j of this matrix is the time series of the internal
coordinate given in row j of bat.csv. Bond lengths are reported in Ångstroms, and bond
angles and torsion angles are reported in radians. This matrix is the sole input required by
the nearest-neighbors code.

3.1.3 Nearest Neighbors Entropy Estimates

The NN.py script takes the BAT tractory contained in the internal coords.npz file and
computes the one-dimensional (marginal) entropy of each internal coordinate, and the two-
dimensional (joint) entropy of each pair of internal coordinates.
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The one-dimensional entropy values are written to oneD entropy.npz. The entries in this
file line up directly with the BAT list: the i-th entropy value is the marginal entropy of
the i-th internal coordinate in the BAT list. The two-dimensional entropies are written to
twoD entropy.npz. These entries line up with a ”pair list,” which enumerates every possible
pair of internal coordinates (using their BAT list indices) in lexicographic order, with no
duplicates. For example, the first entry in the pair list is [0, 1], so the first value in the
two-dimensional entropy list is the joint entropy between the internal coordinates at indices
0 and 1 in the BAT list. More generally, the NN code is input agnostic, capable of calculating
the one-body and two-body differential entropies for any Nf × Nc matrix, where Nf is the
number of data points, and Nc is the dimensionality of the data set.

Usage: NN.py -i internal coords.npz

output1: oneD entropy.npz

output2: twoD entropy.npz

3.1.4 Mapping

Map entropy to atoms.py --bat bat.csv --oned oneD entropy.npz --twod

twoD entropy.npz -o atom entropy.csv

Using the bat.csv file and the outputs from the NN code, the calculated entropies are
mapped to the atoms according to the scheme outlined in section 2.3.2. The output file
atom entropy.csv contains two columns, the atom index and the entropy mapped to that
atom. Once mapped, the atomic contributions can be summed arbitrarily, such as by side-
chain, backbone atoms, binding pocket, or chemical moiety.

3.1.5 Energy Decomposition with Enedecomp

To run the energy mapping, we utilized the same topology (prmtop) and trajectory (netcdf)
from section 3.1.1. These files are processed using the enedecomp action in AmberTools
cpptraj. An example script in an example bash script is as follows:

cpptraj <<EOF

parm topology.prmtop

trajin trajectory.nc

enedecomp name of data set :1-150 out energy decomp.out savecomponents pme

run

EOF

The topology.prmtop and trajectory.nc serve as the input files. The enedecomp
action has a number of input parameters. Name of data set names the cpptraj output
data set. The :1-150 serves as an example atom mask, calculating the energy of only those
atoms included in the mask. Note that cpptraj utilizes the AmberMD numbering convention,
where atom and residue numbering starts at 1. Energy decomp.out serves as the output
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file where the computed energies are saved. The savecomponents flag tells the enedecomp
action to write out the specific contributions for each atom, such as bond, atom, dihedral
(torsions), 1-4 van der Waals, 1-4 electrostatics, van der Waals, and electrostatic energies.
If not specified, the reported energy for each atom is the sum of these components. If
the pme flag is specified, the non-bonded terms will use PME for electrostatics and a long-
range periodic correction for van der Waals, otherwise a simple model with no cutoff will
be used. Enedecomp features a number of input parameters for specifying the details of the
PME calculations that were omitted here but can be found in the online documentation.
The enedecomp output file contains a number of columns which are the atom index, the
average total energy contribution of that atom, the average bond energy, average angle
energy, average dihedral(torsion) energy, average 1-4 van der Waals energy, average 1-4
electrostatic energy, average van der Waals energy, and average electrostatic energy.

4 Results

We show results that validate the NN entropy code for Gaussian probability distribution
functions for which analytic results are available, and we demonstrate the application of
solute mapping via an end-states analysis of a drug-like ligand (ligand 735) binding to the
protein drug target PPAR-α (pdbid:2P54)

4.1 Analytic test cases and convergence properties

We validated the NN estimator by comparing its calculated entropy against the analytical
solutions for the differential entropy of Gaussian probability distributions. To test the one-
dimensional calculations, a single Gaussian distribution with a standard deviation equal to
2.0 was sampled for 50,000 data points. To test the two-dimensional calculations, bivariate
Gaussians with standard deviation equal to 2.0 in both dimensions were sampled for 50,000
data points at each covariance value ranging from 0.0 (no correlation) to 3.6 (highly correlated)
in 0.4 increments. For both the one-dimensional and two-dimensional cases, the entropy was
calculated using the first N data points from each sample, where N = [100, 200, ..., 1000,
2000, ..., 10000, 20000, ..., 50000] to evaluate quantity convergence as the number of samples
increased. This process was then repeated to generate 10 replicates in all. For all of the
distributions utilized, the differential entropy can be calculated exactly using equation (28).
The random Gaussian samples were generated with the numpy python[20] library.
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Figure 3: 1D Convergence 3a and 2D Convergence plot for covariance = 0.0 3b

(a) Estimated entropy (nats) of a univariate
Gaussian distribution (σ = 2.0) as a function
of sample size, averaged over 10 trials.
The dashed red line indicates the analytical
entropy (2.11208 nats) computed from the
known distribution parameters. Error bars
indicate standard errors of the mean across
the ten replicates

(b) Estimated joint entropy (nats) of a
bivariate Gaussian distribution (σ = 2.0
in both dimensions, covariance = 0.0) as
a function of sample size, averaged over
10 trials. The dashed red line indicates
the analytical joint entropy (4.22417 nats)
computed from the known distribution
parameters. Error bars give standard errors
of the mean.

In the one-dimensional case, shown in figure 3a, after only 100 data points, the NN
estimator was within 5.43% of the analytical solution. By 1000 data points, the estimator
was within 1.27% of the analytical solution, and by 10,000 data points, the estimator was
within 0.08%. From the bivariate Gaussian calculations, figures 3b,4a,4b, we see even more
rapid convergence of the percent error than in the single Gaussian case. Looking at the data
for the covariance = 2.0 trial, we see that using just the first 100 data points, the estimator
is within 2.28% of the analytical solution. By 200 data points, the estimator is within 0.16%
of the analytical solution, and for every value greater than 200 data points, the estimator
never has a deviation greater than 0.4% of the analytical solution. Similar convergence was
observed at every covariance value tested.

4.2 Timing Tests and Computational Costs of the NN Algorithm

To check the code’s time dependence versus the number of data points in the sample, a
set of 4,000 independent distributions were each sampled for 50,000 data points. The
time to calculate the NN entropy of the complete data set was then measured using all
of the distributions, but only N number of data points from the set, where N = [10,000,
20,000, 30,000, 40,000, 50,000]. To check the code’s time dependence versus the number
of dimensions in the data set, a set of 6,000 independent distributions were each sampled
for 50,000 data points. The time to calculate the NN entropy of the data set was then
measured for every N number of dimensions, where N = [500, 1,000, 1,500, 2,000, 2,500,
3,000, 3,500, 4,000, 4,500, 5,000, 5,500, 6,000]. Computations were performed on compute
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Figure 4: 2D Convergence plot for covariance = 2.0 4a and covariance = 3.6 4b

(a) Estimated joint entropy (nats) of a
bivariate Gaussian distribution (σ = 2.0
in both dimensions, covariance = 2.0) as
a function of sample size, averaged over
10 trials. The dashed red line indicates
the analytical joint entropy (4.08033 nats)
computed from the known distribution
parameters.

(b) Estimated joint entropy (nats) of a
bivariate Gaussian distribution (σ = 2.0
in both dimensions, covariance = 3.6) as
a function of sample size, averaged over
10 trials. The dashed red line indicates
the analytical joint entropy (3.39381 nats)
computed from the known distribution
parameters.

nodes equipped with dual AMD EPYC 9224 processors (48 cores, 96 threads total) and 189
GB RAM, running Rocky Linux (RHEL 9.5, kernel 5.14.0). Only 16 threads were utilized
during all trials.

The results of the timing tests can be found in figures 5a and 5b. As the KDTree nearest
neighbor algorithm scales Nf log(Nf ), where Nf is the number of data points, we would
expect that the time to process scales nearly linearly with the number of frames. This is
in agreement with our data, as the coefficient of determination was calculated to be 0.9905,
showing a strong linear correlation between time and data points over the tested range. For
the dimension time-dependence, we would expect a quadratic relationship between time and
the total number of dimensions being considered. This is due to the fact that for Nc one-
dimensional nearest neighbor search and summations, the code needs to process Nc(Nc-1)/2
two-dimensional search and summations. When fitting the data to a polynomial of degree
2, we calculate an adjusted R2 value of 0.9988

4.3 An illustrative application of Solute Free energy mapping to
PPAR-α

Here we demonstrate the utility of solute free energy mapping by applying the methodology
to the protein-ligand complex of ligand 735 to PPAR-α (pdbid:2P54).
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(a) Nearest Neighbor algorithm runtime
versus number of data points in the set. Each
trial utilized 4,000 internal coordinates, for
a total of 8,002,000 distinct nearest neighbor
search and summations. R2 = 0.99

(b) Nearest Neighbor algorithm runtime
versus number of dimensions. Each trial
utilized 50,000 data point samples. Adjusted
R2 = 0.9988 when fitting to a polynomial of
degree 2

4.3.1 Solute energy and entropy mapping of ligand 735 evaluated by chemical
group

First we apply the mapping method to characterize how the energetics of ligand 735 change
upon binding. We accomplished this by computing the total energy, internal energy(bond-
stretch + angle-bend + dihedral + 1-4vdW + 1-4elec terms), van der Waals, and electrostatic
energy changes using enedecomp (see section 3.1.5 for both the bound ligand in complex and
the unbound ligand in free solution in three independent replicas. In each case, per-atom
values were summed into five (thiazole core, amide linker, phenyl ring A, phenoxy-isopropyl-
acid head group, and CF3-phenyl tail) chemical groups (Figure 6), allowing the binding-
energy cost to be attributed to specific functional groups rather than the ligand as a whole.
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Figure 6: Ligand chemical-group definitions. The ligand is divided into five
connectivity-defined chemical groups, indicated by red dashed lines: the phenoxy-isopropyl-
acid head group (top left), phenyl ring A, the amide linker, the thiazole core, and the CF3-
phenyl tail (right). Atoms are colored by element (carbon: green, oxygen: red, nitrogen:
blue, sulfur: yellow, fluorine: pale cyan, hydrogen: white). This grouping is used throughout
the subsequent per-group energy and entropy decomposition.

Figure 7 shows the total energy and internal strain decomposition. The phenoxy-isopropyl-
acid head group consistently dominates the total energy penalty. Figure 8 resolves this
further into van der Waals and electrostatic contributions: every chemical group provides a
favorable van der Waals contribution and an unfavorableelectrostatical contribution in every
replica, and the head group’s large electrostatic penalty (12–17 kcal/mol across replicas)
accounts for the majority of its net cost, consistent with an electrostatic desolvation penalty
rather than a steric clash.

Figure 7: Total energy (top row) and internal energy (bottom row) mapping of
ligand 735 by chemical group across three independent replicas. Total energy and
internal energy is scaled on a -5 to +5 kcal/mol and -0.5 to 0.5 kcal/mol scale respectively.
Where red (negative changes) represents favorable upon binding and blue (positive changes)
represents unfavorable upon binding.
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Figure 8: Van der Waals (top row) and electrostatic (bottom row) mapping of
ligand 735 by chemical group across three independent replicas. Both van der
Waals and Electrostatic energy changes share a −3 to +3 kcal/mol scale, where deep red
corresponds to −3 kcal/mol and deep blue corresponds to +3 kcal/mol. Electrostatic values
for all chemical groups exceed this scale’s upper bound (all groups are strongly unfavorable,
0.8–17.2k̃cal/mol across replicas), so the electrostatic row appears uniformly saturated blue,
indicating a consistently unfavorable electrostatic contribution across the entire ligand. The
phenoxy-isopropyl-acid head group dominates the total energy penalty in every replica.

Ligand total energy, van der Waals, and electrostatic contributions are highly reproducible
across the three independent replicate simulations (total energy: 14.3 ± 2.6 kcal/mol; van
der Waals: −9.7± 0.2 kcal/mol; electrostatics: 24.1± 2.6 kcal/mol), whereas internal strain
shows substantially larger relative variability (0.39±0.8 kcal/mol) and is not yet converged at
this level of sampling, consistent with the phenoxy-isopropyl-acid group’s color-inconsistent
strain for replicate-1’s shown above.

We performed the solute free energy entropy mapping as described in 2.5 on the bound
and unbound simulations of ligand 735. We found when assessing the torsional entropy
that every ligand chemical group shows a positive (unfavorable) −T∆S, consistent with
the ligand losing conformational freedom upon complex formation. Figure 9 shows the
ligand chemical-group torsional entropy breakdown: the two ring systems (phenyl ring
A and the CF3-phenyl tail) show the largest and most reproducible entropy loss across
replicates (1.51–1.76 kcal/mol, relative spread 2–13%), while the thiazole core shows the
smallest (0.24 kcal/mol).
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Figure 9: Torsional entropy mapping of ligand 735 mapped to its chemical groups
across three independent replicates. Colored on a shared −2.0 to +2.0 kcal/mol scale,
where deep red corresponds to −2.0 kcal/mol (favorable) and deep blue corresponds to
+2.0 kcal/mol (unfavorable). Reproducibility varies by group: the CF3-phenyl tail is the
most consistent (1.76 ± 0.03 kcal/mol), the phenoxy-isopropyl-acid head group the least
(0.66 ± 0.33 kcal/mol); the rank ordering is preserved in every replicate. Values reflect the
1D marginal entropy term only.

4.3.2 Solute energy and entropy mapping of PPAR-α binding site residues

We then applied the solute free energy mapping workflow to simulations of the full protein-
ligand complex between ligand 735 and PPAR-α (pdbid:2P54). The binding-site potential
energy, internal energy (bond-stretch + angle-bend + dihedral + 1-4vdW + 1-4elec), van der
Waals, and electrostatic contributions all show substantial cross-replicate variability (total
energy: -20 ± 11 kcal/mol; internal strain: 5.6 ± 5.7 kcal/mol; van der Waals: -12.5 ± 4.0
kcal/mol; electrostatics: -13.6 ± 7.5 kcal/mol), in contrast to the ligand’s own energetics,
which were largely reproducible aside from internal strain. This binding-site-level variability
is consistent with the conformational heterogeneity identified (not shown here) in the apo
ensemble across replicates, rather than representing noise specific to any one energy term.

We performed the solute torsional entropy mapping on the bound and unbound simulations
of the protein and the majority of binding-site residues show a positive (unfavorable).
Figure 14 shows the per-residue binding-site breakdown; residue-level reproducibility is
substantially weaker than at the ligand chemical-group level, with the mean cross replicate
standard deviation (0.36 kcal/mol) comparable in magnitude to the mean −T∆S value itself
(0.31 kcal/mol), indicating that individual-residue entropy estimates are not yet converged
at this sampling depth.
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Figure 10: Total potential energy mapping of binding-site residues split by
backbone and side-chain across three independent replicas. Top row: backbone
electrostatic energy change (bound − unbound) per residue. Bottom row: side-chain
electrostatic delta per residue. Both rows colored on a shared −5.0 to +5.0 kcal/mol scale,
where deep red corresponds to−5 kcal/mol and deep blue corresponds to +5 kcal/mol; values
exceeding this range saturate at the corresponding extreme. Several side-chain residues show
strongly unfavorable (blue) electrostatic contributions reproducibly across all three replicas.
The ligand (green) is shown for spatial reference only and is not itself colored by this mapping.

Figure 13: Electrostatic energy mapping of binding-site residues split by backbone
and side-chain across three independent replicas. Top row: backbone electrostatic
energy change (bound − unbound) per residue. Bottom row: side-chain electrostatic delta
per residue. Both rows colored on a shared −3.0 to +3.0 kcal/mol scale, where deep red
corresponds to −3 kcal/mol and deep blue corresponds to +3 kcal/mol; values exceeding
this range saturate at the corresponding extreme. Several side-chain residues show strongly
unfavorable (blue) electrostatic contributions reproducibly across all three replicas. The
ligand (green) is shown for spatial reference only and is not itself colored by this mapping.
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Figure 11: Internal energy mapping of PPAR-α binding-site residues split by
backbone and side-chain across three independent replicas. Top row: backbone
strain energy change (bound − unbound), summed per residue and mapped onto backbone
atoms (N, Cα, C, O). Bottom row: side-chain strain delta summed per residue and mapped
onto side-chain heavy atoms. Both rows colored on a shared −5.0 to 5.0 kcal/mol scale,
where deep red corresponds to −5.0 kcal/mol and deep blue corresponds to +5.0 kcal/mol.
Cys75 induces the largest internal strain among binding-site residues, with a consistently
unfavorable (positive) contribution across all three replicates (mean = 6.63 ± 1.90 kcal/mol).
The ligand (green) is shown for spatial reference only and is not itself colored by this mapping.

Figure 12: Van der Waals (steric) energy mapping of binding-site residues split
by backbone and side-chain across three independent replicas. Top row: backbone
van der Waals energy change (bound − unbound) per residue. Bottom row: side-chain van
der Waals delta per residue. Both rows colored on a shared −3 to +3 kcal/mol scale, where
deep red corresponds to −3.0 kcal/mol and deep blue corresponds to +3.0 kcal/mol. The
ligand (green) is shown for spatial reference only and is not itself colored by this mapping.
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Figure 14: Torsional entropy mapping of binding-site residues across three
independent replicates. Colored on a shared −2.0 to +2.0 kcal/mol scale (red favorable,
blue unfavorable). Gln77, the residue with the largest mean unfavorable contribution, is also
among the least reproducible (std = 0.92 kcal/mol). The ligand (green) is shown for spatial
reference only. Values reflect the 1D marginal entropy term only; the second-order pairwise
mutual information correction is not yet included.

4.3.3 Evaluation of computational runtime of the solute free energy mapping
method to PPAR-α

To evaluate the computational cost of explicit-solvent PME decomposition relative to a
solvent-stripped alternative, the enedecomp workflow above was additionally run on solvent-
stripped trajectories and topologies (protein and ligand atoms only, no water), using the
same PME settings, for all three system types and all three replicates. All calculations
were run single-threaded on one CPU core per calculation (Intel Core i7-9700K, 3.60GHz).
Timing results are summarized in figure 15.

24



Figure 15: Energy decomposition runtime, explicit water vs. no water. Mean
wall-clock time (hours) across three replicates; error bars show standard deviation. Full
computational details are given above in section 3.1.5.

5 Discussion

While free energy methods such as thermodynamic integration and free energy perturbation
have been reasonably successful at predicting the change in affinity of a lead molecule upon
modification, they provide little to no insight into where on the ligand modifications should
be made to achieve gains in affinity. Solvation thermodynamic mapping tools such as GIST
and WaterMap have filled this gap, guiding lead discovery and providing an understanding of
the solvation contribution to binding affinity and specificity [21, 22, 23]. These methods are
generally less accurate than free energy methods, and they give only a partial picture of the
thermodynamics, accounting for the solvation contribution alone while leaving the energetic
and entropic changes of the protein and ligand themselves unaddressed. What they do
provide is an indication of where in the binding cavity and by what type of modification
gains (or losses) in binding affinity may be realized, and this has given medicinal chemists
concrete guidance as to what modifications to make. No tool has provided the equivalent
information for the ligand and protein.

Here, we have addressed this gap by providing the theory, computational methods,
and software to decompose the energetic and entropic contributions to the free energy of
solutes such as a ligand and a protein, and to map these contributions onto atoms and, by
summation, onto any chemically meaningful group of atoms such as ligand functional groups,
residues, or side chains.

The approach is robust, and the decomposition is not limited to the separation of the
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free energy into its energetic and entropic parts. Because the energy and entropy are each
built from well defined constituent terms, these components can be estimated and mapped
separately as well. For example, the van der Waals and electrostatic components of the energy
can be mapped independently of one another, as can the internal valence terms, allowing
the physical origin of a favorable or unfavorable contributions to be identified rather than
inferred. We have illustrated the application of the methods and software on the binding of
ligand 735 to PPAR-α, demonstrating how the contributions can be divided into chemically
relevant subgroups and mapped for the thermodynamic end states of an unbound and bound
ligand.

We anticipate that atomistic solute thermodynamic mapping will find use across a range
of problems in which the thermodynamics of a molecular process must be attributed to
specific parts of a structure, including protein design, the analysis of allostery, and the
study of conformational change. Drug design is the application we have in mind most
immediately, where we expect the approach to prove useful in much the same way that
solvation thermodynamic mapping has, guiding a medicinal chemist toward the chemical
components of a lead that are worth modifying by identifying which contributions from the
ligand and the protein oppose binding and which favor it. When a modification produces
an unexpected loss in affinity, the decomposition offers a route to understanding why and
where. Consider the addition of a bulky substituent to a lead. Mapping the van der Waals
and electrostatic components of the energy onto the new group and onto the surrounding
residues distinguishes the case in which the group is in steric conflict with the protein from
the case in which the binding cavity restructures to accommodate the larger ligand, paying
its cost elsewhere in the protein or in its configurational entropy. The same analysis separates
the parts of a ligand that are essential to binding, and should therefore be preserved, from
those that contribute little and are the natural candidates for modification.

The atomistic mapping also provides a means of investigating received wisdom about
binding. It is generally believed, for example, that strain is induced in both the protein and
the ligand upon binding [24, 25, 26, 27]. The energetic and entropic contributions to this
strain can be examined separately and mapped, identifying which parts of the ligand and
which residues of the binding site bear this strain. This, in turn, could guide drug discovery
toward modifications that alleviate ligand strain and induced protein strain, a capability
available only through an atomic or chemical group mapping described here.

In summary, we have presented the theory, computational methods, and software for
decomposing the energy and entropy of a solute and mapping them onto atoms and chemical
groups. The approach complements alchemical free energy methods, which estimate the total
binding free energy accurately but do not say where it comes from, trading some accuracy
in the total, since per-term errors accumulate, for an interpretable account of its origin. In
doing so it supplies for the protein and ligand the kind of spatially resolved thermodynamic
information that solvation mapping has long provided for water.
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